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preface: 


AN    prepaxing   Una  version   in   Ei^lish   of  Fooiier"'* 
celebrated  treatiae  on  Heat,  the  txanslator  Lm  f^Hcm-ed. 
^ithfiillj  the   Fraich  «iginaL      He  haa,  however,  ap-^ 
pended  brief  fiwt-notes^  in  whidi  will  be  found  retereoce^^. 
to    other  writingB   of  Foorier  and  modem  3uthan  or^ 
the  subject :  these  aie  distinguished  hy  the  initials  A.  P^ 
The  notes  maiked  IL  Ii.  K  are  taken  fiton  pencil  me--- 
moranda   on  the  maigin  of  a  copy  of  the  wotk   tha% 
formerly    belonged    to    the    late    Robert    Leslie    Ellis, 
Fellow  of  Trinity  Collie,  and  is  now  in  the  possession 
of  St   John's  Collie.     It  was  the  translator's  hope  to 
have    been   able   to    prefix   to  this   treatise  a  Memoir 
of   Fourier's   life   with   some   account   of  his  writings; 
unforeseen   circumstances  have   however  prevented    its 
completion  in  time  to  appear  with  the   present  work- 
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solves  the  proposed  problem.  It  cannot  have  a  more  extended  integral ; 
it  is  derived  also  from  the  particular  value 

or  from  this: 

which  both  satis^  the  equation  -jr^-j-^'    The  generality  of  the  in- 

tegrals  obtained  is  founded  upon  the  following  proposition,  which  may  be 
regarded  as  self-evident.  Two  functions  of  the  variables  «,  y,  0,  t  are 
necessarily  identical,  if  they  satisfy  the  diflerential  equation 

dv  _  <?t7       <?t7       <?t7 

di~da?^dy*'^d^' 

and  if  at  the  same  time  th^  have  the  same  value  for  a  certain  value 

of  t 868 
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of  the  time  elapsed.  In  all  problems  submitted  to  analysis,  the  expo- 
nents are  absolute  numbers,  and  not  quantities.  We  ought  not  to  omit 
the  parts  of  these  exponents  which  are  Incomparably  smaller  than  the 
others,  but  only  those  whose  absolute  values  are  extremely  small    .        .     876 
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PRELIMINARY   DISCOURSE. 


Pbimaby  causes  are  unknown  to  us;  but  are  subject  to  simple 
and  constant  laws,  which  may  be  discovered  by  observation,  the 
study  of  them  being  the  object  of  natural  philosophy. 

Heat,  like  gravity,  penetrates  every  isubstance  of  the  universe, 
its  rays  occupy  all  parts  of  space.  The  object  of  our  work  is  to 
set  forth  the  mathematical  laws  which  this  element  obeys.  The 
theory  of  heat  will  hereafter  form  one  of  the  most  important 
branches  of  general  physics. 

The  knowledge  of  rational  mechanics,  which  the  most  ancient 
nations  had  been  able  to  acquire,  has  not  come  down  to  us,  and 
the  histoVy  of  this  science,  if  we  except  the  first  theorems  in 
harmony,  is  not  traced  up  beyond  the  discoveries  of  Archimedes. 
This  great  geometer  explained  the  mathematical  principles  of 
the  equilibrium  of  solids  and  fluids.  About  eighteen  centuries 
elapsed  before  Galileo,  the  originator  of  dynamical  theories,  dis- 
covered the  laws  of  motion  of  heavy  bodies.  Within  this  new 
science  Newton  comprised  the  whole  system  of  the  universe.  The 
successors  of  these  philosophers  have  extended  these  theories,  and 
given  them  an  admirable  perfection:  they  have  taught  us  that 
the  most  diverse  phenomena  are  subject  to  a  small  number  of 
fundamental  laws  which  are  reproduced  in  all  the  acts  of  nature. 
It  is  recognised  that  the  same  principles  regulate  all  the  move- 
ments of  the  stars,  their  form,  the  inequalities  of  their  courses, 
the  equilibrium  and  the  oscillations  of  the  seas,  the  harmonic 
vibrations  of  air  and  sonorous  bodies,  the  transmission  of  light, 
capillary  actions,  the  undulations  of  fluids,  in  fine  the  most  com- 
plex effects  of  all  the  natural  forces,  and  thus  has  the  thought 
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of  Newton  been  confirmed :  qiLod  tarn  pawia  tarn  mttlta  prcestet 
geometria  ghriatur\ 

But  whatever  may  be  the  range  of  mechanical  theories,  they 
do  not  apply  to  the  effects  of  heat.  These  make  up  a  special 
order  of  phenomena,  which  cannot  be  explained  by  the  principles 
of  motion  and  equilibrium.  We  have  for  a  long  time  been  in 
possession  of  ingenious  instruments  adapted  to  measure  many 
of  these  effects;  valuable  observations  have  been  collected;  but 
in  this  manner  partial  results  only  have  become  known,  and 
not  the  mathematical  demonstration  of  the  laws  which  include 
them  all. 

I  have  deduced  these  laws  from  prolonged  study  and  at- 
tentive comparison  of  the  facts  known  up  to  this  time :  all  these 
facts  I  have  observed  afresh  in  the  course  of  several  years  with 
the  most  exact  instruments  that  have  hitherto  been  used. 

To  found  the  theory,-  it  was  in  the  first  place  necessary  to 
distinguish  and  define  with  precision  the  elementary  properties 
which  determine  the  action  of  heat.  I  then  perceived  that  all  the 
phenomena  which  depend  on  this  action  resolve  themselves  into 
a  very  small  number  of  general  and  simple  facts ;  whereby  every 
physical  problem  of  this  kind  is  brought  back  to  an  investiga- 
tion of  mathematical  analysis.  From  these  general  facts  I  have 
concluded  that  to  determine  numerically  the  most  varied  move- 
ments of  heat,  it  is  sufficient  to  submit  each  substance  to  three 
fundamental  observations.  Different  bodies  in  fact  do  not  possess 
in  the  same  degree  the  power  to  contain  heat^  to  receive  or  transmit 
it  a/yro88  their  sfivrfacea,  nor  to  conduct  it  through  the  interior  of 
their  masses.  These  are  the  three  specific  qualities  which  our 
theory  clearly  distinguishes  and  shews  how  to  measure. 

It  is  easy  to  judge  how  much  these  researches  concern  the 
physical  sciences  and  civil  economy,  and  what  may  be  their 
influence  on  the  progress  of  the  arts  which  require  the  employ- 
ment and  distribution  of  heat.  They  have  also  a  necessary  con- 
nection with  the  system  of  the  world,  and  their  relations  become 
known  when  we  consider  the  grand  phenomena  which  take  place 
near  the  surface  of  the  terrestrial  globe. 

*  Pkilosophia  naturali*  principia  mathematica.  AuctorU  prafatio  ad  Uetorem, 
Ao  gloriaixir  geometria  quod  tarn  paucis  priuoipiis  aliunde  petitis  tarn  loalta 
prasBtei.    [A.  F.] 
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In  fact,  the  radiation  of  the  sun  in  vrhich  this  planet  is 
incessantly  plunged,  penetrates  the  air,  the  earth,  and  the  waters ; 
its  elements  are  divided,  change  in  direction  every  way,  and, 
penetrating  the  mass  of  the  globe,  wotdd  raise  its  mean  tem« 
perature  more  and  more,  if  the  heat  acquired  were  not  exactly 
balanced  by  that  which  escapes  in  rays  from  all  points  of  the 
surface  and  expands  through  the  sky. 

Different  ^climates,  unequally  exposed  to  the  action  of  solar 
heat,  have,  after  an  immense  time,  acquired  the  temperatures 
proper  to  their  situation.  This  effect  is  modified  by  several  ac- 
cessory causes,  such  as  elevation,  the  form  of  the  ground,  the 
neighbourhood  and  extent  of  continents  and  seas,  the  state  of  the 
surface,  the  direction  of  the  winds. 

The  succession  of  day  and  night,  the  alternations  of  the 
seasons  occasion  in  the  solid  earth  periodic  variations,  which  are 
repeated  every  day  or  every  year:  but  these  changes  become 
less  and  less  sensible  as  the  point  at  which  they  are  measured 
recedes  from  the  surface.  No  diurnal  variation  can  be  detected 
at  the  depth  of  about  three  metres  [ten  feet] ;  and  the  annual 
variations  cease  to  be  appreciable  at  a  depth  much  less  than 
sixty  metres.  The  temperature  at  great  depths  is  then  sensibly 
fixed  at  a  given  place:  but  it  is  not  the  same  at  all  points  of  the 
same  meridian ;  in  general  it  rises  as  the  equator  is  approached. 

The  heat  which  the  sun  has  communicated  to  the  terrestrial 
globe,  and  which  has  produced  the  diversity  of  climates,  is  now 
subject  to  a  movement  which  has  become  uniform.  It  advances 
within  the  interior  of  the  mass  which  it  penetrates  throughout, 
and  at  the  same  time  recedes  from  the  plane  of  the  equator,  and 
proceeds  to  lose  itself  across  the  polar  regions. 

In  the  higher  regions  of  the  atmosphere  the  air  is  very  rare 
and  transparent,  and  retains  but  a  minute  part  of  the  heat  of 
the  solar  rays:  this  is  the  cause  of  the  excessive  cold  of  elevated 
places.  The  lower  layers,  denser  and  more  heated  by  the  land 
and  water,  expand  and  rise  up :  they  are  cooled  by  the  very 
fact  of  expansion.  The  great  movements  of  the  air,  such  as 
the  trade  winds  which  blow  between  the  tropics,  are  not  de- 
termined by  the  attractive  forces  of  the  moon  and  sun.  The 
action  of  these  celestial  bodies  produces  scarcely  perceptible 
oscillations  in  a  fluid  so  rare  and  at  so  great  a  distance.    It 
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is  the  changes  of  temperature  which  periodically  displace  every 
part  of  the  atmosphere. 

The  waters  of  the  ocean  are  differently  exposed  at  their 
surface  to  the  rays  of  the  sun,  and  the  bottom  of  the  basin 
■which  contains  them  is  heated  very  unequally  from  the  poles 
to  the  equator.  These  two  causes,  ever  present,  and  combined 
with  gravity  and  the  centrifugal  force,  keep  up  vast  movements 
in  the  interior  of  the  seas.  They  displace  and  mingle  all  the 
parts,  and  produce  those  general  and  regidar  currents  which 
navigators  have  noticed. 

Radiant  heat  which  escapes  from  the  surface  of  all  bodies, 
and  traverses  elastic  media,  or  spaces  void  of  air,  has  special 
laws,  and  occurs  with  widely  varied  phenomena.  The  physical 
explanation  of  many  of  these  facts  is  already  known ;  the  mathe- 
matical theory  which  I  have  formed  gives  an  exact  measure  of 
them.  It  consists,  in  a  manner,  in  a  new  catoptrics  which 
has  its  own  theorems,  and  serves  to  determine  by  analysis  all 
the  effects  of  heat  direct  or  reflected. 

The  enumeration  of  the  chief  objects  of  the  theory  sufficiently 
shews  the  nature  of  the  questions  which  I  have  proposed  to 
myself.  What  are  the  elementary  properties  which  it  is  requisite 
to  observe  in  each  substance,  and  what  are  the  experiments 
most  suitable  to  determine  them  exactly?  If  the  distribution 
of  heat  in  solid  matter  is  regulated  by  constant  laws,  what  is 
the  mathematical  expression  of  those  laws,  and  by  what  analysis 
may  we  derive  from  this  expression  the  complete  solution  of 
the  principal  problems  ?  Why  do  terrestrial  temperatures  cease 
to  be  variable  at  a  depth  so  small  with  respect  to  the  radius 
of  the  earth  ?  Every  inequality  in  the  movement  of  this  planet 
necessarily  occasioning  an  oscillation  of  the  solar  heat  beneath 
the  surface,  what  relation  is  there  between  the  duration  of  its 
period,  and  the  depth  at  which  the  temperatures  become  con- 
stant? 

What  time  must  have  elapsed  before  the  climates  could  acquire 
the  different  temperatures  which  they  now  maintain;  and  what 
are  the  different  causes  which  can  now  vary  their  mean  heat? 
Why  do  not  the  annual  changes  alone  in  the  distance  of  the 
sun  from  the  earth,  produce  at  the  surface  of  the  earth  very 
considerable  changes  in  the  temperatures  ? 
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From  what  characteristic  can  we  ascertain  that  the  earth 
has  Dot  entirely  lost  its  original  heat;  and  what  are  the  exact 
laws  of  the  loss  ? 

If,  as  several  observations  indicate,  this  fundamental  heat 
is  not  wholly  dissipated,  it  must  be  immense  at  great  depths, 
and  nevertheless  it  has  no  sensible  influence  at  tho  present  time 
on  the  mean  temperature  of  the  climates.  The  effects  which 
are  observed  in  them  are  due  to  the  action  of  the  solar  rays. 
But  independently  of  these  two  sources  of  heat,  the  one  funda- 
mental and  primitive,  proper  to  the  terrestrial  globe,  the  other  due 
to  the  presence  of  the  sun,  is  there  not  a  more  universal  cause, 
which  determines  the  temperature  of  the  heavens,  in  that  part 
of  space  which  the  solar  system  now  occupies?  Since  the  ob- 
served facts  necessitate  this  cause,  what  are  the  consequences 
of  an  exact  theory  in  this  entirely  new  question;  how  shall  we 
be  able  to  determine  that  constant  value  of  the  temperature  of 
space,  and  deduce  from  it  the  temperature  which  belongs  to  each 
planet  ? 

To  these  questions  must  be  added  others  which  depend  on 
the  properties  of  radiant  heat.  The  physical  cause  of  the  re- 
flection of  cold,  that  is  to  say  the  reflection  of  a  lesser  degree 
of  heat,  is  very  distinctly  known ;  but  what  is  the  mathematical 
expression  of  this  effect  ? 

On  what  general  principles  do  the  atmospheric  temperatures 
depend,  whether  the  thermometer  which  measures  them  receives 
the  solar  rays  directly,  on  a  surface  metallic  or  unpolished, 
or  whether  this  instrument  remains  exposed,  during  the  night, 
under  a  sky  free  from  clouds,  to  contact  with  the  air,  to  radiation 
from  terrestrial  bodies,  and  to  that  from  the  most  distant  and 
coldest  parts  of  the  atmosphere  ? 

The  intensity  of  the  rays  which  escape  from  a  point  on  the 
surface  of  €tny  heated  body  varying  with  their  inclination  ac- 
cording to  a  law  which  experiments  have  indicated,  is  there  not  a 
necessary  mathematical  relation  between  this  law  and  the  general 
fact  of  the  equilibrium  of  heat ;  and  what  is  the  physical  cause  of 
this  inequality  in  intensity  ? 

Lastly,  when  heat  penetrates  fluid  masses,  and  determines  in 
them  internal  movements  by  continual  changes  of  the  temperature 
and  density  of  each  molecule,  can  we  still  express,  by  differential 
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equations^  the  laws  of 'such  a  oompound  effect;  and  what  is  the 
resulting  change  in  the  general  equations  of  hydrodynamics  ? 

Such  are  the  chief  problems  which  I  have  solved,  and  which 
have  never  yet  been  submitted  to  calculation.  If  we  consider 
further  the  manifold  relations  of  this  mathematical  theory  to 
civil  uses  and  the  technical  arts,  we  shall  recognize  completely 
the  extent  of  its  applications.  It  is  evident  that  it  includes  an 
entire  series  of  distinct  phenomena,  and  that  the  study  of  it 
cannot  be  omitted  without  losing  a  notable  part  of  the  science  of 
nature. 

The  principles  of  the  theory  are  derived,  as  are  those  of 
rational  mechanics,  from  a  very  small  number  of  primary  facts, 
the  causes  of  which  are  not  considered  by  geometers,  but  which 
they  admit  as  the  results  of  common  observations  confirmed  by  all 
experiment. 

The  differential  equations  of  the  propagation  of  heat  express 
the  most  general  conditions,  and  reduce  the  physical  questions  to 
problems  of  pure  analysis,  and  this  is  the  proper  object  of  theory. 
They  are  not  less  rigorously  established  than  the  general  equations 
of  equilibrium  and  motion.  In  order  to  make  this  comparison 
more  perceptible,  we  have  always  preferred  demonstrations  ana- 
logous to  those  of  the  theorems  which  serve  as  the  foundation 
of  statics  and  dynamics.  These  equations  still  exist,  but  receive 
a  different  form,  when  they  express  the  distribution  of  luminous 
heat  in  transparent  bodies,  or  the  movements  which  the  changes 
of  temperature  and  density  occasion  in  the  interior  of  fluids. 
The  coefficients  which  they  contain  are  subject  to  variations  whose 
exact  measure  is  not  yet  known ;  but  in  all  the  natural  problems 
which  it  most  concerns  us  to  consider,  the  limits  of  temperature 
differ  so  little  that  we  may  omit  the  variations  of  these  co- 
efficients. 

The  lequations  of  the  moyement  of  heat,  like  those  which 
'^  express  Ihe  vibrations  of  sonorous  bodies,  or  the  ultimate  oscilla- 
tions of  liquids,  belong  to  one  of  the  most  recently  discovered 
.  branches  of  analysis,  which  it  is  very  important  to  perfect.  After 
having  established  these  differential  equations  their  integrals  must 
be  obtained;  this  process  consists  in  passing  from  a  common 
expression  to  a  particular  solution  subject  to  all  the  given  con- 
ditions.   This  difficult  investigation  requires  a  special  analysis 
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founded  on  new  theorems,  whose  object  we  could  not  in  this 
place  make  known.  The  method  which  is  derived  from  them 
leaves  nothing  vague  and  indeterminate  in  the  solutions,  it  leads 
them  up  to  the  final  numerical  applications,  a  necessary  condition 
of  every  investigation,  without  which  we  should  only  arrive  at 
useless  transformationa 

The  same  theorems  which  have  made  known  to  us  the 
equations  of  the  movement  of  heat,  apply  directly  to  certain  pro- 
blems of  general  analysis  and  dynamics  whose  solution  has  for  a 
long  time  been  desired.  / 

Profound  study  of  nature  is  the  most  fertile  source  of  mathe-  \  ^ 
matical  discoveries.  Not  only  has  this  study,  in  offering  a  de- 
terminate object  to  investigation,  the  advantage  of  excluding 
vague  questions  and  calculations  without  issue;  it  is  besides  a 
sure  method  of  forming  analysis  itself,  and  of  discovering  the 
elements  which  it  concerns  us  to  know,  and  which  natural  science 
ought  always  to  preserve:  these  are  the  fundamental  elements 
which  are  reproduced  in  all  natural  effects. 

We  see,  for  example,  that  the  same  expression  whose  abstract 
properties  geometers  had  considered,  and  which  in  this  respect 
belongs  to  general  analysis,  represents  as  well  the  motion  of  light 
in  the  atmosphere,  as  it  determines  the  laws  of  diffusion  of  heat 
in  solid  matter,  and  enters  into  all  the  chief  problems  of  the 
theory  of  probability. 

The  analytical  equations,  unknown  to  the  ancient  geometers, 
which  Descartes  was  the  first  to  introduce  into  the  study  of  curves 
and  surfaces,  are  not  restricted  to  the  properties  of  figures,  and  to 
those  properties  which  are  the  object  of  rational  mechanics ;  they 
extend  to  all  general  phenomena.  There  cannot  be  a  language 
more  universal  and  more  simple,  more  free  from  errors  and  firom 
obscurities,  that  is  to  say  more  worthy  to  express  the  invariable 
relations  of  natural  things. 

Considered  from  this  point  of  view,  mathematical  analysis  is  as 
extensive  as  nature  itself;  it  defines  all  perceptible  relations,  ,     / 
measures  times,  spaces,  forces,  temperatures ;  this  difficult  science 
is  formed  slowly,  but  it  preserves  every  principle  which  it  has  once 
acquired ;  it  grows  and  strengthens  itself  incessantly  in  the  midst  J 
of  the  many  variations  and  errors  of  the  human  mind. 

Its  chief  attribute  is  clearness ;  it  has  no  marks  to  express  con- 
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fused  notions.  It  brings  together  phenomena  the  most  diverse, 
and  discovers  the  hidden  analogies  which  unite  them.  If  matter 
escapes  us,  as  that  of  air  and  light,  by  its  extreme  tenuity,  if 
bodies  are  placed  far  from  us  in  the  immensity  of  space,  if  man 
wishes  to  know  the  aspect  of  the  heavens  at  successive  epochs 
separated  by  a  great  number  of  centuries,  if  the  actions  of  gravity 
and  of  heat  are  exerted  in  the  interior  of  the  earth  at  depths 
which  will  be  always  inaccessible,  mathematical  analysis  can  yet 
lay  hold  of  the  laws  of  these  phenomena  It  makes  them  present 
and  measurable,  and  seems  to  be  a  faculty  of  the  human  mind 
destined  to  supplement  the  shortness  of  life  and  the  imperfec- 
tion of  the  senses ;  and  what  is  still  more  remarkable,  it  follows 
the  same  course  in  the  study  of  all  phenomena ;  it  interprets  them 
by  the  same  language,  as  if  to  attest  the  unity  and  simplicity  of 
the  plan  of  the  universe,  and  to  make  still  more  evident  that 
unchangeable  order  which  presides  over  all  natural  causes. 

The  problems  of  the  theory  of  heat  present  so  many  examples 
of  the  simple  and  constant  dispositions  which  spring  from  the 
general  laws  of  nature ;  and  if  the  order  which  is  established  in 
these  phenomena  could  be  grasped  by  our  senses,  it  would  produce 
in  us  an  impression  comparable  to  the  sensation  of  musical  sound. 

The  forms  of  bodies  are  infinitely  varied ;  the  distribution  of 
the  heat  which  penetrates  them  seems  to  be  arbitrary  and  confused; 
but  all  the  inequalities  are  rapidly  cancelled  and  disappear  as  time 
passes  on.  The  progress  of  the  phenomenon  becomes  more  regular 
and  simpler,  remains  finally  subject  to  a  definite  law  which  is  the 
same  in  all  cases,  and  which  bears  no  sensible  impress  of  the  initial 
arrangement. 

All  observation  confirms  these  consequences.  The  analysis 
from  which  they  are  derived  separates  and  expresses  clearly,  V  the 
general  conditions,  that  is  to  say  those  which  spring  from  the 
natural  properties  of  heat,  2*  the  eflfect,  accidental  but  continued, 
of  the  form  or  state  of  the  surfaces ;  3^  the  effect,  not  permanent, 
of  the  primitive  distribution. 

In  this  work  we  have  demonstrated  all;  the  principles  of  the 
theory  of  heat,  and  solved  all  the  fundamental  problems.  They 
could  have  been  explained  more  concisely  by  omitting  the  simpler 
problems,  and  presenting  in  the  first  instance  the  most  general 
results;  but  we  wished  to  shew  the  actual  origin  of  the  theory  and 
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its  gradual  progress.  When  this  knowledge  has  been  acquired 
and  the  principles  thoroughly  fixed,  it  is  preferable  to  employ  at 
once  the  most  extended  analytical  methods,  as  we  have  done  in 
the  later  investigations.  This  is  also  the  course  which  we  shall 
hereafter  follow  in  the  memoirs  which  will  be  added  to  this  work, 
and  which  will  form  in  some  manner  its  complement  ^;  and  by  this 
means  we  shall  have  reconciled,  so  far  as  it  can  depend  on  our- 
selves, the  necessary  development  of  principles  with  the  precision 
which  becomes  the  applications  of  analysis. 

The  subjects  of  these  memoirs  will  be,  the  theory  of  radiant 
heat,  the  problem  of  the  terrestrial  temperatures,  that  of  the 
temperature  of  dwellings,  the  comparison  of  theoretic  results  with 
those  which  we  have  observed  in  different  experiments,  lastly  the 
demonstrations  of  the  differential  equations  of  the  movement  of 
heat  in  fluids. 

The  work  which  we  now  publish  has  been  written  a  long  time 
since ;  different  circumstances  have  delayed  and  often  interrupted 
the  printing  of  it.  In  this  interval,  science  has  been  enriched  by 
important  observations ;  the  principles  of  our  analysis,  which  had 
not  at  first  been  grasped,  have  become  better  known ;  the  results 
which  we  had  deduced  from  them  have  been  discussed  and  con- 
firmed. We  ourselves  have  applied  these  principles  to  new 
problems,  and  have  changed  the  form  of  some  of  the  proofs. 
The  delays  of  publication  will  have  contributed  to  make  the  work 
clearer  and  more  complete. 

The  subject  of  our  first  analytical  investigations  on  the  transfer 
of  heat  was  its  distribution  amongst  separated  masses ;  these  have 
been  preserved  in  Chapter -HS,  Section  II.  The  problems  relative 
to  continuous  bodies,  which  form  the  theory  rightly  so  called,  were 
solved  many  years  afterwards  ;  this  theory  was  explained  for  the 
first  time  in  a  manuscript  work  forwarded  to  the  Institute  of 
Prance  at  the  end  of  the  year  1807,  an  extract  from  .which  was 
published  in  the  Bulletin  des  Sciences  {Soddt^  I^ilomatique,  year 
1808,  page  112).  We  added  to  this  memoir,  and  successively  for- 
warded very  extensive  notes,  concerning  the  convergence  of  series, 
the  diffusion  of  heat  in  an  infinite  prism,  its  emission  in  spaces 

^  These  memoirs  were  never  ooUectively  published  as  a  sequel  or  complement 
to  the  Theorie  AnalyHque  de  la  Chaleur,  But,  as  wHl  be  seen  presently,  the  author 
had  written  most  of  them  before  the  publication  of  that  work  in  1822.  '[A.  F.] 
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void  of  air^  the  constxuctions  suitable  for  exhibiting  the  chief 
theorems,  and  the  analysis  of  the  periodic  movement  at  the  sur- 
face of  the  earth.  Our  second  memoir,  on  the  propagation  of 
heat,  was  deposited  in  the  archives  of  the  Institute,  on  the  28th  of 
September,  1811.  It  was  formed  out  of  the  preceding  memoir  and 
the  notes  already  sent  in ;  the  geometrical  constructions  and 
those  details  of  analysis  which  had  no  necessary  relation  to  the 
physical  problem  were  omitted,  and  to  it  was  added  the  general 
equation  which  expresses  the  state  of  the  surface.  This  second 
work  was  sent  to  press  in  the  course  of  1821,  to  be  inserted  in 
the  collection  of  the  Academy  of  Sciences.  It  is  printed  without 
any  change  or  addition ;  the  text  agrees  literally  with  the  deposited 
manuscript,  which  forms  part  of  the  archives  of  the  Institute  \ 

In  this  memoir,  and  in  the  writings  which  preceded  it,  will  be 
found  a  first  explanation  of  applications  which  our  actual  work 

^  It  appears  as  a  memoir  and  supplement  in  Toltimes  IV.  and  V.  of  the  Mi- 
moire$  de  VAcadhide  de$  Sciences,  For  convenience  of  comparison  with  the  table 
of  contents  of  the  Analytical  Theory  of  Heat,  we  subjoin  the  titles  and  heads  of 
the  chapters  of  the  printed  xdemoir : 

Th^bib  du  mouybmsnt  ds  la  chaleub  dans  les  cobps  solides,  fab  M. 
FoxTBiEB.    [Mimoires  de  VAcadimie  Royale  det  Sciences  de  VInstitut  de  France. 
Tome  TV.  (for  year  1819).    TarU  1824.] 
I.    £xjK»ttfon. 

n.    Cotton*  gMraXes  et  definitions  priUminaires. 
m.    Equations  du  mouvement  de  la  ckaleur, 
IV.    Du  mouvement  liniaire  et  varii  de  la  chaleur  dans  une  armiUe. 
y.    De  la  propagation  de  la  chaleur  dans  une  lame  rectangulairedont  les  temperatures 

sont  constantes. 
VI.    De  la  communication  de  la  chaleur  entre  des  masses  di^ointes. 
Vn.    Du  mouvement  varU  de  la  chaleur  dans  une  sphere  solide, 
VIII.    Du  mouvement  varii  de  la  chaleur  dans  un  cylindre  solide. 
VL    De  la  propagation  de  la  chaleur  dans  un  prisme  dotU  Vextrhniti  est  asst^ettie 

d  une  temperature  eonstante. 
X.    Du  mouvement  varU  de  la  chaleur  dans  un  solide  de  forme  cuhique. 
XL    Du  mouvement  liniaire  et  vani  de  la  chaleur  dans  les  corps  dont  une  dimension 

est  infinie. 

Suits  du  iciuoniB  intxtulb:  Theobib  DtJ  houyekent  db  la  ohaleub  damb 
LBS  ooBPS  BOLiDBs;  PAB  M.  FouBiBB.    [Mimoires  de  VAcadimie  Royale  des  Sciences 
de  VInstitat  de  France.    Tome  V.  (for  year  1820).    Paris,  1826.] 
Xn.    Des  tempiratures  terrestres,  et  du  mouvement  de  la  chaleur  dans  Vintirieur 

d^une  sphere  solide,  dont  la  surface  est  assujettie  h  des  changemens  piriodiques 

de  tempirature. 
Xm.    Des  lois  mathimatiques  de  Viquilibre  de  la  chaleur  rayonnante. 
XIV.     Comparaison  des  risultats  de  la  thiorie  avee  ceux  de  diverses  expiriences, 

[A.  P.] 
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does  not  contain ;  they  will  be  treated  in  the  subsequent  memoirs  ^ 
at  greater  length,  and,  if  it  be  in  our  power,  with  greater  clear- 
ness. The  results  of  our  labours  concerning  the  same  problems 
are  also  indicated  in  several  articles  already  published.  The 
extract  inserted  in  the  Annales  de  Chimie  et  de  Physique  shews 
the  aggregate  of  our  researches  (Vol.  ill.  page  350,  year  1816). 
We  published  in  the  Annales  two  separate  notes,  concerning 
radiant  heat  (Vol.  IV,  page  128,  year  1817,  and  Vol.  VI.  page  259, 
year  1817). 

Several  other  articles  of  the  same  collection  present  the  most 
constant  results  of  theory  and  observation ;  the  utility  and  the 
extent  of  thermological  knowledge  could  not  be  better  appreciated 
than  by  the  celebrated  editors  of  the  Annales  '• 

In  the  Bulletin  des  Sciences  (Socid^  philomaiique  year  1818, 
page  1,  and  year  1820,  page  60)  will  be  found  an  extract  from 
a  memoir  on  the  constant  or  variable  temperature  of  dwellings, 
and  an  explanation  of  the  chief  consequences  of  our  analysis  of 
the  terrestrial  temperatures. 

M.  Alexandre  de  Humboldt,  whose  researches  embrace  all  the 
great  problems  of  natural  philosophy,  hsus  considered  the  obser- 
vations of  the  temperatures  ^proper  to  the  different  climates 
from  a  novel  and  very  important  point  of  view  (Memoir  on  Iso- 
thermal lines,  Sodeti  d'Arcueil,  VoL  ill.  page  462) ;  (Memoir  on 
the  inferior  limit  of  perpetual  snow,  Annales  de  Chimie  et  de 
Physique,  VoL  V.  page  102,  year  1817). 

As  to  the  differential  equations  of  the  movement  of  heat  in 
fluids '  mention  has  been  made  of  them  in  the  annual  history  of 
the  Academy  of  Sciences.  The  extract  from  our  memoir  shews 
clearly  its  object  and  principle.  (Analyse  des  travaux  de  VAca- 
d6mie  des  Sciences,  by  M.  De  Lambre,  year  1820.) 

The  examination  of  the  repulsive  forces  produced  by  heat, 
which  determine  the  statical  properties  of  gases,  does  not  belong 

1  See  note,  page  9,  and  the  notes,  pages  11—18. 

*  Oay-Lnssao  and  Arago.    See  note,  p.  13. 

>  MimoiTtB  de  VAcadimU  da  Sciencet,  Tome  XII,,  Paris,  1838,  eontain  on  pp. 
607—514,  Mimoire  d^analyee  swr  le  mouvement  de  la  chaleur  daru  les  fluidet,  par  3f. 
Fourier.  Lu  d  VAcadinUe  Moyale  des  Seiencee,  4  Sep,  1820.  It  is  followed  on  pp. 
515 — 580  by  Extrait  de$  notes  manuecritea  coruervies  par  Vauteur,  The  memoir 
is  signed  Jh.  Fonrier,  Paris,  1  Sep.  1820,  but  was  published  after  the  death  of  the 
author.    [A.  F.] 
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to  the  analytical  subject  which  we  have  considered.  This  question 
connected  with  the  theory  of  radiant  heat  has  just  been  discussed 
by  the  illustrious  author  of  the  Mdcanique  celeste,  to  whom  all 
the  chief  branches  of  mathematical  analysis  owe  important 
discoveries.     (Connaissance  dea  Temps,  years  1824-5.) 

The  new  theories  explained  in  our  work  are  united  for  ever 
to  the  mathematical  sciences,  and  rest  like  them  on  invariable 
foundations ;  all  the  elements  which  they  at  present  possess  they 
will  preserve,  and  will  continually  acquire  greater  extent.  Instru- 
ments will  be  perfected  and  experiments  multiplied.  The  analysis 
which  we  have  formed  will  be  deduced  from  more  general,  that 
is  to  say,  more  simple  and  more  fertile  methods  common  to  many 
classes  of  phenomena.  For  all  substance^  solid  or  liquid,  for 
vapours  and  permanent  gases,  determinations  will  be  made  of  all 
the  specific  qualities  relating  to  heat,  and  of  the  variations  of  the 
coefficients  which  express  them\  At  different  stations  on  the 
earth  observations  will  be  made,  of  the  temperatures  of  the 
ground  at  different  depths,  of  the  intensity  of  the  solar  heat  and 
its  effects,  constant  or  variable,  in  the  atmosphere,  in  the  ocean 
and  in  lakes ;  and  the  constant  temperature  of  the  heavens  proper 
to  the  planetary  regions  will  become  known'.     The  theory  itself 

y  /^  *  Mimoires  de  VAcacUmie  des  Sciences,  Tome  VIII, ^  Paris  1829,  contain  on 
V  I  pp.  581 — 622,  Mimoire  sur  la  Thiorie  Analytique  de  la  Chaleur,  par  M.  Fourier. 
This  was  published  whilst  the  author  was  Perpetual  Secretary  to  the  Academy. 
The  first  only  of  four  parts  of  the  memoir  is  printed.  The  contents  of  all  are 
stated.  I.  Determines  the  temperature  at  any  point  of  a  prism  whose  terminal 
temperatures  are  functions  of  the  time,  the  initial  temperature  at  any  point  being 
a  function  of  its  distance  from  one  end.  II.  Examines  the  chief  consciences  of 
the  general  solution,  and  applies  it  to  two  distinct  cases,  according  as  the  tempe- 
ratures of  the  ends  of  the  heated  prism  are  periodic  or  not.  III.  Is  historical, 
enumerates  the  earlier  experimental  and  analytical  researches  of  other  writers 
relative  to  the  theory  of  heat ;  considers  the  nature  of  the  transcendental  equations 
appearing  in  the  theory ;  remarks  on  the  employment  of  arbitrary  functions ; 
replies  to  the  objections  of  M.  Poisson ;  adds  some  remarks  on  a  problem  of  the 
motion  of  waves.  IV.  Extends  the  application  of  the  theory  of  heat  by  taking 
account,  in  the  analysis,  of  variations  in  the  specific  coefficients  which  measure 
the  capacity  of  substances  for  heat,  the  permeability  of  solids,  and  the  penetra- 
bility of  their  surfaces.    [A.  F.] 

'  M4moires  de  VAcadimie  des  Sciences^  Tome  VIL,  Paris,  1827,  contain  on 
pp.  569—604,  Mimoire  sur  les  temperatures  du  globe  terrestre  et  des  espaces  plarU^ 
taires,  par  M.  Fourier,  The  memoir  is  entirely  descriptive ;  it  was  read  before  the 
Academy,  20  and  29  Sep.  1824  {Atmales  de  Chimie  et  de  Physique,  1824,  zzvix. 
p.  136).    [A.F.] 
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will  direct  all  these  measures,  and  assign  their  precision.  No 
considerable  progress  can  hereafter  be  made  which  is  not  founded 
on  experiments  such  as  these;  for  mathematical  analysis  can 
deduce  from  general  and  simple  phenomena  the  expression  of  the 
laws  of  nature ;  but  the  special  application  of  these  laws  to  very 
complex  effects  demands  a  long  series  of  exact  observations. 

The  complete  list  of  the  Articles  on  Heat,  published  by  M.  Fourier,  in  the 
Annales  de  Chimie  et  de  Phynquey  Series  2,  is  as  follows  : 

1816.  III.  pp.  850—^75.  ThSorie  de  la  Chaleur  {Extrait).  Description  by  the 
author  of  the  •ito  Tolume  afterwards  published  in  1822  without  the  chapters  on 
radiant  heat,  solar  heat  as  it  affects  the  earth,  the  comparison  of  analysis  with 
experiment,  and  the  history  of  the  rise  and  progress  of  the  theory  of  heat. 

1817.  IV.  pp.  128 — 145.  Note  sur  la  Chaleur  rayonnante.  Mathematical 
sketch  on  the  sine  law  of  emission  of  heat  from  a  surface.  Proyes  the  author's 
paradox  on  the  hypothesis  of  equal  intensity  of  emission  in  all  directions. 

1817.  VL  pp.  259 — 803.  Quettions  mr  la  thiorie  physique  de  la  chaleur 
rayonnante.  An  elegant  physical  treatise  on  the  discoYciies  of  Newton,  Pictet, 
Wells,  WoUaston,  Leslie  and  Prevost. 

1820.  XIII.  pp.  418 — 438.  Sur  le  refroidissement  siculaire  de  la  terre  {Extrait), 
Sketch  of  a  memoir,  mathematical  and  descriptiye,  on  the  waste  of  the  earth's 
initial  heat. 

1824.  XXvil.  pp.  136 — 167.  Remarques  giniraUs  sur  les  temperatures  du  globe 
terrestre  et  des  esp<ices  plarUtaires.  This  is  the  descriptive  memoir  referred  to 
above,  Mint,  Acad,  d,  Sc.  Tome  VII. 

1824.  XXVII.  pp.  236 — 281.  Reswmi  thiorique  des  propriitSs  de  la  chaleur 
rayonnante.  Elementary  analytical  account  of  surface-emission  and  absorption 
based  on  the  principle  of  equilibrium  of  temperature. 

1825.  XXYin.  pp.  337—865.  Remarques  sur  la  thiorie  mathSmatique  de  la 
chaleur  rayonnante.  Elementary  analysis  of  emission,  absorption  and  reflection 
by  walls  of  enclosure  uniformly  heated.  At  p.  864,  M.  Fourier  promises  a  Thiorie 
physique  de  la  chaleur  to  contain  the  applications  of  the  Thiorie  Analytique 
omitted  from  the  work  published  in  1822. 

1828.  XXXYII.  pp.  291 — 815.  Recherches  expirimentales  sur  la  facvlU  eon* 
ductrice  des  corps  minces  soumis  h  Va^tion  de  la  chaleur,  et  description  d'un  nouveau 
thermomltre  de  contact.  A  thermosoope  of  contact  intended  for  lecture  demonstra- 
tions is  also  described.  M.  Emile  Yerdet  in  his  Confirences  de  Physique,  Paris, 
1872.  Part  I.  p.  22,  has.  stated  the  practical  reasons  against  relying  on  the 
theoretical  indications  of  the  thermometer  of  contact    [A.  F.] 

Of  the  three  notices  of  memoirs  by  M.  Fourier,  contained  in  the  Bulletin  des 
Sciences  par  la  SociSti  Philomatique,  and  quoted  here  at  pages  9  and  11,  the  first 
was  written  by  M.  Poisson,  the  mathematical  editor  of  the  Bulletin,  the  other  two  by 
M.  Fourier.    [A.  F.J 


THEOEY   OF   HEAT. 

Et  ignem  regunt  numeri, — ^Plato'. 

CHAPTER   L 

INTRODUCTION. 

FIRST    SECTION. 

Statement  of  the  Object  of  the  Work, 

1.  The  effects  of  heat  are  subject  to  constant  laws  which 
cannot  be  discovered  without  the  aid  of  mathematical  analysis. 
The  object  of  the  theory  which  we  are  about  to  explain  is  to 
demonstrate  these  laws;  it  reduces  all  physical  researches  on 
the  propagation  of  heat,  to  problems  of  the  integral  calculus 
whose  elements  are  given  by  experiment.  No  subject  has  more 
extensive  relations  with  the  progress  of  industry  and  the  natural 
sciences ;  for  the  action  of  heat  is  always  present,  it  penetrates 
all  bodies  and  spaces,  it  influences  the  processes  of  the  arts, 
and  occurs  in  all  the  phenomena  of  the  universe. 

When  heat  is  unequally  distributed  among  the  different  parts 
of  a  solid  mass,  it  tends  to  attain  equilibrium,  and  passes  slowly 
from  the  parts  which  are  more  heated  to  those  which  are  less; 
and  at  the  same  time  it  is  dissipated  at  the  surface,  and  lost 
in  the  medium  or  in  the  void.  The  tendency  to  uniform  dis- 
tribution and  the  spontaneous  emission  which  acts  at  the  surface 
of  bodies,  change  continually  the  temperature  at  their  different 
points.      The  problem  of  the  propagation  of  heat  consists  in 

1  Cf.  Plato,  TinuBUSt  53,  b. 
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determining  what  is  the  temperature  at  each  point  of  a  body 
at  a  given  instant,  supposing  that  the  initial  temperatures  are 
known.  The  following  examples  will  more  clearly  make  known 
the  nature  of  these  problems. 

2.  If  we  expose  to  the  continued  and  uniform  action  of  a 
source  of  heat,  the  same  part  of  a  metallic  ring,  whose  diameter 
is  large,  the  molecules  nearest  to  the  source  will  be  first  heated, 
and,  after  a  certain  time,  every  point  of  the  solid  will  have 
acquired  very  nearly  the  highest  temperature  which  it  can  attain. 
This  limit  or  greatest  temperature  is  not  the  same  at  different 
points ;  it  becomes  less  and  less  according  as  they  become  more 
distant  from  that  point  at  which  the  source  of  heat  is  directly 
applied. 

When  the  temperatures  have  become  permanent,  the  source 
of  heat  supplies,  at  each  instant,  a  quantity  of  heat  which  exactly 
compensates  for  that  which  is  dissipated  at  all  the  points  of  the 
external  surface  of  the  ring. 

If  now  the  source  be  suppressed,  heat  will  eontinue  to  be 
propagated  in  the  interior  of  the  solid,  but  that  which  is  lost 
in  the  medium  or  the  void,  will  no  longer  be  compensated  as 
formerly  by  the  supply  from  the  source,  so  that  all  the  tempe- 
ratures will  vary  and  diminish  incessantly  until  they  have  be- 
come equal  to  the  temperatures  of  the  surrounding  medium. 

3.  Whilst  the  temperatures  are  permanent  and  the  source 
remains,  if  at  every  point  of  the  mean  circumference  of  the  ring 
an  ordinate  be  raised  perpendicular  to  the  plane  of  the  ring, 
whose  length  is  proportional  to  the  fixed  temperature  at  that 
point,  the  curved  line  which  passes  through  the  ends  of  these 
ordinates  will  represent  the  permanent  state  of  the  temperatures, 
and  it  is  very  easy  to  determine  by  analysis  the  nature  of  this 
line.  It  is  to  be  remarked  that  the  thickness  of  the  ring  is 
supposed  to  be  sufl&ciently  small  for  the  temperature  to  be 
sensibly  equal  at  all  points  of  the  same  section  perpendicular 
to  the  mean  circumference.  When  the  source  is  removed,  the 
line  which  bounds  the  ordinates  proportional  to  the  temperatures 
at  the  different  points  will  change  its  form  continually.  The 
problem  consists  in  expressing,  by  one  equation,  the  variable 
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form  of  this  curvc^  and   in  thus  including  in  a  single  formula 
all  the  successive  states  of  the  solid. 

4.  Let  z  be  the  constant  temperature  at  a  point  m  of  the 
mean  circumference,  x  the  distance  of  this  point  from  the  source, 
that  is  to  say  the  length  of  the  arc  of  the  mean  circumference, 
included  between  the  point  m  and  the  point  o  which  corresponds 
to  the  position  of  the  source;  z  is  the  highest  temperature 
which  the  point  m  can  attain  by  virtue  of  the  constant  action 
of  the  source,  and  this  permanent  temperature  ^  is  a  function 
f{x)  of  the  distance  x.  The  first  part  of  the  problem  consists 
in  determining  the  function  f(x)  which  represents  the  permanent 
state  of  the  solid. 

Consider  next  the  variable  state  which  succeeds  to  the  former 
state  as  soon  as  the  source  has  been  removed ;  denote  by  t  the 
time  which  has  passed  since  the  suppression  of  the  source,  and 
by  V  the  value  of  the  temperature  at  the  point  m  after  the 
time  t  The  quantity  v  will  be  a  certain  function  J^  (a;,  t)  of 
the  distance  x  and  the  time  t\  the  object  of  the  problem  is  to 
discover  this  function  F  (x,  t),  of  which  we  only  know  as  yet 
that  the  initial  value  is  /  (x),  so  that  we  ought  to  have  the 
e(iuation  /  {or)  =  F  {x,  o). 

6.  If  we  place  a  solid  homogeneous  mass,  having  the  form 
of  a  sphere  or  cube,  in  a  medium  maintained  at  a  constant  tem- 
perature, and  if  it  remains  immersed  for  a  very  long  time,  it  will 
acquire  at  all  its  points  a  temperature  differing  very  little  £rom 
that  of  the  fluid.  Suppose  the  mass  to  be  withdrawn  in  order 
to  transfer  it  to  a  cooler  medium,  heat  will  begin  to  be  dissi- 
pated at  its  surface ;  the  temperatures  at  different  points  of  the 
mass  will  not  be  sensibly  the  same,  and  if  we  suppose  it  divided 
into  an  infinity  of  layers  by  surfaces  parallel  to  its  external  sur- 
face, each  of  those  layers  will  transmit,  at  each  instant,  a  certain 
quantity  of  heat  to  the  layer  which  surrounds  it.  If  it  be 
imagined  that  each  molecule  carries  a  separate  thermometer, 
which  intlicatos  its  temperature  at  every  instant,  the  state  of 
the  solid  will  from  time  to  time  be  represented  by  the  variable 
system  of  all  these  thermometric  heights.  It  is  required  to 
express  the  successive  states  by  analytical  formulae,  so  that  we 
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may  know  at  any  given  instant  the  temperatures  indicated  by 
each  thermometer,  and  compare  the  quantities  of  heat  which 
flo.w  during  the  same  instant,  between  two  adjacent  layers,  or 
into  the  surrounding  medium. 

6.  If  the  mass  is  spherical,  and  we  denote  by  x  the  distance 
of  a  point  of  this  mass  from  the  centre  of  the  sphere,  by  t  the 
time  which  has  elapsed  since  the  commencement  of  the  cooling, 
and  by  v  the  variable  temperature  of  the  point  m,  it  is  easy  to  see 
that  all  points  situated  at  the  same  distance  x  from  the  centre 
of  the  sphere  have  the  same  temperature  v.  This  quantity  t;  is  a 
certain  function  F  (x,  t)  of  the  radius  x  and  of  the  time  t ;  it  must 
be  such  that  it  becomes  constant  whatever  be  the  value  of  x,  when 
we  suppose  ^  to  be  nothing ;  for  by  hypothesis,  the  temperature  at 
all  points  is  the  same  at  the  moment  of  emersion.  The  problem 
consists  in  determining  that  function  of  x  and  t  which  expresses 
the  value  of  v. 

7.  In  the  next  place  it  is  to  be  remarked,  that  during  the 
cooling,  a  certain  quantity  of  heat  escapes,  at  each  instant,  through 
the  external  surface,  and  passes  into  the  medium.  The  value  of 
this  quantity  is  not  constant ;  it  is  greatest  at  the  beginning  of  the 
cooling.  If  however  we  consider  the  variable  state  of  the  internal 
spherical  surface  whose  radius  is  x,  we  easily  see  that  there  must 
be  at  each  instant  a  certain  quantity  of  heat  which  traverses  that 
surface,  and  passes  through  that  part  of  the  mass  which  is  more 
distant  from  the  centre.  This  continuous  flow  of  heat  is  variable 
like  that  through  the  external  surface,  and  both  are  quantities 
comparable  with  each  other ;  their  ratios  are  numbers  whose  vary- 
ing values  are  functions  of  the  distance  x,  and  of  the  time  t  which 
has  elapsed.     It  is  required  to  determine  these  functions. 

8.  If  the  mass,  which  has  been  heated  by  a  long  immersion  in 
a  medium,  and  whose  rate  of  cooling  we  wish  to  calculate,  is 
of  cubical  form,  and  if  we  determine  the  position  of  each  point  m  by 
three  rectangular  co-ordinates  x,  y,  e,  taking  for  origin  the  centre 
of  the  cube,  and  for  axes  lines  pei"pendicular  to  the  faces,  we  see 
that  the  temperature  v  of  the  poiat  m  after  the  time  t,  is  a  func- 
tion of  the  four  variables  x,  y,  z,  and  U    The  quantities  of  heat 

F.  H.  .2 
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which  flow  out  at  each  instant  through  the  whole  external  surface 
of  the  solid,  are  variable  and  comparable  with  each  other ;  their 
ratios  are  analytical  functions  depending  on  the  time  t,  the  expres- 
sion of  which  must  be  assigned. 

9.  Let  us  examine  also  the  case  in  which  a  rectangular  prism 
of  sufficiently  great  thickness  and  of  infinite  length,  being  sub- 
mitted at  its  extremity  to  a  constant  temperature,  whilst  the  air 
which  surrounds  it  is  maintained  at  a  less  temperature,  has  at  last 
arrived  at  a  fixed  state  which  it  is  required  to  determine.  All  the 
points  of  the  extreme  section  at  the  base  of  the  prism  have,  by 
hypothesis,  a  common  and  permanent  temperature.  It  is  not  the 
same  with  a  section  distant  from  the  source  of  heat ;  each  of  the 
points  of  this  rectangular  surface  parallel  to  the  base  has  acquired 
a  fixed  temperature,  but  this  is  not  the  same  at  difierent  points  of 
the  same  section,  and  must  be  less  at  points  nearer  to  the  surface 
exposed  to  the  air.  We  see  also  that,  at  each  instant,  there  flows 
across  a  given  section  a  certain  quantity  of  heat,  which  always 
remains  the  same,  since  the  state  of  the  solid  has  become  constant. 
The  problem  consists  in  determining  the  permanent  temperature 
at  any  given  point  of  the  solid,  and  the  whole  quantity  of  heat 
which,  in  a  definite  time,  flows  across  a  section  whose  position  is 
given. 

10.  Take  as  origin  of  co-ordinates  a,  y,  z,  the  centre  of  the 
base  of  the  prism,  and  as  rectangular  axes,  the  axis  of  the  prism 
itself,  and  the  two  perpendiculars' on  the  sides:  the  permanent 
temperature  v  of  the  point  w,  whose  co-ordinates  are  x,  y,  z,  is 
a  function  of  three  variables  F  {x,yt  z):  it  has  by  hypothesis  a 
constant  value,  when  we  suppose  x  nothing,  whatever  be  the  values 
of  y  and  z.  Suppose  we  take  for  the  unit  of  heat  that  quantity 
which  in  the  unit  of  time  would  emerge  from  an  area  equal  to  a 
unit  of  surface,  if  the  heated  mass  which  that  area  bounds,  and 
which  is  formed  of  the  same  substance  as  the  prism,  were  continu- 
ally maintained  at  the  temperature  of  boiling  water,  and  immersed 
in  atmospheric  air  maintained  at  the  temperature  of  melting  ice. 

We  see  that  the  quantity  of  heat  which,  in  the  permanent 
state  of  the  rectangular  prism,  flows,  during  a  unit  of  time,  across 
a  certain  section  perpendicular  to  the  axis,  has  a  determinate  ratio 
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to  the  quantity  of  heat  taken  as  unit.  This  ratio  is  not  the  same 
for  all  sections :  it  is  a  function  if>  (a?)  of  the  distance  x,  at  which 
the  section  is  situated.  It  is  required  to  find  an  analytical  expres- 
sion of  the  function  ^  (x). 

11.  The  foregoing  examples  suflBce  to  give  an  exact  idea  of 
the  different  problems  which  we  have  discussed. 

The  solution  of  these  problems  has  made  us  understand  that 
the  effects  of  the  propagation  of  heat  depend  in  the  case  of  every 
solid  substance,  on  three  elementary  qualities,  which  are,  its  capa- 
city for  heat,  its  own  conducibility,  and  the  exterior  conducibility. 

It  has  been  observed  that  if  two  bodies  of  the  same  volume 
and  of  different  nature  have  equal  temperatures,  and  if  the  same 
quantity  of  heat  be  added  to  them,  the  increments  of  temperature 
are  not  the  same;  the  ratio  of  these  increments  is  the  ratio  of 
their  capacities  for  heat.  In  this  manner,  the  first  of  the  three 
specific  elements  which  regulate  the  action  of  heat  is  exactly 
defined,  and  physicists  have  for  a  long  time  known  several  methods 
of  determining  its  value.  It  is  not  the  same  with  the  two  others ; 
their  effects  have  often  been  observed,  but  there  is  but  one  exact 
theory  which  can  fairly  distinguish,  define,  and  measure  them 
with  precision. 

The  proper  or  interior  -conducibility  of  a  body  expresses  the 
facility  with  which  heat  is  propagated  in  passing  from  one  internal 
molecule  to  another.  The  external  or  relative  conducibility  of  a 
solid  body  depends  on  the  facility  with  which  heat  penetrates  the 
surface,  and  passes  from  this  body  into  a  given  medium,  or  passes 
from  the  medium  into  the  solid.  The  last  property  is  modified  by 
the  more  or  less  polished  state  of  the  surface ;  it  varies  also  accord- 
ing to  the  medium  in  which  the  body  is  immersed ;  but  the 
interior  conducibility  can  change  only  with  the  nature  of  the 
solid. 

These  three  elementary  qualities  are  represented  in  our 
formulsB  by  constant  numbers,  and  the  theory  itself  indicates 
experiments  suitable  for  measuring  their  values.  As  soon  as  they 
are  determined,  all  the  problems  relating  to  the  propagation  of 
heat  depend  only  on  numerical  analysis.  The  knowledge  of  these 
specific  properties  may  be  directly  useful  in  several  applications  of 
the  physical  sciences ;  it  is  besides  an  element  in  the  study  and 

2—2 
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description  of  diflferent  substaDces.  It  is  a  very  imperfect  know- 
ledge of  bodies  which  ignores  the  relations  which  they  have  with 
one  of  the  chief  agents  of  nature.  In  general,  there  is  no  mathe- 
matical theory  which  has  a  closer  relation  than  this  with  public 
economy,  since  it  serves  to  give  clearness  and  perfection  to  the 
practice  of  the  numerous  arts  which  are  founded  on  the  employ- 
ment of  heat. 

12.     The  problem   of  the  terrestrial  temperatures  presents 
one  of  the  most  beautiful  applications  of  the  theory  of  heat ;  the 
general  idea  to  be  formed  of  it  is  this.    Different  parts  of  the 
surface  of  the  globe  are  unequally  exposed  to  the  influence  of  the 
solar  rays;  the  intensity  of  their  action  depends  on  the  latitude  of 
the  place ;  it  changes  also  in  the  course  of  the  day  and  in  the 
course  of  the  year,  and  is  subject  to  other  less  perceptible  in- 
equalities.    It  is  evident  that,  between  the  variable  state  of  the 
surface  and  that  of  the  internal  temperatures,  a  necessary  relation 
exists,  which  may  be  derived  from  theory.     We  know  that,  at  a 
certain  depth  below  the  surface  of  the  earth,  the  temperature  at  a 
given  place  experiences  no  annual  variation:  this    permanent 
underground  temperature  becomes  less  and  less  according  as  the 
place  is  more  and  more  distant  from  the  equator.    We  may  then 
leave  out  of  consideration  the  exterior  envelope,  the  thickness  of 
which  is  incomparably  small  with  respect  to  the  earth's  radius, 
and  regard  our  planet  as  a  nearly  spherical  mass,  whose  surface 
is  subject  to  a  temperature  which  remains  constant  at  all  points 
on  a  given  parallel,  but  is  not  the  same  on  another  parallel    It 
follows  from  this  that  every  internal  molecule  has  also  a  fixed  tem- 
perature determined  by  its  position.    The  mathematical  problem 
consists  in  discovering  the  fixed  temperature  at  any  given  point, 
and  the  law  which  the  solar  heat  follows  whilst  penetrating  the 
interior  of  the  earth. 

This  diversity  of  temperature  interests  us  still  more,  if  we 
consider  the  changes  which  succeed  each  other  in  the  envelope 
itself  on  the  surface  of  which  we  dwell.  Those  alternations  of 
heat  and  cold  which  are  reproduced  every  day  and  in  the  course  of 
every  year,  have  been  up  to  the  present  time  the  object  of  repeated 
observations.  These  we  can  now  submit  to  calculation,  and  from 
a  common  theory  derive  all  the  particular  facts  which  experience 
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has  taught  ua.  The  problem  is  reducible  to  the  hjrpothesis  that 
every  point  of  a  vast  sphere  is  affected  by  periodic  temperatures ; 
analysis  then  tells  us  according  to  what  law  the  intensity  of  these 
variations  d^reases  according  as  the  depth  increases,  what  is  the 
amount  of  the  annual  or  diurnal  changes  at  a  given  depth,  the 
epoch  of  the  changes,  and  how  the  fixed  value  of  the  underground 
temperature  is  deduced  from  the  variable  temperatures  observed 
at  the  surface. 

13.  The  general  equations  of  the  propagation  of  heat  are 
partial  differential  equations,  and  though  their  form  is  very  simple 
the  known  methods  ^  do  not  furnish  any  general  mode  of  integrat- 
ing them;  we  could  not  therefore  deduce  from  them  the  values 
of  the  temperatures  after  a  definite  time.  The  numerical  inter- 
pretation of  the  results  of  analysis  is  however  necessary,  and  it 
is  a  degree  of  perfection  which  it  would  be  very  important  to  give 
to  every  application  of  analysis  to  the  natural  sciences.  So  long 
as  it  is  not  obtained,  the  solutions  may  be  said  to  remain  in- 
complete and  useless,  and  the  truth  which  it  is  proposed  to 
discover  is  no  less  hidden  in  the  formulae  of  analysis  than  it  was 
in  the  physical  problem  itself.  We  have  applied  ourselves  with 
much  care  to  this  purpose,  and  we  have  been  able  to  overcome 
the  difficulty  in  all  the  problems  of  which  we  have  treated,  and 
which  contain  the  chief  elements  of  the  theory  of  heat.  There  is 
not  one  of  the  problems  whose  solution  does  not  provide  conve- 
nient and  exact  means  for  discovering  the  numerical  values  of  the 
temperatures  acquired,  or  those  of  the  quantities  of  heat  which 

'  For  the  modem  treatment  of  these  equations  consult 
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The  fourth  seotion,  Bewegung  der  W&rme  infesten  K&rpenL 

Cours  de  physique  matlUmatiqtte,  par  E.  Matthieu,  Paris,  187d.  The  parts 
relative  to  the  differential  equations  of  the  theory  of  heat. 

The  Functions  of  Laplace,  Lam6,  and  Bessel,  hy  I.  Todhtmter,  London,  1875. 
Chapters  XXI.  XXV. — XXTX.  which  give  some  of  Lamp's  methods. 

ConfSrences  de  Physique,  par  E,  Verdet,  Paris,  1872  [(Euvres,  Vol.  it.  Part  l], 
Le^ns  sur  la  propagation  de  la  chaleur  par  conductibUiti.  These  are  followed  by 
a  yery  extensive  bibliography  of  the  whole  subject  of  conduction  of  heat. 

For  an  interesting  sketch  and  application  of  Fourier's  Theory  see 

Theory  of  Heat,  by  Prof.  Maxwell,  London,  1875  [4th  Edition].  Chapter  XVm. 
On  the  diffusion  of  heat  by  conduction. 

Natural  Philosophy,  by  Sir  W.  Thomson  and  Prof.  Tail,  Vol.  i.  Oxford,  1867. 
Chapter  VII.  Appendix  I),  On  the  secular  cooling  of  the  earth.    [A.  F.] 
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have  flowed  through,  when  the  values  of  the  time  and  of  the 
variable  coordinates  are  known.  Thus  will  be  given  not  only  the 
differential  equations  which  the  functions  that  express  the  values 
of  the  temperatures  must  satisfy;  but  the  functions  themselves 
will  be  given  under  a  form  which  facilitates  the  numerical 
applications. 

14.  In  order  that  these  solutions  might  be  general,  and  have 
an  extent  equal  to  that  of  the  problem,  it  was  requisite  that  they 
should  accord  with  the  initial  state  of  the  temperatures,  which  is 
arbitrary.  The  examination  of  this  condition  shews  that  we  may 
develop  in  convergent  series,  or  express  by  definite  integrals, 
functions  which  are  not  subject  to  a  constant  law,  and  which 
represent  the  ordinates  of  irregular  or  discontinuous  lines.  This 
property  throws  a  new  light  on  the  theory  of  partial  differen- 
tial equations,  and  extends  the  employment  of  arbitrary  functions 
by  aubmitting  them  to  the  ordinary  processes  of  analysis. 

15.  It  still  remained  to  compare  tho  facts  with  theory.  With 
this  view,  varied  and  exact  experiments  were  undertaken,  whose 
results  were  in  conformity  with  those  of  analysis,  and  gave  them 
an  authority  which  one  would  have  been  disposed  to  refuse  to 
them  in  a  new  matter  which  seemed  subject  to  so  much  uncer- 
tainty. These  experiments  confirm  the  principle  from  which  we 
started,  and  which  is  adopted  by  all  physicists  in  spite  of  the 
diversity  of  their  hypotheses  on  the  nature  of  heat. 

16.  Equilibrium  of  temperature  is  effected  not  only  by  way 
of  contact,  it  is  established  also  between  bodies  separated  from 
each  other,  which  are  situated  fer  a  long  time  in  the  same  region. 
This  effect  is  independent  of  contact  with  a  medium;  we  have 
observed  it  in  spaces  wholly  void  of  air.  To  complete  our  theory 
it  was  necessary  to  examine  the  laws  which  radiant  heat  follows, 
on  leaving  the  surface  of  a  body.  It  results  from  the  observations 
of  many  physicists  and  from  our  own  experiments,  that  the  inten- 
sities of  the  different  rays,  which  escape  in  all  directions  from  any 
point  in  the  surface  of  a  heated  body,  depend  on  the  angles  which 
their  directions  make  with  the  surface  at  the  same  point.  We 
have  proved  that  the  intensity  of  a  ray  diminishes  as  the  ray 
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makes  a  smaller  angle  with  the  element  of  surface,  and  that  it  is 
proportional  to  the  sine  of  that  angle  \  This  general  law  of 
emission  of  heat  which  different  observations  had  already  indi- 
cated, is  a  necessary  consequence  of  the  principle  of  the  equilibrium 
of  temperature  and  of  the  laws  of  propagation  of  heat  in  solid 
bodies. 

Such  are  the  chief  problems  which  have  been  discussed  in 
this  work;  they  are  all  directed  to  one  object  only,  that  is  to 
establish  clearly  the  mathematical  principles  of  the  theory  of  heat, 
and  to  keep  up  in  this  way  with  the  progress  of  the  useful  arts, 
and  of  the  study  of  nature. 

17.  From  what  precedes  it  is  evident  that  a  very  extensive 
class  of  phenomena  exists,  not  produced  by  mechanical  forces,  but 
resulting  simply  from  the  presence  and  accumulation  of  heat. 
This  part  of  natural  philosophy  cannot  be  connected  with  dy- 
namical theories,  it  has  principles  peculiar  to  itself,  and  is  founded 
on  a  method  similar  to  that  of  other  exact  sciences.  The  solar 
heat,  for  example,  which  penetrates  the  interior  of  the  globe,  dis- 
tributes itself  therein  according  to  a  regular  law  which  does  not 
depend  on  the  laws  of  motion,  and  cannot  be  determined  by  the 
principles  of  mechanics.  The  dilatations  which  the  repulsive 
force  of  heat  produces,  observation  of  which  serves  to  measure 
temperatures,  are  in  truth  dynamical  effects;  but  it*  is  not  these 
dilatations  which  we  calculate,  when  we  investigate  the  laws  of 
the  propagation  of  heat* 

18.  There  are  other  more  complex  natural  effects,  which 
depend  at  the  same  time  on  the  influence  of  heat,  and  of  attrac- 
tive forces:  thus,  the  variations  of  temperatures  which  the  move- 
ments of  the  sun  occasion  in  the  atmo^here  and  in  the  ocean, 
change  continually  the  density  of  the  different  parts  of  the  air 
and  the  waters.  The  effect  of  the  forces  which  these  masses  obey 
is  modified  at  every  instant  by  a  new  distribution  of  heat,  and 
it  cannot  be  doubted  that  this  cause  produces  the  regular  winds, 
and  the  chief  currents  of  the  sea;  the  solar  and  lunar  attractions 
occasioning  in  the  atmosphere  effects  but  slightly  sensible,  and. 
not  general  displacements.    It  was  therefore  necessary,  in  order  to 

>  M^.  Acad.  d.  Sc.  Tome  V.    Paris,  1826,  pp.  179—218.    [A.  F.] 
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submit  these  grand  phenomena  to  calculation,  to  discover  the 
mathematical  laws  of  the  propagation  of  heat  in  the  interior  of 
masses. 

19.  It  will  be  perceived,  on  reading  this  work,  that  heat  at- 
tains in  bodies  a  regular  disposition  independent  of  the  original 
distribution,  which  may  be  regarded  as  arbitrary. 

In  whatever  manner  the  heat  was  at  first  distributed,  the 
system  of  temperatures  altering  more  and  more,  tends  to  coincide 
sensibly  with  a  definite  state  which  depends  only  on  the  form  of 
the  solid.  In  the  ultimate  state  the  temperatures  of  all  the  points 
are  lowered  in  the  same  time,  but  preserve  amongst  each  other  the 
same  ratios :  in  order  to  express  this  property  the  analytical  for- 
mulae contain  terms  composed  of  exponentials  and  of  quantities 
analogous  to  trigonometric  functions. 

Several  problems  of  mechanics  present  analogous  results,  such  as 
the  isochronism  of  oscillations^  the  multiple  resonance  of  sonorous 
bodies.  Common  experiments  had  made  these  results  remarked, 
and  analysis  afterwards  demonstrated  their  true  cause.  As  to 
those  results  which  depend  on  changes  of  temperature,  they  could 
not  have  been  recognised  except  by  very  exact  experiments  ;  but 
mathematical  analysis  has  outrun  observation,  it  has  supplemented 
our  senses,  and  has  made  us  in  a  manner  witnesses  of  regular  and 
harmonic  vib^tions  in  the  interior  of  bodies. 

• 

20.  These  considerations  present  a  singular  example  of  the 
relations  which  exist  between  the  abstract  science  of  numbers 
and  natural  causes. 

When  a  metal  bax  is  exposed  at  one  end  to  the  constant  action 
of  a  source  of  heat,  and  every  point  of  it  has  attained  its  highest 
temperature,  the  system  of  fixed  temperatures  corresponds  exactly 
to  a  table  of  logarithms ;  the  numbers  are  the  elevations  of  ther* 
mometers  placed  at  the  different  points,  and  the  logarithms  are 
the  distances  of  these  points  from  the  source.  In  general  heat 
distributes  itself  in  the  interior  of  solids  according  to  a  simple  law 
expressed  by  a  partial  differential  equation  common  to  physical 
problems  of  different  order.  The  irradiation  of  heat  has  an  evident 
relation  to  the  tables  of  sines,  for  the  rays  which  depart  from  the 
same  point  of  a  heated  siurfaoe,  differ  very  much  from  each  other, 
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and  their  intensity  is  rigorously  proportional  to  the  sine  of  the 
angle  which  the  direction  of  each  ray  makes  with  the  element  of 
surface. 

K  we  could  observe  the  changes  of  temperature  for  every  in- 
stant at  every  point  of  a  solid  homogeneous  mass,  we  should  dis- 
cover in  these  series  of  observations  the  properties  of  recurring 
seriesy  as  of  sines  and  logarithms;  they  would  be  noticed  for 
example  in  the  diurnal  or  annual  variations  of  temperature  of 
different  points  of  the  earth  near  its  surface. 

We  should  recognise  again  the  same  results  and  all  the  chief 
elements  of  general  analysis  in  the  vibrations  of  elastic  media,  in 
the  properties  of  lines  or  of  curved  surfaces,  in  the  movements  of 
the  stars,  and  those  of  light  or  of  fluids.  Thus  the  functions  ob- 
tained by  successive  differentiations,  which  are  employed  in  the 
development  of  infinite  series  and  in  the  solution  of  numerical 
equations,  correspond  also  to  physical  properties.  The  first  of 
these  functions,  or  the  fluxion  properly  so  called,  expresses  in 
geometry  the  inclination  of  the  tangent  of  a  curved  line,  and  in 
dynamics  the  velocity  of  a  moving  body  when  the  motion  varies ; 
in  the  theory  of  heat  it  measures  the  quantity  of  heat  which  flows 
at  each  point  of  a  body  across  a  ^ven  surface.  Mathematical 
analysis  has  therefore  necessary  relations  with  sensible  phenomena ; 
its  object  is  not  created  by  human  intelligence;  it  is  a  pre-existent 
element  of  the  universal  order,  and  is  not  in  any  way  contingent 
or  fortuitous ;  it  is  imprinted  throughout  all  nature. 

21.  Observations  more  exact  and  more  varied  will  presently 
ascertain  whether  the  effects  of  heat  are  modified  by  causes  which 
have  not  yet  been  perceived,  and  the  theory  will  acquire  fresh 
perfection  by  the  continued  comparison  of  its  results  with  the 
results  of  experiment ;  it  wiU  explain  some  important  phenomena 
which  we  have  not  yet  been  able  to  submit  to  calculation ;  it  will 
shew  how  to  determine  all  the  thermometric  effects  of  the  solar 
rays,  the  fixed  or  variable  temperature  which  would  be  observed  at 
different  distances  from  the  equator,  whether  in  the  interior  of 
the  earth  or  beyond  the  limits  of  the  atmosphere,  whether  in  the 
ocean  or  in  different  regions  of  the  air.  From  it  will  be  derived 
the  mathematical  knowledge  of  the  great  movements  which  result 
from  the  influence  of  heat  combined  with  that-  of  gravity.     The 
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same  principles  will  serve  to  measure  the  conducibilities,  proper  or 
relative,  of  diflferent  bodies,  and  their  specific  capacities,  to  dis- 
tinguish all  the  causes  which  modify  the  emission  of  heat  at  the 
surface  of  solids,  and  to  perfect  thermometric  instruments. 

The  theory  of  heat  will  always  attract  the  attention  of  ma- 
thematicians, by  the  rigorous  exactness  of  its  elements  and  the 
analytical  difficulties  peculiar  to  it,  and  above  all  by  the  extent 
and  useftilness  of  its  applications ;  for  all  its  consequences  con- 
cern at  the  same  time  general  physics,  the  operations  of  the  arts, 
domestic  uses  and  civil  economy. 


SECTION  11. 
Preliminary  definitions  and  general  notions. 

22.  Of  the  nature  of  heat  uncertain  hypotheses  only  could  be 
formed,  but  the  knowledge  of  the  mathematical  laws  to  which  its 
effects  are  subject  is  independent  of  all  hypothesis ;  it  requires  only 
an  attentive  examination  of  the  chief  facts  which  common  obser- 
vations have  indicated,  and  which  have  been  confirmed  by  exact 
experiments. 

It  is  necessary  then  to  set  forth,  in  the  first  place,  the  general 
results  of  observation,  to  give  exact  definitions  of  all  the  elements 
of  the  analysis,  and  to  establish  the  principles  upon  which  this 
analysis  ought  to  be  founded. 

The  action  of  heat  tends  to  expand  all  bodies,  solid,  liquid  or 
gaseous ;  this  is  the  property  which  gives  evidence  of  its  presence. 
Solids  and  liquids  increase  in  volume,  if  the  quantity  of  heat  which 
they  contain  increases ;  they  contract  if  it  diminishes. 

When  all  the  parts  of  a  solid  homogeneous  body,  for  example 
those  of  a  mass  of  metal,  are  equally  heated,  and  preserve  without 
any  change  the  same  quantity  of  heat,  they  have  also  and  retain 
the  same  density.  This  state  is  expressed  by  saying  that  through- 
out the  whole  extent  of  the  mass  the  molecules  have  a  common 
and  permanent  temperature. 

23.  The  thermometer  is  a  body  whose  smallest  changes  of 
volume  can  be  appreciated ;  it  serves  to  measure  temperatures  by 
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the  dilatation  of  a  fluid  or  of  air.  We  assume  tlie  construction, 
use  and  properties  of  this  instrument  to  be  accurately  known. 
The  temperature  of  a  body  equally  heated  in  every  part,  and 
which  keeps  its  heat,  is  that  which  the  thermometer  indicates 
when  it  is  and  remains  in  perfect  contact  with  the  body  in 
question. 

Perfect  contact  is  when  the  thermometer  is  completely  im- 
mersed in  a  fluid  mass,  and,  in  general,  when  there  is  no  point  of 
the  external  surface  of  the  instrument  which  is  not  touched  by  one 
of  the  points  of  the  solid  or  liquid  mass  whose  temperature  is  to  be 
measured.  In  experiments  it  is  not  always  necessary  that  this  con- 
dition should  be  rigorously  observed ;  but  it  ought  to  be  assumed 
in  order  to  make  the  definition  exact. 

24.  Two  fixed  temperatures  are  determined  on,  namely :  the 
temperature  of  melting  ice  which  is  denoted  by  0,  and  the  tem^ 
perature  of  boiling  water  which  we  will  denote  by  1 :  the  water  is 
supposed  to  be  boiling  under  an  atmospheric  pressure  represented 
by  a  certain  height  of  the  barometer  (76  centimetres),  the  mercury 
of  the  barometer  being  at  the  temperature  0. 

25.  Different  quantities  of  heat  are  measured  by  determining 
how  many  times  they  contain  a  fixed  quantity  which  is  taken  as 
the  unit.  Suppose  a  mass  of  ice  having  a  definite  weight  (a  kilo- 
gramme) to  be  at  temperature  0,  and  to  be  converted  into  water  at 
the  same  temperature  0  by  the  addition  of  a  certain  quantity  of 
heat :  the  quantity  of  heat  thus  added  is  taken  as  the  unit  of 
measure.  Hence  the  quantity  of  heat  expressed  by  a  number  G 
contains  C  times  the  quantity  required  to  dissolve  a  kilogramme 
of  ice  at  the  temperature  zero  into  a  mass  of  water  at  the  same 
zero  temperature. 

26.  To  raise  a  metallic  mass  having  a  certain  weight,  a  kilo- 
gramme of  iron  for  example,  from  the  temperature  0  to  the 
temperature  1,  a  new  quantity  of  heat  must  be  added  to  that 
which  is  already  contained  in  the  mass.  The  number  G  which 
denotes  this  additional  quantity  of  heat,  is  the  specific  capacity  of 
iron  for  heat;  the  number  C  has  very  different  values  for  different 
substances. 
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27.  If  a  body  of  definite  nature  and  weight  (a  kilogramme  of 
mercury)  occupies  a  volume  Fat  temperature  0,  it  will  oecupy  a 
greater  volume  F+  A,  when  it  has  acquired  the  temperature  1, 
that  is  to  say,  when  the  heat  which  it  contained  at  the  tempera- 
ture 0  has  been  increased  by  a  new  quantity  C,  equal  to  the 
specific  capacity  of  the  body  for  heat.  But  if,  instead  of  adding 
this  quantity  G,  a  quantity  zC  is  added  {z  being  a  number 
positive  or  negative)  the  new  volume  will  be  F+  8  instead 
of  F+ A.  Now  experiments  shew  that  if  z  is  equal  to  \,  the 
increase  of  volume  £  is  only  half  the  total  increment  A,  and 
that  in  general  the  value  of  S  is  2rA,  when  the  quantity  of,  heat 
added  is  zC. 

28.  The  ratio  z  of  the  two  quantities  zC  and  G  of  heat  added, 
which  is  the  same  as  the  ratio  of  the  two  increments  of  volume  S 
and  A,  is  that  which  is  called  the  temperature;  hence  the  quantity 
which  expresses  the  actual  temperature  of  a  body  represents  the 
excess  of  its  actual  volume  over  the  volume  which  it  would  occupy 
at  the  temperature  of  melting  ice,  unity  representing  the  whole 
excess  of  volume  which  corresponds  to  the  boiling  point  of 
water,  over  the  volume  which  corresponds  to  the  melting  point 
of  ice. 

29.  The  increments  of  volume  of  bodies  are  in  general  pro-^ 
portional  to  the  increments  of  the  quantities  of  heat  which 
produce  the  dilatations,  but  it  must  be  remarked  that  this  propor- 
tion is  exact  only  in  the  case  where  the  bodies  in  question  are 
subjected  to  temperatures  remote  from  those  which  determine 
their  change  of  state.  The  application  of  these  results  to  all 
liquids  must  not  be  relied  on;  and  with  respect  to  water  in 
particular,  dilatations  do  not  always  follow  augmentations  of 
heat. 

In  general  the  temperatures  are  numbers  proportional  to  the 
quantities  of  heat  added,  and  in  the  cases  considered  by  us, 
these  numbers  are  proportional  also  to  the  increments  of 
volume. 

30.  Suppose  that  a  body  bounded  by  a  plane  surface  having 
a  certain  area   (a  square  metre)  is  maintained  in  any  manner 
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whatever  at  constant  temperature  1,  common  to  all  its  points, 
and  that  the  surface  in  question  is  in  contact  with  air  maintained 
at  temperature  0  :  the  heat  which  escapes  continuously  at  the 
surface  and  passes  into  the  surrounding  medium  will  be  replaced 
always  by  the  heat  which  proceeds  from  the  constant  cause  to 
whose  action  the  body  is  exposed;  thus,  a  certain  quantity  of  heat 
denoted  by  k  will  flow  through  the  surface  in  a  definite  time  (a 
minute). 

This  amount  h,  of  a  flow  continuous  and  always  similar  to 
itself,  which  takes  place  at  a  unit  of  surface  at  a  fixed  temperature, 
is  the  measure  of  the  external  conducibility  of  the  body,  that  is 
to  say,  of  the  facility  with  which  its  surface  transmits  heat  to  the 
atmospheric  air. 

The  air  is  supposed  to  be  continually  displaced  with  a  given 
uniform  velocity :  but  if  the  velocity  of  the  current  increased,  the 
quantity  of  heat  communicated  to  the  medium  would  vary  also  : 
the  same  would  happen  if  the  density  of  the  medium  were 
increased. 

31.  If  the  excess  of  the  constant  temperature  of  the  body 
over  the  temperature  of  surrounding  bodies,  instead  of  being  equal 
to  1,  as  has  been  supposed,  had  a  less  value,  the  quantity  of  heat 
dissipated  would  be  less  than  h.  The  result  of  observation  is, 
as  we  shall  see  presently,  that  this  quantity  of  heat  lost  may^  be 
regarded  as  sensibly  proportional  to  the  excess  of  the  temperature 
of  the  body  over  that  of  the  air  and  surrounding  bodies.  Hence 
the  quantity  h  having  been  determined  by  one  experiment  in 
which  the  surface  heated  is  at  temperature  1,  and  the  medium  at 
temperature  0;  we  conclude  that  hz  would  be  the  quantity,  if  the 
temperature  of  the  surface  were  z,  all  the  other  circumstances 
remaining  the  same.  This  result  must  be  admitted  when  ;?  is  a 
small  fraction. 

32.  The  value  h  of  the  quantity  of  heat  which  is  dispersed 
across  a  heated  surface  is  different  for  different  bodies;  and  it 
varies  for  the  same  body  according  to  the  different  states  of  the 
surface.  The  effect  of  irradiation  diminishes  as  the  surface 
becomes  more  polished;  so  that  by  destroying  the  polish  of  the 
surface    the  value   of   h  is   considerably   increased.     A    heated 
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metallic  body  will  be  more  quickly  cooled  if  its  external  surface  is 
covered  with  a  black  coating  such  as  will  entirely  tarnish  its 
metallic  lustre. 

* 

33.  The  rays  of  heat  which  escape  from  the  surface  of  a  body 
pass  freely  through  spaces  void  of  air ;  they  are  propagated  also 
in  atmospheric  air:  their  directions  are  not  disturbed  by  agitations 
in  the  intervening  air:  they  can  be  reflected  by  metal  mirrors 
and  collected  at  their  foci.  Bodies  at  a  high  temperature,  when 
plunged  into  a  liquid,  heat  directly  only  those  parts  of  the  mass 
with  which  their  surface  is  in  contact.  The  molecules  whose  dis- 
tance from  this  surface  is  not  extremely  small,  receive  no  direct 
heat;  it  is  not  the  same  with  aeriform  fluids;  in  these  the  rays  of 
heat  are  borne  with  extreme  rapidity  to  considerable  distances, 
whether  it  be  that  part  of  these  rays  traverses  freely  the  layers  of 
air,  or  whether  these  layers  transmit  the  rays  suddenly  without 
altering  their  direction. 

34.  When  the  heated  body  is  placed  in  air  which  is  main- 
tained at  a  sensibly  constant  temperature,  the  heat  communicated 
to  the  air  makes  the  layer  of  the  fluid  nearest  to  the  surface  of  the 
body  lighter;  this  layer  rises  more  quickly  the  more  intensely  it  is 
heated,  and  is  replaced  by  another  mass  of  cool  air.  A  current 
is  thus  established  in  the  air  whose  direction  is  vertical,  and 
whose  velocity  is  greater  as  the  temperature  of  the  body  is  higher. 
For  this  reason  if  the  body  cooled  itself  gradually  the  velocity  of 
the  current  would  diminish  with  the  temperature,  and  the  law 
of  cooling  would  not  be  exactly  the  same  as  if  the  body  were 
exposed  to  a  current  of  air  at  a  constant  velocity. 

35.  When  bodies  are  suflSciently  heated  to  diffuse  a  vivid  light, 
part  of  their  radiant  heat  mixed  with  that  light  can  traverse  trans- 
parent solids  or  liquids,  and  is  subject  to  the  force  which  produces 
refraction.  The  quantity  of  heat  which  possesses  this  faculty 
becomes  less  as  the  bodies  are  less  inflamed ;  it  is,  we  may  say, 
insensible  for  very  opaque  bodies  however  highly  they  may  be  heated. 
A  thin  transparent  plate  intercepts  almost  all  the  direct  heat 
which  proceeds  from  an  ardent  mass  of  metal ;  but  it  becomes 
heated  in  proportion  as  the  intercepted  rays  are  accumulated  in 
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it;  whence^  if  it  is  formed  of  ice,  it  becomes  liquid;  but  if  this 
plate  of  ice  is  exposed  to  the  rays  of  a  torch  it  allows  a  sensible 
amount  of  heat  to  pass  through  with  the  light. 

36.  We  have  taken  as  the  measure  of  the  external  conduci- 
bility  of  a  solid  body  a  coefficient  h,  which  denotes  the  quantity  of 
heat  which  would  pass,  in  a  definite  time  (a  minute),  from  the 
surface  of  this  body,  into  atmospheric  air,  supposing  that  the  sur- 
face had  a  definite  extent  (a  square  metre),  that  the  constant 
temperature  of  the  body  was  1,  and  that  of  the  air  0,  and  that 
the  heated  surface  was  exposed  to  a  current  of  air  of  a  given  in- 
variable velocity.  This  value  of  A  is  determined  by  observation. 
The  quantity  of  heat  expressed  by  the  coefficient  is  composed  of 
two  distinct  parts  which  cannot  be  measured  except  by  very  exact 
experiments.  One  is  the  heat  communicated  by  way  of  contact  to 
the  surrounding  air:  the  other,  much  less  than  the  first,  is  the 
radiant  heat  emitted.  We  must  assume,  in  our  first  investigations^ 
that  the  quantity  of  heat  lost  does  not  change  when  the  tempera- 
tures of  the  body  and  of  the  medium  are  augmented  by  the  same 
sufficiently  small  quantity. 

37.  Solid  substances  differ  again,  as  we  have  already  remarked, 
by  their  property  of  being  more  or  less  permeable  to  heat ;  this 
quality  is  their  conducibility  proper;  we  shall  give  its  definition  and 
exact  measure,  after  having  treated  of  the  uniform  and  linear  pro- 
pagation of  heat.  Liquid  substances  possess  also  the  property  of 
transmitting  heat  from  molecule  to  molecule,  and  the  numerical 
value  of  their  conducibility  varies  according  to  the  nature  of  the 
substances :  but  this  effect  is  observed  with  difficulty  in  liquids, 
since  their  molecules  change  places  on  change  of  temperature.  The 
propagation  of  heat  in  them  depends  chiefly  on  this  continual  dis- 
placement, in  all  cases  where  the  lower  parts  of  the  mass  are  most 
exposed  to  the  action  of  the  source  of  heat.  If,  on  the  contrary, 
the  source  of  heat  be  applied  to  that  part  of  the  mass  which  is 
highest,  as  was  the  case  in  several  of  our  experiments,  the  transfer 
of  heat,  which  is  very  slow,  does  not  produce  any  displacement, 
at  least  when  the  increase  of  temperature  does  not  diminish  the 
volume,  as  is  indeed  noticed  in  singular  cases  bordering  on  changes 
of  state. 


32  THEORY  OF  HEAT.  [cHAP.  I. 

38.  To  this  explanation  of  the  chief  results  of  observation,  a 
general  remark  must  be  added  on  equilibrium  of  temperatures; 
which  consists  in  this,  that  different  bodies  placed  in  the  same  re- 
gion, all  of  whose  parts  are  and  remain  equally  heated,  acquire  also 
a  common  and  permanent  temperature. 

Suppose  that  all  the  parts  of  a  mass  M  have  a  common  and 
constant  temperature  a,  which  is  maintained  by  any  cause  what- 
ever: if  a  smaller  body  m  be  placed  in  perfect  contact  with  the 
mass  M,  it  will  assume  the  common  temperature  a. 

In  reality  this  result  would  not  strictly  occur  except  after  an 
infinite  time :  but  the  exact  meaning  of  the  proposition  is  that  if 
the  body  m  had  the  temperature  a  before  being  placed  in  contact, 
it  would  keep  it  without  any  change.  The  same  would  be  the  case 
with  a  multitude  of  other  bodies  n,  p,  q,  r  each  of  which  was 
placed  separately  in  perfect  contact  with  the  mass  M:  all  would 
acquire  the  constant  temperature  a.  Thus  a  thermometer  if  suc- 
cessively applied  to  the  different  bodies  m,  n,p,  q,  r  would  indicate 
the  same  temperature. 

39.  The  effect  in  question  is  independent  of  contact,  and 
would  still  occur,  if  every  part  of  the  body  m  were  enclosed  in 
the  solid  Jlf ,  as  in  an  enclosure,  without  touching  any  of  its  parts. 
For  example,  if  the  solid  were  a  spherical  envelope  of  a  certain 
thickness,  maintained  by  some  external  cause  at  a  temperature  a, 
and  containing  a  space  entirely  deprived  of  air,  and  if  the  body  m 
could  be  placed  in  any  part  whatever  of  this  spherical  space,  with- 
out touching  any  point  of  the  internal  surface  of  the  enclosure,  it 
would  acquire  the  common  temperature  a,  or  rather,  it  would  pre- 
a^^rve  it  if  it  had  it  already.  The  result  would  be  the  same  for 
all  tlbe  other  bodies  n,  p,  q,  r,  whether  they  were. placed  separately 
or  all  together  in  the  same  enclosure,  and  whatever  also  their  sub- 
stance and  form  might  be. 

40.  Of  all  modes  of  presenting  to  ourselves  the  action  of 
heat,  that  which  seems  simplest  and  most  conformable  to  observa- 
tion, consists  in  comparing  this  action  to  that  of  light  Mole- 
cules separated  from  one  another  reciprocally  communicate,  across 
empty  space,  their  rays  of  heat,  just  as  shining  bodies  transmit 
their  light. 
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If  within  an  enclosure  closed  in  all  directions,  and  maintained 
by  some  external  cause  at  a  fixed  temperature  a,  we  suppose  dif- 
ferent bodies  to  be  placed  without  touching  any  part  of  the  bound- 
ary, different  effects  will  be  observed  according  as  the  bodies, 
introduced  into  this  space  free  from  air,  are  more  or  less  heated. 
If,  in  the  first  instance,  we  insert  only  one  of  these  bodies,  at  the 
same  temperature  as  the  enclosure,  it  will  send  from  all  points  of 
its  surface  as  much  heat  as  it  receives  from  the  solid  which  sur- 
rounds it,  and  is  maintained  in  its  original  state  by  this  exchange 
of  equal  quantities. 

If  we  insert  a  second  body  whose  temperature  b  is  less  than  a, 
it  will  at  first  receive  from  the  surfaces  which  surround  it  on 
all  sides  without  touching  it,  a  quantity  of  heat  greater  than  that 
which  it  gives  out:  it  will  be  heated  more  and  more  and  wil} 
absorb  through  its  surface  more  heat  than  in  the  first  instance. 

The  initial  temperature  b  continually  rising,  will  approach  with- 
out ceasing  the  fixed  temperature  a,  so  that  after  a  certain  time 
the  difference  will  be  almost  insensible.  The  effect  would  be  op- 
posite if  we  placed  within  the  same  enclosure  a  third  body  whose 
temperature  was  greater  than  a. 

41.  All  bodies  have  the  property  of  emitting  heat  through 
their  surface;  the  hotter  they  are  the  more  they  emit;  the 
intensity  of  the  emitted  rays  changes  very  considerably  with  the 
state  of  the  surface. 

42.  Every  surface  which  receives  rays  of  heat  from  surround- 
ing bodies  reflects  part  and  admits  the  rest :  the  heat  which  is  not 
reflected,  but  introduced  through  the  surface,  accumulates  within 
the  solid;  and  so  long  as  it  exceeds  the  quantity  dissipated  by 
irradiation,  the  temperature  rises. 

43.  The  rays  which  tend  to  go  out  of  heated  bodies  are 
arrested  at  the  surface  by  a  force  which  reflects  part  of  them  into 
the  interior  of  the  mass.  The  cause  which  hinders  the  incident 
rays  from  traversing  the  surface,  and  which  divides  these  rays  into 
two  parts,  of  which  one  is  reflected  and  the  other  admitted,  acts  in 
the  same  manner  on  the  rays  which  are  directed  from  the  interior 
of  the  body  towards  external  space. 

F.  H,  '  3 
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If  by  modifying  the  state  of  the  surface  we  increase  the  force 
by  which  it  reflects  the  incident  rays,  we  increase  at  the  same  time 
the  power  which  it  has  of  reflecting  towards  the  interior  of  the 
body  rays  which  are  tending  to  go  out.  The  incident  rays  intro- 
duced into  the  mass,  and  the  rays  emitted  through  the  surface,  are 
equally  diminished  in  quantity. 

44.  If  within  the  enclosure  above  mentioned  a  number  of 
bodies  were  placed  at  the  same  time,  separate  from  each  other 
and  unequally  heated,  they  would  receive  and  transmit  rays  of  heat 
so  that  at  each  exchange  their  temperatures  would  continually 
vary,  and  would  all  tend  to  become  equal  to  the  fixed  temperature 
of  the  enclosure. 

,  This  effect  is  precisely  the  same  as  that  which  occurs  when 
heat  is  propagated  within  solid  bodies;  for  the  molecules  which 
compose  these  bodies  are  separated  by  spaces  void  of  air,  and 
have  the  property  of  receiving,  accumulating  and  emitting  heat 
Each  of  them  sends  out  rays  on  all  sides,  and  at  the  same  time 
receives  other  rays  from  the  molecules  which  8u;rroimd  it. 

45.  The  heat  given  out  by  a  point  situated  in  the  interior  of 
a  solid  mass  can  pass  directly  to  an  extremely  small  distance  only; 
it  is,  we  may  say,  intercepted  by  the  nearest  particles;  these  parti- 
cles only  receive  the  heat  directly  and  act  on  more  distant  points. 
It  is  different  with  gaseous  fluids;  the  direct  effects  of  radiation 
become  sensible  in  them  at  very  considerable  distances. 

46.  Thjis  the  heat  which  escapes  in  all  directions  from  a  part 
of  the  surface  of  a  solid,  passes  on  in  air  to  very  distant  points;  but 
is  emitted  only  by  those  molecules  of  the  body  which  are  extremely 
near  the  surface.  A  point  of  a  heated  mass  situated  at  a  very 
small  distance  from  the  plane  superficies  which  separates  the  mass 
from  external  space,  sends  to  that  space  an  infinity  of  rays,  but 
they  do  not  all  arrive  there;  they  are  diminished  by  all  that  quan- 
tity of  heat  which  is  arrested  by  the  intermediate  molecules  of  the 
solid.  The  part  of  the  ray  actually  dispersed  into  space  becomes 
less  according  as  it  traverses  a  longer  path  within  the  mass.  Thus 
the  ray  which  escapes  perpendicular  to  the  surface  has  greater  in- 
tensity than  that  which,  departing  from  the  same  point,  follows 
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an  oblique  direction,  and  the  most  oblique  rays  are  wholly  inter* 
cepted. 

The  same  consequences  apply  to  all  the  points  which  are  near 
enough  to  the  surface  to  take  part  in  the  emission  of  heat,  Arom 
which  it  necessarily  follows  that  the  whole  quantity  of  heat  which 
escapes  from  the  surface  in  the  normal  direction  is  very  much 
greater  than  that  whose  direction  is  oblique.  We  have  submitted 
this  question  to  calculation,  and  our  analysis  proves  that  the  in- 
tensity of  the  ray  is  proportional  to  the  sine  of  the  angle  which 
the  ray  makes  with  the  element  of  surface.  Experiments  had 
already  indicated  a  similar  result. 

47.  This  theorem  expresses  a  general  law  which  has  a  neces- 
sary connection  with  the  equilibrium  and  mode  of  action  of  heat. 
If  the  rays  which  escape  from  a  heated  surface  had  the  same  in- 
tensity in  all  directions,  a  thermometer  placed  at  one  of  the  points 
of  a  space  bounded  on  all  sides  by  an  enclosure  maintained  at  a 
constant  temperature  would  indicate  a  temperature  incomparably 
greater  than  that  of  the  enclosure^.  Bodies  placed  within  this 
enclosure  would  not  take  a  common  temperature,  as  is  always 
noticed;  the  temperature  acquired  by  them  would  depend  on  the 
place  which  they  occupied,  or  on  their  form,  or  on  the  forms  of 
neighbouring  bodies. 

The  same  residts  would  be  observed,  or  other  effects  equally 
opposed  to  common  experience,  if  between  the  rays  which  escape 
from  the  same  point  any  other  relations  were  admitted  different 
from  those  which  we  have  enunciated.  We  have  recognised  this 
law  as  the  only  one  compatible  with  the  general  fact  of  the  equi- 
librium of  radiant  heat. 

48.  If  a  space  free  from  air  is  bounded  on  all  sides  by  a  solid 
enclosure  whose  parts  are  maintained  at  a  common  and  constant 
temperature  a,  and  if  a  thermometer,  having  the  actual  tempera- 
ture a,  is  placed  at  any  point  whatever  of  the  space,  its  temperature 
will  continue  without  any  change.  It  will  receive  therefore  at 
each  instant  from  the  inner  surface  of  the  enclosure  as  much  heat 
as  it  gives  out  to  it.  This  effect  of  the  rays  of  heat  in  a  given 
space  is,  properly  speaking,  the  measure  of  the  temperature :  but 

1  See  proof  hj  M.  Fourier,  Ann,  d,  CK  et  Ph,  Ser.  2,  iv.  p.  128.    [A.  F.] 
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this  consideration  presupposes  the  mathematical  theory  of  radiant 
heat. 

If  now  between  the  thermometer  and  a  part  of  the  surface  of 
the  enclosure  a  body  M  be  placed  whose  temperature  is  a,  the 
thermometer  will  cease  to  receive  rays  from  one  part  of  the  inner 
surface,  but  the  rays  will  be  replaced  by  those  which  it  will  re- 
ceive from  the  interposed  body  M,  An  easy  calculation  proves 
that  the  compensation  is  exact,  so  that  the  state  of  the  thermo- 
meter will  be  unchanged.  It  is  not  the  same  if  the  temperature 
of  the  body  M  is  different  from  that  of  the  enclosure.  When 
it  is  greater,  the  rays  which  the  interposed  body  M  sends  to  the 
thermometer  and  which  replace  the  intercepted  rays  convey  more 
heat  than  the  latter;  the  temperature  of  the  thermometer  must 
therefore  rise. 

If,  on  the  contrary,  the  intervening  body  has  a  temperature 
less  than  a,  that  of  the  thermometer  must  fall;  for  the  rays  which 
this  body  intercepts  are  replaced  by  those  which  it  gives  out,  that 
is  to  say,  by  rays  cooler  than  those  of  the  enclosure;  thus  the 
thermometer  does  not  receive  all  the  heat  necessary  to  maintain 
its  temperature  a. 

49.  Up  to  this  point  abstraction  has  been  made  of  the  power 
which  all  surfaces  have  of  reflecting  part  of  the  rays  which  are 
sent  to  them.  If  this  property  were  disregarded  we  should  have 
only  a  very  incomplete  idea  of  the  equilibrium  of  radiant  heat. 

Suppose  then  that  on  the  inner  surface  of  the  enclosure,  main- 
tained at  a  constant  temperature,  there  is  a  portion  which  enjoys, 
in  a  certain  degree,  the  power  in  question ;  each  point  of  the  re- 
flecting surface  will  send  into  space  two  kinds  of  rays ;  the  one  go 
out  from  the  very  interior  of  the  substance  of  which  the  enclosure  is 
formed,  the  others  are  merely  reflected  by  the  same  surface  against 
which  they  had  been  sent.  But  at  the  same  time  that  the  surface 
repels  on  the  outside  part  of  the  incident  rays,  it  retains  in  the 
inside  part  of  its  own  rays.  In  this  respect  an  exact  compensation 
is  established,  that  is  to  say,  every  one  of  its  own  rays  which  the 
surface  hinders  from  going  out  is  replaced  by  a  reflected  ray  of 
equal  intensity. 

The  same  result  would  happen,  if  the  power  of  reflecting  rays 
affected  in  any  degree  whatever  other  parts  of  the  enclosure,  or  the 
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surface  of  bodies  placed  within  the  same  space  and  already  at 
the  common  temperature. 

Thus  the  reflection  of  heat  does  not  disturb  the  equilibrium 
of  temperatures,  and  does  not  introduce,  whilst  that  equilibrium 

> 

exists,  any  change  in  the  law  according  to  which  the  intensity  of 
rays  which  leave  the  same  point  decreases  proportionally  to  the 
sine  of  the  angle  of  emission. 

50.  Suppose  that  in  the  same  enclosure,  all  of  whose  parts 
maintain  the  temperature  a,  we  place  an  isolated  body  3f,  and 
a  polished  metal  surface  iJ,  which,  turning  its  concavity  towards 
the  body,  reflects  great  part  of  the  rays  which  it  received  from  the 
body;  if  we  place  a  thermometer  between  the  body  Maud  the  re- 
flecting surface  R,  at  the  focus  of  this  mirror,  three  different  effects 
will  be  observed  according  as  the  temperature  of  the  body  M  is 
equal  to  the  common  temperature  a,  or  is  greater  or  less. 

In  the  first  case,  the  thermometer  preserves  the  temperature 
a ;  it  receives  1%  rays  of  heat  from  all  parts  of  the  enclosure  not 
hidden  from  it  by  the  body  M  or  by  the  mirror ;  2",  rays  given  out 
by  the  body ;  3^  those  which  the  surface  R  sends  out  to  the  focus, 
whether  they  come  from  the  mass  of  the  mirror  itself,  or  whether  its 
surface  has  simply  reflected  them ;  and  amongst  the  last  we  may 
distinguish  between  those  which  have  been  sent  to  the*  mirror  by 
the  mass  M,  and  those  which  it  has  received  from  the  enclosure. 
All  the  rays  in  question  proceed  from  surfaces  which,  by  hypo- 
thesis, have  a  common  temperature  a,  so  that  the  thermometer 
is  precisely  in  the  same  state  as  if  the  space  bounded  by  the  en- 
closure contained  no  other  body  but  itself. 

In  the  second  case,  the  thermometer  placed  between  the  heated 
body  M  and  the  mirror,  must  acquire  a  temperature  greater  than 
a.  In  reality,  it  receives  the  same  rays  as  in  the  first  hypothesis ; 
but  with  two  remarkable  differeuces :  one  arises  from  the  fact  that 
the  rays  sent  by  the  body  M  to  the  mirror,  and  reflected  upon  the 
thermometer,  contain  more  heat  than  in  the  first  case.  The  other 
difference  depends  on  the  fact  that  the  rays  sent  directly  by  the 
body  M  to  the  thermometer  contain  more  heat  than  formerly. 
Both  causes,  and  chiefly  the  first,  assist  in  raising  the  tempera- 
ture of  the  thermometer. 

In  the  third  case,  that  is  to  say,  when  the  temperature  of  the 
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mass  M  is  less  than  a,  the  temperature  must  assume  also  a  tem- 
perature less  than  a.  In  fact^  it  receives  again  all  the  varieties  of 
rays  which  we  distinguished  in  the  first  case :  but  there  are  two 
kinds  of  them  which  contain  less  heat  than  in  this  first  hypothesis, 
that  is  to  say,  those  which,  being  sent  out  by  the  body  M,  are 
reflected  by  the  mirror  upon  the  thermometer,  and  those  which 
the  same  body  M  sends  to  it  directly.  Thus  the  thermometer  does 
not  receive  all  the  heat  which  it  requires  to  preserve  its  original 
temperature  a.  It  gives  out  more  heat  than  it  receives.  It  is 
inevitable  then  that  its  temperature  must  fall  to  the  point  at 
which  the  rays  which  it  receives  suffice  to  compensate  those  which 
it  loses.  This  last  effect  is  what  is  called  the  reflection  of  cold, 
and  which,  properly  speaking,  consists  in  the  reflection  of  too 
feeble  heat  The  mirror  intercepts  a  certain  quantity  of  heat,  and 
replaces  it  by  a  less  quantity. 

51.  If  in  the  enclosure,  maintained  at  a  constant  temperature 
a,  a  body  M  be  placed,  whose  temperature  a'  is  less  than  a,  the 
presence  of  this  body  wiU  lower  the  thermometer  exposed  to  its 
rays,  and  we  may  remark  that  the  rays  sent  to  the  thermometer 
from  the  surface  of  the  body  if,  are  in  general  of  two  kinds, 
namely,  those  which  come  from  inside  the  mass  ilf,  and  those 
which,  coming  from  different  parts  of  the  enclosure,  meet  the  sur- 
face M  and  are  reflected  upon  the  thermometer.  The  latter  rays 
have  the  common  temperature  a,  but  those  which  belong  to  the 
body  M  contain  less  heat,  and  these  are  the  rays  which  cool  the 
thermometer.  If  now,  by  dianging  the  state  of  the  surface  of  the 
body  M,  for  example,  by  destroying  the  polish,  we  diminish  the 
power  which  it  has  of  reflecting  the  incident  rays,  the  thermo- 
meter will  fall  still  lower,  and  will  assume  a  temperature  a"  less 
than  a.  In  fact  all  the  conditions  would  be  the  same  as  in  the 
preceding  case,  if  it  were  not  that  the  body  M  gives  out  a  greater 
quantity  of  its  own  rays  and  reflects  a  less  quantity  of  the  fays 
which  it  receives  &om  the  enclosure;  that  is  to  say,  these  last  rays, 
which  have  the  common  temperature,  are  in  part  replaced  by 
cooler  rays.  Hence  the  thermometer  no  longer  receives  so  much 
heat  as  formerly.  * 

If,  independently  of  the  change  in  the  surface  of  the  body  M, 
we  place  a  metal  mirror  adapted  to  reflect  upon  the  thermometer 
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the  rays  which  hAve  left  M^  the  temperature  will  assume  a  value 
oi"  less  than  a\  The  mirror,  in  fact,  intercepts  fix>m  the  thermo- 
meter part  of  the  rays  of  the  enclosure  which  all  have  the  tem- 
perature a,  and  replaces  them  by  three  kinds  of  rays ;  namely, 
1^  those  which  come  from  the  interior  of  the  mirror  itself,  and 
which  have  the  common  temperature ;  2°,  those  which  the  different 
parts  of  the  enclosure  send  to  the  mirror  with  the  same  tempera- 
ture, and  which  are  reflected  to  the  focus  ;  2f,  those  which,  coming 
from  the  interior  of  the  body  if,  fail  upon  the  mirror,  and  are 
reflected  upon  the  thermometer.  The  last  rays  have  a  tempera- 
ture less  than  a ;  hence  the  thermometer  no  longer  receives  so 
much  heat  as  it  received  before  the  mirror  was  set  up. 

Lastly,  if  we  proceed  to  change  also  the  state  of  the  surface  of 
the  mirror,  and  by  giving  it  a  more  perfect  polish,  increase  its 
power  of  reflecting  heat,  the  thermometer  wiH  fall  still  lower.  In 
fact,  all  the  conditions  exist  which  occurred  in  the  preceding  case. 
Only,  it  happens  that  the  mirror  gives  out  a  less  quantity  of  its 
own  rays,  and  replaces  them  by  those  which  it  reflects.  Now, 
amongst  these  last  rays,  all  those  which  proceed  from  the  interior 
of  the  mass  M  are  less  intense  than  if  they  had  come  from  the 
interior  c^  the  metal  mirror ;  hence  the  thermometer  receives  still 
less  heat  than  formerly :  it  will  assume  therefore  a  temperature 
a""  less  than  ci\ 

By  the  same  principles  all  the  known  facts  of  the  radiation  of 
heat  or  of  c(dd  are  easily  explained. 

52.  The  effect-s  of  heat  can  by  no  means  be  compared  with 
those  of  an  elastic  fluid  whose  molecules  are  at  rest 

It  would  be  useless  to  attempt  to  deduce  from  this  hypothesis 
the  laws  of  propagation  which  we  have  explained  in  this  work, 
and  which  all  experience  ha»  confirmed.  The  free  state  of  heat  is 
the  same  as  that  of  light ;  the  active  state  of  this  element  is  then 
entirely  different  from  that  of  gaseous  substances.  Heat  acts  in 
the  same  manner  in  a  vacuum,  in  elastic  fluids,  and  in  liquid  or 
solid  masses,  it  is  propagated  only  by  way  of  radiation,  but  its 
aenable  efliects  differ  according  to  the  nature  of  bodies. 

53.  Heat  is  the  origin  of  all  elasticity ;  it  is  the  repulsive 
force  which  preserves  the  form  of  solid  masses,  and  the  volume  of 
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liquids.  In  solid  masses,  neighbouring  molecules  would  yield  to 
their  mutual  attraction,  if  its  effect  were  not  destroyed  by  the 
heat  which  separates  them. 

This  elastic  force  is  greater  according  as  the  temperature  is 
higher ;  which  is  the  reason  why  bodies  dilate  or  contract  when 
their  temperature  is  raised  or  lowered. 

54.  The  equilibrium  which  exists,  in  the  interior  of  a  solid 
mass,  between  the  repulsive  force  of  heat  and  the  molecular  attrac- 
tion, is  stable ;  that  is  to  say,  it  re-establishes  itself  when  disturbed 
by  an  accidental  cause.  If  the  molecules  are  arranged  at  distances 
proper  for  equilibrium,  and  if  an  external  force  begins  to  increase 
this  distance  without  any  change  of  temperature,  the  effect  of 
attraction  begins  by  surpassing  that  of  heat,  and  brings  back  the 
molecules  to  their  original  position,  after  a  multitude  of  oscillations 
which  become  less  and  less  sensible. 

A  similar  effect  is  exerted  in  the  opposite  sense  when  a  me- 
chanical cause  diminishes  the  primitive  distance  of  the  molecules ; 
such  is  the  origin  of  the  vibrations  of  sonorous  or  flexible  bodies, 
and  of  all  the  effects  of  their  elasticity. 

55.  In  the  liquid  or  gaseous  state  of  matter,  the  external 
pressure  is  additional  or  supplementary  to  the  molecular  attrac- 
tion, and,  acting  on  the  surfiBM^e,  does  not  oppose  change  of  form, 
but  only  change  of  the  volume  occupied.  Analytical  investigation 
will  best  shew  how  the  repulsive  force  of  heat,  opposed  to  the 
attraction  of  the  molecules  or  to  the  external  pressure,  assists  in 
the  composition  of  bodies,  solid  or  liquid,  formed  of  one  or  more 
elements,  and  determines  the  elastic  properties  of  gaseous  fluids ; 
but  these  researches  do  not  belong  to  the  object  before  us,  and 
appear  in  dynamic  theories. 

56«  It  cannot  be  doubted  that  the  mode  of  action  of  heat 
always  consists,  like  that  of  light,  in  the  reciprocal  communication 
of  rays,  and  this  explanation  is  at  the  present  time  adopted  by 
the  majority  of  physicists ;  but  it  is  not  necessary  to  consider  the 
phenomena  under  this  aspect  in  order  to  establish  the  theory  of  heat. 
In  the  course  of  this  work  it  will  be  seen  how  the  laws  of  equili- 
brium and  propagation  of  radiant  heat,  in  solid  or  liquid  masses. 
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can  be  rigorously  demonstrated,  independently  of  any  physical 
explanation,  as  the  necessary  consequences  of  common  observations. 


SECTION  III. 
Principle  of  the  communication  of  heat 

57.  We  now  proceed  to  examine  what  experiments  teach  us 
concerning  the  communication  of  heat. 

If  two  equal  molecules  are  formed  of  the  same  substance  and 
have  the  same  temperature,  each  of  them  receives  from  the  other 
as  much  heat  as  it  gives  up  to  it ;  their  mutual  action  may  then  be 
regarded  as  null,  since  the  result  of  this  action  can  bring  about  no 
change  in  the  state  of  the  molecules.  If,  on  the  contrary,  the  first 
is  hotter  than  the  second,  it  sends  to  it  more  heat  than  it  receives 
from  it ;  the  result  of  the  mutual  action  is  the  difference  of  these 
two  quantities  of  heat.  In  all  cases  we  make  abstraction  of 
the  two  equal  quantities  of  heat  which  any  two  material  points 
reciprocally  give  up;  we  conceive  that  the  point  most  heated 
acts  only  on  the  other,  and  that,  in  virtue  of  this  action,  the  first 
loses  a  certain  quantity  of  heat  which  is  acquired  by  the  second. 
Thus  the  action  of  two  molecules,  or  the  quantity  of  heat  which 
the  hottest  communicates  to  the  other,  is  the  difference  of  the  two 
quantities  which  they  give  up  to  each  other. 

68.  Suppose  that  we  place  in  air  a  solid  homogeneous  body, 
whose  different  points  have  unequal  actual  temperatures ;  each  of 
the  molecules  of  which  the  body  is  composed  will  begin  to  receive 
heat  from  those  which  are  at  extremely  small  distances,  or  will 
communicate  it  to  them.  This  action  exerted  during  the  same 
instant  between  all  points  of  the  mass,  will  produce  an  infinitesi- 
mal resultant  change  in  all  the  temperatures :  the  solid  will  ex- 
perience at  each  instant  similar  effects,  so  that  the  variations  of 
temperature  will  become  more  and  more  sensible. 

Consider  only  the  system  of  two  molecules,  m  and  n,  equal  and 
extremely  near,  and  let  us  ascertain  what  quantity  of  heat  the 
first  can  receive  from  the  second  during  one  instant:  we  may 
then  apply  the  same  reasoning  to  all  the  other  points  which  are 
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Dear  enoagh  to  the  point  m,  to  act  directly  on  it  during  the  first 
instant. 

The  quantity  of  heat  communicated  by  the  point  n  to  the 
point  m  depends  on  the  duration  of  the  instant,  on  the  very  small 
distance  between  these  points,  on  the  actual  temperature  of  each 
point,  and  on  the  nature  of  the  solid  substance ;  that  is  to  say,  if 
one  of  these  elements  happened  to  vary,  all  the  other  remaining 
the  same,  the  quantity  of  heat  transmitted  would  vary  also.  Now 
experiments  have  disclosed,  in  this  respect*,  a  general  result:  it 
consists  in  this,  that  all  the  other  circumstances  being  the  same, 
the  quantity  of  heat  which  one  of  the  molecules  receives  from  the 
other  is  proportional  to  the  difference  of  temperature  of  the  two 
molecules.  Thus  the  quantity  would  be  double,  triple,  quadruple,  if 
everything  else  remaining  the  same,  the  difference  of  the  tempera- 
ture of  the  point  n  from  that  of  the  point  m  became  double,  triple, 
or  quadruple.  To  account  for  this  result,  we  must  consider  that  the 
action  of  n  on  m  is  always  just  aamuch  greater  as  there  is  a  greater 
difference  between  the  temperatures  of  the  two  points :  it  is  null, 
if  the  temperatures  are  equal,  but  if  the  molecule  n  contains  more 
heat  than  the  equal  molecule  m,  that  is  to  say,  if  the  temperature 
of  m  being  v,  that  of  n  is  r  +  A,  a  portion  of  the  exceeding  heat 
will  pass  from  n  to  m.  Now,  if  the  excess  of  heat  were  double,  or, 
which  is  the  same  thing,  if  the  temperature  of  n  weie  v  +  2A,  the 
exceeding  heat  would  be  composed  of  two  equal  parts  correspond- 
ing to  the  two  halves  of  the  whole  difference  of  temperature  2A ; 
each  of  these  parts  would  have  its  proper  effect  as  if  it  alone 
existed  :  thus  the  quantity  of  heat  communicated  by  n  to  m  would 
be  twice  as  great  as  when  the  difference  of  temperature  is  only  A. 
This  simultaneous  action  of  the  different  parts  of  the  exceeding 
heat  is  that  which  constitutes  the  principle  of  the  communication 
of  heat.  It  follows  from  it  that  the  sum  of  the  partial  actions,  or 
the  total  quantity  of  heat  which  m  receives  from  n  is  proportional 
to  the  difference  of  the  two  temperatures. 

59.  Denoting  by  V  and  v  the  temperatures  of  two  eqiud  mole*- 
eules  m  and  n,  by  p,  their  extremely  small  distance,  and  by  dt,  the 
infinitely  small  duration  of  the  instant,  the  quantity  of  heat  which 
m  receives  from  n  during  this  instant  will  be  expressed  by 
(«'  —  v)<f>  {p) .  dt.    We  denote  hj  <f>{p)  a  certain  function  of  the 
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distance  p  which,  in  solid  bodies  and  in  liquids,  becomes  nothing 
when  p  has  a  sensible  magnitude.  The  function  is  the  same  for 
every  point  of  the  same  given  substance ;  it  varies  with  the  nature 
of  the  substance. 

60.  The  quantity  of  heat  which  bodies  lose  through  their  sur- 
face is  subject  to  the  same  principle.  If  we  denote  by  a  the  area, 
finite  or  infinitely  small,  of  the  surface,  all  of  whose  points  have 
the  temperature  v,  and  if  a  represents  the  temperature  of  the 
atmospheric  air,  the  coefficient  h  being  the  measure  of  the  ex- 
ternal conducibility,  we  shall  have  ah  (y  -^a^dt  as  the  expression 
for  the  quantity  of  heat  which  this  surface  o*  transmits  to  the  air 
during  the  instant  dt 

When  the  two  molecules,  one  of  which  transmits  to  the  other 
a  certain  quantity  of  heat,  belong  to  the  same  solid,  the  exact 
expression  for  the  heat  communicated  is  that  which  we  have 
given  in  the  preceding  article;  and  since  the  molecules  are 
extremely  near,  the  difference  of  the  temperatures  is  extremely 
smalL  It  is  not  the  same  when  heat  passes  from  a  solid  body  into 
a  gaseous  medium.  But  the  experiments  teach  us  that  if  the 
difference  is  a  quantity  sufficiently  small,  the  heat  transmitted  is 
sensibly  proportional  to  that  difference,  and  that  the  number  h 
may,  in  these  first  researches  \  be  considered  as  having  a  constant 
value,  proper  to  each  state  of  the  surface,  but  independent  of  the 
temperature. 

61.  These  propositions  relative  to  the  quantity  of  heat  com- 
municated have  been  derived  from  different  observations.  We 
see  first,  as  an  evident  consequence  of  the  expressions  in  question, 
that  if  we  increased  by  a  common  quantity  all  the  initial  tempe- 
ratures of  the  solid  mass,  and  that  of  the  medium  in  which  it  is 
placed,  the  successive  changes  of  temperature  would  be  exactly 
the  same  as  if  this  increase  had  not  been  made.  Now  this  result 
is  sensibly  in  accordance  with  experiment ;  it  has  been  admitted 
by  the  physicists  who  first  have  observed  the  effects  of  heat. 

^  More  exact  laws  of  cooling  myestigated  experimentally  by  Dnlong  and  Petit 
will  be  fonnd  in  the  Journal  de  VEcole  Polytechnique,  Tome  xi.  pp.  2Si — 294, 
Paris,  1820,  or  in  Jamin,  Cowra  de  Physique^  Le^on  47.    [A.  P.] 
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62.  If  the  medium  is  maintained  at  a  constant  temperature, 
and  if  the  heated  body  which  is  placed  in  that  medium  has 
dimensions  sufficiently  small  for  the  temperature,  whilst  falling 
more  and  more,  to  remain  sensibly  the  same  at  all  points  of  the 
body,  it  follows  from  the  same  propositions,  that  a  quantity  of  heat 
will  escape  at  each  instant  through  the  surface  of  the  body  pro- 
portional to  the  excess  of  its  actual  temperature  over  that  of  the 
medium.  Whence  it  is  easy  to  conclude,  as  will  be  seen  in  the 
course  of  this  work,  that  the  line  whose  abscissas  represent  the 
times  elapsed,  and  whose  ordinates  represent  the  temperatures 
corresponding  to  those  times,  is  a  logarithmic  curve:  now,  ob- 
servations also  furnish  the  same  result,  when  the  excess  of  the 
temperature  of  the  solid  over  that  of  the  medium  is  a  sufficiently 
small  quantity. 

63.  Suppose  the  medium  to  be  maintained  at  the  constant 
temperature  0,  and  that  the  initial  temperatures  of  different 
points  a,  b,  c,  d  &c.  of  the  same  mass  are  a,  fi,  7,  B  &c.,  that  at  the 
end  of  the  first  instant  they  have  become  at',  ff,  y,  S'  &c.,  that  at 
the  end  of  the  second  instant  they  have  become  a",  fi'',  7",  B"  &c., 
and  so  on.  We  may  easily  conclude  from  the  propositions  enun- 
ciated, that  if  the  initial  temperatures  of  the  same  points  had 
been  got,  gff,  gy,  gB  &c.  {g  being  any  number  whatever),  they 
would  have  become,  at  the  end  of  the  first  instant,  by  virtue  of 
the  action  of  the  different  points,  gz',  g0,  gy,  gBi  &c.,  and  at  the 
end  of  the  second  instant,  ga",  gff',  gy",  gBl'  &c.,  and  so  on.  For 
instance,  let  us  compare  the  case  when  the  initial  temperatures 
of  the  points,  a,  J,  c,  d  &c.  were  a,  )8,  7,  B  &c.  with  that  in  which 
they  are  2a,  2)9,  27,  2S  &c.,  the  medium  preserving  in  both  cases 
the  temperature  0.  In  the  second  hypothesis,  the  difference  of 
the  temperatures  of  any  two  points  whatever  is  double  what  it 
was  in  the  first,  and  the  excess  of  the  temperature  of  each  point, 
over  that  of  each  molecule  of  the  medium,  is  also  double ;  con- 
sequently the  quantity  of  heat  which  any  molecule  whatever 
sends  to  any  other,  or  that  which  it  receives,  is,  in  the  second 
hypothesis,  double  of  that  which  it  was  in  the  first.  The  change 
of  temperature  which  each  point  suffers  being  proportional  to  the 
quantity  of  heat  acquired,  it  follows  that,  in  the  second  case,  this 
change  is  double  what  it  was  in  the  first  case.     Now  we  have 
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supposed  that  the  initial  temperature  of  the  first  point,  which  was 
a,  became  a'  at  the  end  of  the  first  instant ;  hence  if  this  initial 
temperature  had  been  2a,  and  if  all  the  other  temperatures  had 
been  doubled,  it  would  have  become  2a'.  The  same  would  be  the 
case  with  all  the  other  molecules  b,  c,  d,  and  a  similar  result 
would  be  derived,  if  the  ratio  instead  of  being  2,  were  any  number 
whatever  g.  It  follows  then,  from  the  principle  of  the  communica- 
tion of  heat,  that  if  we  increase  or  diminish  in  any  given  ratio 
all  the  initial  temperatures,  we  increase  or  diminish  in  the  same 
ratio  all  the  successive  temperatures. 

This,  like  the  two  preceding  results,  is  confirmed  by  observa- 
tion. It  could  not  have  existed  if  the  quantity  of  heat  which 
passes  from  one  molecule  to  another  had  not  been,  actually,  pro- 
portional to  the  diflference  of  the  temperatures. 

64.  Observations  have  been  made  with  accurate  instruments, 
on  the  permanent  temperatures  at  different  points  of  a  bar  or  of  a 
metallic  ring,  and  on  the  propagation  of  heat  in  the  same  bodies 
and  in  several  other  solids  of  the  form  of  spheres  or  cubes.  The 
results  of  these  experiments  agree  with  those  which  are  derived 
from  the  preceding  propositions.  They  would  be  entirely  differ- 
ent if  the  quantity  of  heat  transmitted  from  one  solid  molecule  to 
another,  or  to  a  molecule  of  air,  were  not  proportional  to  the 
excess  of  temperature.  It  is  necessary  first  to  know  all  the 
rigorous  consequences  of  this  proposition;  by  it  we  determine  the 
chief  part  of  the  quantities  which  are  the  object  of  the  problem. 
By  comparing  then  the  calculated  values  with  those  given  by 
numerous  and  very  exact  experiments,  we  can  easily  measure  the 
variations  of  the  coefficients,  and  perfect  our  first  researches. 


SECTION  IV, 
On  the  uniform  and  linear  movement  of  heat. 

65.  We  shall  consider,  in  the  first  place,  the  uniform  move- 
ment of  heat  in  the  simplest  case,  which  is  that  of  an  infinite 
solid  enclosed  between  two  parallel  planes. 

We  suppose  a  solid  body  formed  of  some  homogeneous  sub- 
stance to  be  enclosed  between  two  parallel  and  infinite  planes; 
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the  lower  plane  A  is  maintamed,  by  any  cause  whatever,  at  a 
constant  temperature  a;  we  may  imagine  for  example  that  the 
mass  is  prolonged,  and  that  the  plane  ^  is  a  section  common  to 
the  solid  and  to  the  enclosed  mass,  and  is  heated  at  all  its  points 
by  a  constant  source  of  heat;  th«  upper  plane  B  is  also  main- 
tained by  a  similar  cause  at  a  fixed  temperature  b,  whose  value  is 
less  than  that  of  a ;  the  problem  is  to  determine  what  would  be 
the  result  of  this  hypothesis  if  it  were  continued  for  an  infinite 
time. 

If  we  suppose  the  initial  temperature  of  all  parts  of  this  body 
to  be  b,  it  is  evident  that  the  heat  which  leaves  the  source  A  will 
be  propagated  farther  and  farther  and  will  raise  the  temperature 
of  the  molecules  included  between  the  two  planes :  but  the  tem- 
perature of  the  upper  plane  being  unable,  €U)cording  to  hypothesis 
to  rise  above  6,  the  heat  will  be  dispersed  within  the  cooler  mass, 
contact  with  which  keeps  the  plane  B  at  the  constant  temperature 
b.  The  system  of  temperatures  will  tend  more  and  more  to  a 
final  state,  which  it  will  never  attain,  but  which  would  have  the 
property,  as  we  shall  proceed  to  shew,  of  existing  and  keeping 
itself  up  without  any  change  if  it  were  once  formed. 

In  the  final  and  fixed  state,  which  we  are  considering,  the  per- 
manent temperature  of  a  point  of  the  solid  is  evidently  the  same 
at  all  points  of  the  same  section  parallel  to  the  base;  and  we 
shall  prove  that  this  fixed  temperature,  common  to  all  the  points 
of  an  intermediate  section,  decreases  in  arithmetic  progression 
from  the  base  to  the  upper  plane,  that  is  to  say,  if  we  represent 
the  constant  temperatures  a  and  b  by  the  ordinates  Aa  and  Bfi 


A \ 

\ 

\ 


Fig.  1. 


(see  Fig.  1),  raised  perpendicularly  to  the  distance  AB  between  the 
two  planes,  the  fixed  temperatures  of  the  intermediate  layers  will 
be  represented  by  the  ordinates  of  the  straight  line  afi  which 
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joins  the  extremities  a  and  fi;  thus,  denoting  by  z  the  height  of 

an  intermediate  section  or  its  perpendicular  distance  from  the 

plane  A^  by  e  the  v^hole  height  or  distance  AB,  and  by  v  the 

temperature  of  the  section  whose  height  is  ^,  we  must  have  the 

6  — a 
equation  r  =  a  H z. 

In  fact,  if  the  temperatures  were  at  first  established  in  accord- 
ance with  this  law,  and  if  the  extreme  surfaces  A  and  B  were 
always  kept  at  the  temperatures  a  and  b,  no  change  would 
happen  in  the  state  of  the  solid.  To  convince  ourselves  of  this, 
it  will  be  sufl&cient  to  compare  the  quantity  of  heat  which  would 
traverse  an  intermediate  section  A'  with  that  which,  during  the 
same  time,  would  traverse  another  section  B\ 

Bearing  in  mind  that  the  final  state  of  the  solid  is  formed 
and  continues,  we  see  that  the  part  of  the  mass  which  is  below 
the  plane  A'  must  communicate  heat  to  the  part  which  is  above 
that  plane,  since  this  second  part  is  cooler  than  the  first. 

Imagine  two  points  of  the  solid,  m  and  m',  very  near  to  each 
other,  and  placed  in  any  manner  whatever,  the  one  m  below  the 
plane  A\  and  the  other  m'  above  this  plane,  to  be  exerting  their 
action  during  an  infinitely  small  instant:  m  the  hottest  point 
will  communicate  to  ni  a  certain  quantity  of  heat  which  will 
cross  the  plane  A\  Let  x,  y,  z  he  the  rectangular  coordinates 
of  the  point  m,  and  x',  j/,  z'  the  coordinates  of  the  point  m' : 
consider  also  two  other  points  n  and  n'  very  near  to  each  other, 
and  situated  with  respect  to  the  plane  B',  in  the  same  manner 
in  which  m  and  rn  are  placed  with  respect  to  the  plane  A' :  that 
is  to  say,  denoting  by  ?  the  perpendicular  distance  of  the  two 
sections  A'  and  B^,  the  coordinates  of  the  point  n  will  he  x,y,z  +  ^ 
and  those  of  the  point  n',  x',  y',  «'  +  f ;  the  two  distances  mm! 
and  nn'  will  be  equal :  further,  the  difference  of  the  temperature 
V  of  the  point  m  above  the  temperature  v'  of  the  point  m'  will 
be  the  same  as  the  difference  of  temperature  of  the  two  points 
n  and  n\  In  fact  the  former  difference  will  be  detenained  by 
substituting  first  z  and  then  /  in  the  general  equation 

v  —  a  + z, 

and  subtracting  the  second  equation  from  the  first,  whence  the 
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result  V  — 1?'  = U^z\    We  shall  then  find,  by  the  siib- 

e     ^       y  ^ 

stituti'on  of  xr  +  f  and  /  +  ?,  that  the  excess  of  temperature  of 
the  point  n  over  that  of  the  point  in!  is  also  expressed  by 

ft  —  a  ,        ,v 

e     ^        ' 

It  follows  from  this  that  the  quantity  of  heat  sent  by  the 
point  m  to  the  point  m  will  be  the  same  as  the  quantity  of  heat 
sent  by  the  point  n  to  the  point  n^  for  all  the  elements  which 
concur  in  determining  this  quantity  of  transmitted  heat  are  the 
same* 

It  is  manifest  that  we  can  apply  the  same  reasoning  to  every 
system  of  two  molecules  which  communicate  heat  to  each  other 
across  the  section  A'  or  the  section  B \  whence,  if  we  could, 
sum  up  the  whole  quantity  of  heat  which  flows,  during  the  same 
instant,  across  the  section  A!  or  the  section  B\  we  should  find 
this  quantity  to  be  the  same  for  both  sections. 

From  this  it  follows  that  the  part  of  the  solid  included  be- 
tween A  and  B  receives  always  as  much  heat  as  it  loses,  and 
since  this  result  is  applicable  to  any  portion  whatever  of  the 
mass  included  between  two  parallel  sections,  it  is  evident  that 
no  part  of  the  solid  can  acquire  a  temperature  higher  than  that 
which  it  has  at  present.  Thus,  it  has  been  rigorously  demon- 
strated that  the  state  of  the  prism  will  continue  to  exist  just  as  it 
was  at  first. 

Hence,  the  permanent  temperatures  of  different  sections  of  a 

solid  enclosed  between  two  parallel  infinite  planes,  are  represented 

by  the  ordinates  of  a  straight  line  a)8,  and   satisfy  the  linear 

..                   6 -a 
equation  t>  =  a  H z. 

66.  By  what  precedes  we  see  distinctly  what  constitutes 
the  propagation  of  heat  in  a  solid  enclosed  between  two  parallel 
and  infinite  planes,  each  of  which  is  maintained  at  a  constant 
temperature.  Heat  penetrates  the  mass  gradually  across  the 
lower  plane :  the  temperatures  of  the  intermediate  sections  are 
raised,  but  can  never  exceed  nor  even  quite  attain  a  certain 
limit  which  they  approach  nearer  and  nearer :  this  limit  or  final 
temperature  is  different  for  different  intermediate  layers,   and 


SECT,  IV.] 


UNIFORM  LINEAR  MOVEMENT. 


49 


decreases   in   arithmetic  progression  from  the  fixed  temperature 
of  the  lower  plane  to  the  fixed  temperature  of  the  upper  plane. 

The  final  temperatures  are  those  which  would  have  to  be 
given  to  the  solid  in  order  that  its  state  might  he  permanent ; 
the  variable  state  which  precedes  it  may  also  be  submitted  to 
analysis,  as  we  shall  see  presently:  but  we  are  now  considering 
only  the  system  of  final  and  permanent  temperatures.  In  the 
last  state,  during  each  division  of  time,  across  a  section  parallel 
to  the  base,  or  a  definite  portion  of  that  section,  a  certain 
quantity  of  heat  flows,  which  is  constant  if  the  divisions  of  time 
are  equal.  This  unifoim  flow  is  the  same  for  all  the  intermediate 
sections  ;  it  is  equal  to  that  which  proceeds  from  the  source,  and 
to  that  which  is  lost  during  the  same  time,  at  the  upper  surface 
of  the  solid,  by  virtue  of  the  cause  which  keeps  the  temperature 
constant. 

67.  The  problem  now  is  to  measure  that  quantity  of  heat 
which  is  propagated  uniformly  within  the  solid,  during  a  given 
time,  across  a  definite  part  of  a  section  parallel  to  the  base :  it 
depends,  as  we  shall  see,  on  the  two  extreme  temperatures  a 
and  b,  and  on  the  distance  e  between  the  two  sides  of  the  solid ; 
it  would  vary  if  any  one  of  these  elements  began  to  change,  the 
other  remaining  the  same.  Suppose  a  second  solid  to  be  formed 
of  the  same  substance  as  the  firsts  and  enclosed  between  two 


Fig.  2. 

infinite  parallel  planes,  whose  perpendicular  distance  is  e  (see 
fig.  2)  :  the  lower  side  is  maintained  at  a  fixed  temperature  a\ 
and  the  upper  side  at  the  fixed  temperature  V ;  both  solids  are 
considered  to  be  in  that  final  and  permanent  state  which  has 
the  property  of  maintaining  itself  as  soon  as  it  has  been  formed. 

F.  H,  4 
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Thus  the  law  of  the  temperatures  is  expressed  for  the  first  body 
by  the  equation  v  =  a  H z,  and  for  the  second,  by  the  equa- 

V  -^a 

tion  1*  =  a'  H -, —  z,  v  in  the  first  solid,  and  u  in  the  second,  being 

e 

the  temperature  of  the  section  whose  height  is  z. 

This  arranged,  we  wUl  compare  the  quantity  of  heat  which, 
during  the  unit  of  time  traverses  a  unit  of  area  taken  on  an 
intermediate  section  L  of  the  first  solid,  with  that  which  during 
the  same  time  traverses  an  equal  area  taken  on  the  section  L' 
of  the  second,  e  being  the  height  common  to  the  two  sections, 
that  is  to  say,  the  distance  of  each  of  them  from  their  own 
base.  We  shall  consider  two  very  near  points  n  and  n'  in  the 
first  body,  one  of  which  n  is  below  the  plane  L  and  the  other 
n'  above  this  plane :  x,  y,  z  are  the  co-ordinates  of  n  :  and  x',  y\  z' 
the  co-ordinates  of  n',  e  being  less  than  z\  and  greater  than  z. 

We  shall  consider  also  in  the  second  solid  the  instantaneous 
action  of  two  points  p  and  p\  which  are  situated,  with  respect 
to  the  section  L\  in  the  same  manner  as  the  points  n  and  n'  with 
respect  to  the  section  L  of  the  first  solid.  Thus  the  same  co- 
ordinates X,  y,  z,  and  x\  y\  z  referred  to  three  rectangular  axes 
in  the. second  body,  will  fix  also  the  position  of  the  points  p 
and  p'. 

Now,  the  distance  from  the  point  n  to  the  point  n'  is  equal 
to  the  distance  from  the  point  p  to  the  point  p\  and  since  the 
two  bodies  are  formed  of  the  same  substance,  we  conclude,  ac- 
cording to  the  principle  of  the  communication  of  heat,  that  the 
action  of  n  on  n\  or  the  quantity  of  heat  given  by  n  to  n',  and 
the  action  of  p  on  p\  are  to  each  other  in  the  same  ratio  as  the 
differences  of  the  temperature  v  —  v*  and  u  —  u\ 

Substituting  i;  and  then  v'  in  the  equation  which  belongs  to 

the  first  solid,  and  subtracting,  we  find  v  — v'  = (^"-0>  ^^ 

h*  —  a! 
have  also  by  means  of  the  second  equation  u-^v!  =  — -, —  {z  —  z'), 

whence  the  ratio  of  the  two  actions  in  question  is  that  of to 
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We  may  now  imagine  many  other  systems  of  two  molecules, 
the  first  of  which  sends  to  the  second  across  the  plane  X,  a  certain 
quantity  of  heat,  and  each  of  these  systems,  chosen  in  the  first 
solid,  may  be  compared  with  a  homologous  system  situated  in  the 
second,  and  whose  action  is  exerted  across  the  section  1!  \  we 
can  then  apply  again  the  previous  reasoning  to  prove  that  the 

ratio  of  the  two  actions  is  always  that  of to  — r—  • 

Now,  the  whole  quantity  of  heat  which,  during  one  instant, 

crosses  the  section  Z,  results  from  the  simultaneous  action  of  a 

multitude   of  systems   each  of  which  is  formed  of  two  points; 

hence  this  quantity  of  heat  and  that  which,  in  the  second  solid, 

crosses  during  the  same  instant  the  section  L\  are  also  to  each 

•I      .     ,         .      i»(i— 0.     tt  —  6 
other  m  the  ratio  of to  — ? —  . 

It  is  easy  then  to  compare  with  each  other  the  intensities  of 
the  constant  flows  of  heat  which  are  propagated  uniformly  in  the 
two  solids,  that  is  to  say,  the  quantities  of  heat  which,  during 
unit  of  time,  cross  unit  of  surface  of  eadh  of  these  bodies.     The 

ratio  of  these- intensities  is  that  of  the  two  quotients  and 

n*  —  h' 

— ,—.    If  the  two  quotients  are  equal,  the  flows  are  the  same, 

whatever  in  other  respects  the  values  a,  6,  e,  a\  6',  e\  may  be ; 

in  general,  denoting  the  first  flow  by  F  and  the  second  by  F\ 

,   ,,  ,         F     a  —  b     a'—  b' 

we  shall  have  ^,  = -; r—  • 

F'        e  e 

68.  Suppose  that  in  the  second  solid,  the  permanent  tempera- 
ture a  of  the  lower  plane  is  that  of  boiling  water,  1 ;  that  the 
temperature -^of  the  upper  plane  is  that  of  melting  ice,  0;  that 
the  distance  e'  of  the  two  planes  is  the  unit  of  measure  (a 
metre);  let  us  denote  by  K  the  constant  flow  of  heat  which, 
during  unit  of  time  (a  minute)  would  cross  unit  of  surface  in 
this  last  solid,  if  it  were  formed  of  a  given  substance ;  K  ex- 
pressing a  certain  number  of  units  of  heat,  that  is  to  say  a  certain 
number  of  times  the  heat  necessary  to  convert  a  kilogramme 
of  ice  into  water:  we  shall  have,  in  general,  to  determine  the 

4?  iM 
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constant  flow  F^  in  a  solid  formed  of  the  same  substance,  tlie 

equation  ^.= or  F=K . 

^  K        e  e 

The  value  of  F  denotes  the  quantity  of  heat  which,  during 
the  unit  of  time,  passes  across  a  unit  of  area  of  the  surface  taken 
on  a  section  parallel  to  the  base. 

Thus  the  thermometric  state  of  a  solid  enclosed  between  two 
parallel  -infinite  plane  sides  whose  perpendicular  distance  is  e, 
and  which  are  maintained  at  fixed  temperatures  a  and  i,  is 
represented  by  the  two  equations : 

v  =  a  + z,  and  F^K or  F=-'K-j-, 

The  first  of  these  equations  expresses  the  law  according  to 
which  the  temperatures  decrease  from  the  lower  side  to  the 
opposite  side,  the  second  indicates  the  quantity  of  heat  which, 
during  a  given  time,  crosses  a  definite  part  of  a  section  parallel 
to  the  base. 

69.  We  have  taken  this  coefficient  K,  which  enters  into 
the  second  equation,  to  be  the  measure  of  the  specific  conduci- 
bility  of  each  substance ;  this  number  has  very  different  values 
for  different  bodies. 

It  represents,  in  general,  the  quantity  of  heat  which,  in  a 
homogeneous  solid  formed  of  a  given  substance  and  enclosed 
between  two  infinite  parallel  planes,  flows,  during  one  minute, 
across  a  surface  of  one  square  metre  taken  on  a  section  parallel 
to  the  extreme  planes,  supposing  that  these  two  planes  are  main- 
tained, one  at  the  temperature  of  boiling  water,  the  other  at 
the  temperature  of  melting  ice,  and  that  all  the  intermediate 
planes  have  acquired  and  retain  a  permanent  temperature. 

We  might  employ  another  definition  of  conducibility,  since 
we  could  estimate  the  capacity  for  heat  by  referring  it  to  unit 
of  volume,  instead  of  referring  it  to  unit  of  mass.  All  these 
definitions  are  equally  good  provided  they  are  clear  and  pre- 
cise. 

We  shall  shew  presently  how  to  determine  by  observation  the 
value  K  of  the  conducibility  or  conductibility  in  different  sub- 
stances. 
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70.  In  order  to  establish  the  equations  which  we  have 
cited  in  Article  68,  it  would  not  be  necessary  to  suppose  the 
points  which  exei-t  their  action  across  the  planes  to  be  at  ex- 
tremely small  distances. 

The  results  would  still  be  the  same  if  the  distances  of  these 
points  had  any  magnitude  whatever ;  they  would  therefore  apply 
also  to  the  case  where  the  direct  action  of  heat  extended  within 
the  interior  of  the  mass  to  very  considerable  distances,  all  the 
circumstances  which  constitute  the  hypothesis  remaining  in  other 
respects  the  same. 

We  need  only  suppose  that  the  cause  which  maintains  the 
temperatures  at  the  surface  of  the  solid,  affects  not  only  that 
part  of  the  mass  which  is  extremely  near  to  the  surface,  but  that 

its  action  extends  to  a  finite  depth.    The  equation  v  =  a z 

will  still  represent  in  this  case  the  permanent  temperatures  of 
the  solid.  The  true  sense  of  this  proposition  is  that,  if  we  give 
to  all  points  of  the  mass  the  temperatures  expressed  by  the 
equation,  and  if  besides  any  cause  whatever,  acting  on  the  two 
extreme  laminae,  retained  always  every  one  of  their  molecules 
at  the  temperature  which  the  same  equation  assigns  to  them, 
the  interior  points  of  the  solid  would  preserve  without  any  change 
their  initial  state. 

If  we  supposed  that  the  action  of  a  point  of  the  mass  could 
extend  to  a  finite  distance  e,  it  would  be  necessary  that  the 
thickness  of  the  extreme  laminss,  whose  state  is  maintained  by 
the  external  cause,  should  be  at  least  equal  to  e.  But  the 
quantity  €  having  in  fact,  in  the  natural  state  of  solids,  only 
an  inappreciable  value,  we  may  make  abstraction  of  this  thick- 
ness; and  it  is  sufficient  for  the  external  cause  to  act  on  each 
of  the  two  layers,  extremely  thin,  which  bound  the  solid.  This 
is  always  what  must  be  understood  by  the  expression,  to  maintain 
the  temperature  of  the  surface  constant. 

71.  We  proceed  further  to  examine  the  case  in  which  the 
same  solid  would  be  exposed,  at  one  of  its  faces,  to  atmospheric 
air  maintained  at  a  constant  temperature. 

Suppose  then  that  the  lower  plane  preserves  the  fixed  tem- 
perature a,  by  virtue  of  any  external  cause  whatever,  and  that 
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the  upper  plane,  instead  of  being  maintained  as  formerly  at  a 
less  temperature  b,  is  exposed  to  atmospheric  air  maintained 
at  that  temperature  b,  the  perpendicular  distance  of  the  two 
planes  being  denoted  always  by  e :  the  problem  is  to  determine 
the  final  temperatures. 

Assuming  that  in  the  initial  state  of  the  solid,  the  common 
temperature  of  its  molecules  is  b  or  less  than  b,  we  can  readily 
imagine  that  the  heat  which  proceeds  incessantly  from  the  source 
A  penetrates  the  mass,  and  raises  more  and  more  the  tempera- 
tures of  the  intermediate  sections ;  the  upper  surface  is  gradually 
heated,  and  permits  part  of  the  heat  which  has  penetrated  the 
solid  to  escape  into  the  air.  The  system  of  temperatures  con- 
tinually approaches  a  final  state  which  would  exist  of  itself  if 
it  were  once  formed;  in  this  final  state,  which  is  that  which 
we  are  considering,  the  temperature  of  the  plane  B  has  a  fixed 
but  unknown  value,  which  we  will  denote  by  A  and  since  the 
lower  plane  A  preserves  also  a  permanent  temperature  a,  the 
system  of  temperatures  is  represented  by  the  general  equation 

t?  =  aH z,  V  denoting  always  the  fixed  temperature  of  the 

section  whose  height  is  z.    The  quantity  of  heat  which  flows 

during  unit  of  time  across  a  unit  of  surface  taken  on  any  section 

o 

whatever  is  /l(  — -  ,k  denoting  the  interior  conducibility.  - 

c 

We  must  now  consider  that  the  upper  surface  B,  whose 
temperature  is  )8,  permits  the  escape  into  the  air  of  a  certain 
quantity  of  heat  which  must  be  exactly  equal  to  that  which 
crosses  any  section  whatever  L  of  the  solid.  If  it  were  not  so, 
the  part  of  the  mass  included  between  this  section  L  and  the 
plane  B  would  not  receive  a  quantity  of  heat  equal  to  that 
which  it  loses;  hence  it  would  not  maintain  its  state,  which  is 
contrary  to  hypothesis ;  the  constant  flow  at  the  surface  is  there- 
fore equal  to  that  which  traverses  the  solid :  now,  the  quantity 
of  heat  which  escapes,  during  unit  of  time,  from  unit  of  surface 
taken  on  the  plane  B,  is  expressed  by  h(j3  —  h),  b  being  the 
fixed  temperature  of  the  air,  and  h  the  measure  of  the  conduci- 
bility of  the  surface  B;  we  must  therefore  have  the  equation 

/y  —  /? 

i\- —  hifi  —  b),  which  will  determine  the  value  of  /8. 
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From  this  may  be  derived  a-*j8=    ,    j,y  *  ^^  equation 

whose  second  member  is  known ;  for  the  temperatures  a  and  6 

are  given,  as  are  also  the  quantities  A,  Jc,  e. 

Introducing  this  value  of  a-^fi  into  the  general  equation 

i8  — a 
ffssa+- e,  we  shall  have,  to  express  the  temperatures  of  any 

section  of  the  solid,  the  equation  a  —  t;  =  — ^^ — ^ ,  in  which 

known  quantities  only  enter  with  the  corresponding  variables  v 
and  e. 

72.  So  far  we  have  determined,  the  final  and  permanent  state 
of  the  temperatures  in  a  solid  enclosed  between  two  infinite  and 
parallel  plane  surfaces,  maintained  at  unequal  temperatures. 
This  first  case  is,  properly  speaking,  the  case  of  the  linear  and 
uniform  propagation  of  heat,  for  there  is  no  transfer  of  heat  in 
the  plane  parallel  to  the  sides  of  the  solid ;  that  which  traverses 
the  solid  flows  uniformly,  since  the  value  of  the  flow  is  the  same 
for  all  instants  and  for  all  sections. 

We  will  now  restate  the  three  chief  propositions  which  result 
from  the  examination  of  this  problem ;  they  are  susceptible  of  a 
great  number  of  applications,  and  form  the  first  elements  of  our 
theory. 

1st  If  at  the  two  extremities  of  the  thickness  e  of  the  solid 
we  erect  perpendiculars  to  represent  the  temperatures  a  and  b 
of  the  two  sides,  and  if  we  draw  the  straight  line  which  joins 
the  extremities  of  these  two  first  ordinates,  all  the  intermediate 
temperatures  will  be  proportional  to  the  ordinates  of  this  straight 

line ;  they  are  expressed  by  the  general  equation  a  —  t)  = z, 

6        * 

V  denoting  the  temperature  of  the  section  whose  height  is  z. 

2nd,  The  quantity  of  heat  which  flows  unifonnly,  during 
unit  of  time,  across  unit  of  surface  taken  on  any  section  whatever 
parallel  to  the  sides,  all  other  things  being  equal,  is  directly 
proportional  to  the  difference  a  --  6  of  the  extreme  temperatures, 
and  inversely  proportional  to  the   distance  e  which  separates 

these  sides.     The  quantity  of  heat  is  expressed  by  K ,  or 


i'  • 
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^K-T-y  if  we  derive  from  the  general  equation  the  value  of 

dv 

-T-  which  is  constant;  this  uniform  flow  may  always  be  repre- 
sented^ for  a  given  substance  and  in  the  solid  under  examination, 
by  the  tangent  of  the  angle  included  between  the  perpendicular 
e  and  the  straight  line  whose  ordinates  represent  the  tempera- 
tures. 

3rd.  One  of  the  extreme  surfaces  of  the  solid  being  submitted 
always  to  the  temperature  a,  if  the  other  plane  is  exposed  to  air 
maintained  at  a  fixed  temperature  h ;  the  plane  in  contact  with 
the  air  acquires,  as  in  the  preceding  case,  a  fixed  temperature  ^, 
greater  than  b,  and  it  permits  a  quantity  of  heat  to  escape  into 
the  air  across  unit  of  surface,  during  unit  of  time,  which  is  ex- 
pressed by  A(/9  — J),  h  denoting  the  external  conducibility  of 
the  plane. 

The  same  flow  of  heat  h(fi  —  b)  is  equal  to  that  which 
traverses  the  prism  and  whose  value  is  K  {a  —  fi);  we  have  there- 

fore  the   equation  h(j3 -'h)  =  K ~ ,  which  gives  the  value 

of  fi. 


SECTION   V, 

Law  of  the  permanent  temperatures'  in  a  prism  of  small 

thickness. 

73.  We  shall  easily  apply  the  principles  which  have  just 
been  explained  to  the  following  problem,  very  simple  in  itself, 
but  one  whose  solution  it  is  important  to  base  on  exact  theory. 

A  metal  bar,  whose  form  is  that  of  a  rectangular  parallele- 
piped infinite  in  length,  rs  exposed  to  the  action  of  a  source  of 
heat  which  produces  a  ccMistant  temperature  at  all  points  of  its 
extremity  A.  It  is  required  to  determine  the  fixed  temperatures 
at  the  different  sections  of  the  bar. 

The  section  perpendicular  to  the  axis  is  supposed  to  be  a 
square  whose  side  21  is  so  small  that  we  may  without  sensible 
error  consider  the  temperatures  to  be  equal  at  different  points 
of  the  same  section.    The  air  in  which  the  bar  is  placed  is  main- 
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tained   at  a  constant  temperature  0,  and   carried  away  by  a 
current  with  uniform  velocity. 

Within  the  interior  of  the  solid,  heat  will  pass  successively 
all  the  parts  situate  to  the  right  of  the  source,  and  not  exposed 
directly  to  its  action;  they  will  be  heated  more  and  more,  but 
the  temperature  of  each  point  will  not  increase  beyond  a  certain 
limit.  This  maximum  temperature  is  not  the  same  for  every 
section ;  it  in  general  decreases  as  the  distance  of  the  section 
from  the  origin  increases  :  we  shall  denote  by  v  the  fixed  tem- 
perature of  a  section  perpendicular  to  the  axis,  and  situate  at  a 
distance  x  from  the  origin  A. 

Before  every  point  of  the  solid  has  attained  its  highest  degree 
of  heat,  the  system  of  temperatures  varies  continually,  and  ap- 
proaches more  and  more  to  a  fixed  state,  which  is  that  which 
we  consider.  This  final  state  is  kept  up  of  itself  when  it  has 
once  been  formed.  In  order  that  the  system  of  temperatures 
may  be  permanent,  it  is  necessary  that  the  quantity  of  heat 
which,  during  unit  of  time,  crosses  a  section  made  at  a  distance  x 
from  the  origin,  should  balance  exactly  all  the  heat  which,  during 
the  same  time,  escapes  through  that  part  of  the  external  surface 
of  the  prism  which  is  situated  to  the  right  of  the  same  section. 
The  lamina  whose  thickness  is  dx,  and  whose  external  surface 
is  Slda,  allows  the  escape  into  the  air,  during  unit  of  time,  of 
a  quantity  of  heat  expressed  by  Shiv .  dx,  h  being  the  measure  of 
the  external  conducibility  of  the  prism.  Hence  taking  the  in- 
tegral jShiv .  dx  from  a;  =  0  to  a?  =  oo  ,  we  shall  find  the  quantity 
of  heat  which  escapes  from  the  whole  surface  of  the  bar  during 
unit  of  time ;  and  if  we  take  the  same  integral  from  a:  =  0  to 
a?  =  0?,  we  shall  have  the  quantity  of  heat  lost  through  the  part 
of  the  surface  included  between  the  source  of  heat  and  the  section 
made  at  the  distance  x.  Denoting  the  first  integral  by  C,  whose 
value  is  constant,  and  the  variable  value  of  the  second  by 
jShlv.dx;  the  difference  G—fShlv.dx  will  express  the  whole 
quantity  of  heat  which  escapes  into  the  air  across  the  part  of 
the  surface  situate  to  the  right  of  the  section.  On  the  other 
hand,  the  lamina  of  the  solid,  enclosed  between  two  sections 
infinitely  near  at  distances  x  and  x  +  dx,  must  resemble  an  in- 
finite solid,  bounded  by  two  parallel  planes,  subject  to  fixed 
temperatures  v  and  v  +  dv,  since,  by  hypothesis,  the  temperature 


1 
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does  not  vary  throughout  the  whole  extent  of  the  same  section. 
The  thickness  of  the  solid  is  dx,  and  the  area  of  the  section  is 
4P :  hence  the  quantity  of  heat  which  flows  uniformly,  during 
unit  of  time,  across  a  section  of  this  solid,  is,  according  to  the 

preceding  principles,  —  4PAj  ^ ,  k  being  the  specific  internal  con- 

ducibility :  we  must  therefore  have  the  equation 

^iFk^^G-JShlv.dx, 
whence  kl  -r-a  =  2Av. 

(IX 

74.  "We  should  obtain  the  same  result  by  considering  the 
equilibrium  of  heat  in  a  single  lamina  infinitely  thin,  enclosed 
between  two  sections  at  distances  x  and  x  +  dx.  In  fact,  the 
quantity  of  heat  which,  during  unit  of  time,  crosses  the  first 

section  situate  at  distance  a;,  is  —  ^Pk  -r- .     To  find   that  which 

ax 

flows  during  the  same  time  across  the  successive  section  situate 

at  distance  x  +  dx,  we  must  in  the  preceding  expression  change  x 

into  x  +  dXf  which  gives  —  4^^:.    j~  +  ^(  j-j    •     If  we  subtract 

the  second  expression  from  the  first  we  shall  find  how  much 
heat  is  acquired  by  the  lamina  bounded  by  these  two  sections 
during  unit  of  time;  and  since  the  state  of  the  lamina  is  per- 
manent, it  follows  that  all  the  heat  acquired  is  dispersed  into 
the  air  across  the  external  surface  Sldx  of  the  same  lamina :  now 
the  last  quantity  of  heat  is  Shlvdx :  we  shall  obtain  therefore  the 
same  equation 

Shlvdx  =  4PA?d  [j-]  f  whence  3— ,  =  rjV. 

76.  In  whatever  manner  this  equation  is  formed,  it  is 
necessary  to  remark  that  the  quantity  of  heat  which  passes  into 
the  lamina  whose  thickness  is  dx,  has  a  finite  value,  and  that 

its  exact  expression  is  —iPk-j-.     The   lamina  being   enclosed 

between  two  surfaces  the  first  of  which  has  a  temperature  v, 
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and  the  second  a  lower  temperatore  v',  we  see  that  the  quantity 
of  heat  which  it  receives  through  the  first  surface  depends  on 
the  diflerence  v  —  v\  and  is  proportional  to  it :  but  this  remark 
is  not  sufficient  to  complete  the  calculation.  The  quantity  in 
question  is  not  a  differential :  it  has  a  finite  value^  since  it  is 
equivalent  to  all  the  heat  which  escapes  through  that  part  of 
the  external  surface  of  the  prism  which  is  situate  to  the  right 
of  the  section.  To  form  an  exact  idea  of  it,  we  must  compare 
the  lamina  whose  thickness  is  dx,  with  a  solid  terminated  by 
two  parallel  planes  whose  distance  is  e,  and  which  are  maintained 
at  unequal  temperatures  a  and  6.  The  quantity  of  heat  which 
passes  into  such  a  prism  across  the  hottest  surface,  is  in  fact 
proportional  to  the  difference  a  — &  of  the  extreme  temperatures, 
but  it  does  not  depend  only  on  this  difference :  all  other  things 
being  equal,  it  is  less  when  the  prism  is  thicker,  and  in  general 

it  is  proportional  to  .     This  is  why  the  quantity  of  heat 

which   passes  through   the   firat  surface  into  the  lamina,  whose 

thickness  is  dxy  is  proportional  to  —j —  . 

We  lay  stress  on  this  remark  because  the  neglect  of  it  has 
been  the  first  obstacle  to  the  establishment  of  the  theory.  If 
we  did  not  make  a  complete  analysis  of  the  elements  of  the 
problem,  we  should  obtain  an  equation  not  homogeneous,  and, 
a  fcyrtiarif  we  should  not  be  able  to  form  the  equations  which 
express  the  movement  of  heat  in  more  complex  cases. 

It  was  necessary  also  to  introduce  into  the  calculation  the 
dimensions  of  the  prism,  in  order  that  we  might  not  regard,  as 
general,  consequences  which  observation  had  furnished  in  a  par- 
ticular case.  Thus,  it  was  discovered  by  experiment  that  a  bar 
of  iron,  heated  at  one  extremity,  could  not  acquire,  at  a  distance 
of  six  feet  from  the  source,  a  temperature  of  one  degree  (octo- 
gesimaP) ;  for  to  produce  this  effect,  it  would  be  necessary  for 
the  heat  of  the  source  to  surpass  considerably  the  point  of  fusion 
of  iron;  but  this  result  depends  on  the  thickness  of  the  prism 
employed.  If  it  had  been  greater,  the  heat  would  have  been 
propagated  to  a  greater  distance,  that  is  to  say,  the  point  of 
the  bar  which  acquires  a  fixed  temperature  of  one  de<^ree  is 

*  Beaiimur*B  Scale  of  Temperature.    [A.  F.l 
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much  more  remote  from  the  source  when  the  bar  is  thicker,  all 
other  conditions  remaining  the  same.  We  can  always  raise  by 
one  degree  the  temperature  of  one  end  of  a  bar  of  iron,  by  heating 
the  solid  at  the  other  end ;  we  need  only  give  the  radius  of  the 
base  a  sufficient  length:  which  is,  we  may  say,  evident,  and 
of  which  besides  a  proof  will  be  found  in  the  solution  of  the 
problem  (Art.  78). 

76.  The  integral  of  the  preceding  equation  is 

A  and  B  being  two  arbitrary  constants ;  now,  if  we  suppose  the 
distance  x  infinite,   the   value   of  the   temperature  v  must  be 

infinitely  small;  hence  the  term  Be    *^u  does  not  exist  in  the  in- 

tegral:  thus  the  equation  v=  Ae""^'^  represents  the  permanent 
state  of  the  solid ;  the  temperature  at  the  origin  is  denoted  by 
the  constant  A,  since  that  is  the  value  of  v  when  x  is  zero. 

This  law  according  to  which  the  temperatures  decrease 
is  the  same  as  that  given  by  experiment ;  several  physicists 
have  observed  the  fixed  temperatures  at  diflferent  points  of  a 
metal  bar  exposed  at  its  extremity  to  the  constant  action  of  a 
source  of  heat,  and  they  have  ascertained  that  the  distances 
from  the  origin  represent  logarithms,  and  the  temperatures  the 
corresponding  numbers. 

77.  The  numerical  value  of  the  constant  quotient  of  two  con- 
secutive temperatures  being  determined  by  observation,  we  easily 

deduce  the  value  of  the  ratio  ^;  for,  denoting  by  v^,  v^  the  tem- 
peratures corresponding  to  the  distances  x^,  x^,  we  have 

?i«,-<--'.Vi  whence  . /^  =  l^Silcil^^  V^ 

As  for  the  separate  values  of  h  and  ky  they  cannot  be  deter- 
mined by  experiments  of  this  kind:  we  must  observe  also  the 
varying  motion  of  heat 

78.  Suppose  two  bars  of  the  same  material  and  different 
dimensions  to  be  submitted  at  their  extremities  to  the  same  tem- 
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perature  A ;  let  l^  be  the  side  of  a  section  in  the  first  bar,  and  Z, 
in  the  second,  we  shall  have,  to  express  the  temperatures  of  these 
two  solids,  the  equations 

t;,  =  ^e"'^^*^^  and  t;,  =  ^e"*'*^*^, 

i?j,  in  the  first  solid,  denoting  the  temperature  of  a  section  made 
at  distance  x^,  and  v,,  in  the  second  solid,  the  temperature  of  a 
section  made  at  distance  x^. 

When  these  two  bars  have  arrived  at  a  fixed  state,  the  tem- 
perature of  a  section  of  the  first,  at  a  certain  distance  from  the 
source,  will  not  be  equal  to  the  temperature  of  a  section  of  the 
second  at  the  same  distance  from  the  focus ;  in  order  that  the 
fixed  temperatures  may  be  equal,  the  distances  must  be  difierent. 
If  we  wish  to  compare  with  each  other  the  distances  x^  and  x^ 
from  the  origin  up  to  the  points  which  in  the  two  bars  attain 
the  same  temperature,  we  must  equate  the  second  members  of 

a:'     I 
these  equations,  and  from  them  we  conclude  that  ^  =  t  .     Thus 

x^      t, 

the  distances  in  question  are  to  each  other  as  the  square  roots  of 

the  thicknesses. 

79.  If  two  metal  bars  of  equal  dimensions,  but  formed  of 
difierent  substances,  are  covered  with  the  same  coating,  which 
gives  them  the  same  external  conducibility^  and  if  they  are 
submitted  at  their  extremities  to  the  same  temperature,  heat  will 
be  propagated  most  easily  and  to  the  greatest  distance  from  the 
origin  in  that  which  has  the  greatest  conducibility.  To  compare 
with  each  other  the  distances  x^  and  x^  from  the  common  origin 
up  to  the  points  which  acquire  the  same  fixed  temperature,  we 
must,  after  denoting  the  respective  conducibilities  of  the  two 
substances  by  k^  and  k^,  write  the  equation 

^"«i\/b  =  e-'-N/S,    whence^] -I*. 

x^      Ar, 

Thus  the  ratio  of  the  two  conducibilities  is  that  of  the  squares 
of  the  distances  from  the  common  origin  to  the  points  which 
attain  the  same  fixed  temperature. 

1  IngenlioTisz  (1789),  8ur  let  mStaux  eomme  conducteurt  de  la  ehaleur.    Journal 
de  Phynque,  xxxir.,  68,  880.     Qren*s  Journal  der  Phytik,  Bd.  i.    [A.  F.] 
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80.     It  is  easy  to  ascertain  how  much  heat  flows  during  unit 
of  time  through  a  section  of  the  bar  arrived  at  its  fixed  state : 

this  quantity  is  expressed  by  —  4ikP-j-,oT  iAj'Z/chl^.e     '^*',  and 


if  we  take  its  value  at  the  origin,  we  shall  have  ^Aj2khP  as  the 
measure  of  the  quantity  of  heat  which  passes  from  the  source 
into  the  solid  during  unit  of  time;  thus  the  expenditure  of  the 
source  of  heat  is,  all  other  things  being  equal,  proportional  to  the 
square  root  of  the  cube  of  the  thickness. 

We  should  obtain  the  same  result   on   taking  the   integral 
/8Afo .  dx  from  x  nothing  to  x  infinite. 


SECTION  VL 

On  the  heating  of  closed  spaces. 

81.  We  shall  again  make  use  of  the  theorems  of  Article  72 
in  the  following  problem,  whose  solution  ofifers  useful  applications ; 
it  consists  in  determining  the  extent  of  the  heating  of  closed 
spaces. 

Imagine  a  closed  space,  of  any  form  whatever,  to  be  filled  with 
atmospheric  air  and  closed  on  all  sides,  and  that  all  parts  of  the 
boundary  are  homogeneous  and  have  a  common  thickness  6,  so 
small  that  the  ratio  of  the  external  surface  to  the  internal  surface 
diflfers  little  from  unity.  The  space  which  this  boundary  termi- 
nates is  heated  by  a  source  whose  action  is  constant ;  for  example, 
by  means  of  a  surface  whose  area  is  <r  maintained  at  a  constant 
temperature  a. 

We  consider  here  only  the  mean  temperature  of  the  air  con- 
tained in  the  space,  without  regard  to  the  unequal  distribution  of 
heat  in  this  mass  of  air ;  thus  we  suppose  that  the  existing  causes 
incessantly  mingle  all  the  portions  of  air,  and  make  their  tem- 
peratures uniform. 

We  see  first  that  the  heat  which  continually  leaves  the  source 
spreads  itself  in  the  surrounding  air  and  penetrates  the  mass  of 
which  the  boundary  is  formed,  is  partly  dispersed  at  the  surface. 
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and  passes  into  the  external  air,  which  we  suppose  to  be  main- 
tained at  a  lower  and  permanent  temperature  n.  The  inner  air  is 
heated  more  and  more:  the  same  is  the  case  with  the  solid 
boundary :  the  system  of  temperatures  steadily  approaches  a  final 
state  which  is  the  object  of  the  problem,  and  has  the  property  of 
existing  by  itself  and  of  being  kept  up  unchanged,  provided  the 
surface  of  the  source  <r  be  maintained  at  the  temperature  a,  and 
the  external  air  at  the  temperature  n. 

In  the  permanent  state  which  we  wish  to  determine  the  air 
preserves  a  fixed  temperature  m;  the  temperature  of  the  inner 
surfaoe  s  of  the  solid  boundary  has  also  a  fixed  value  a ;  lastly,  the 
outer  surface  s,  which  terminates  the  enclosure,  preserves  a  fixed 
temperature  b  less  than  a,  but  greater  than  n.  The  quantities 
a,  a,  8,  e  and  n  are  known,  and  the  quantities  m,  a  and  b  are 
unknown. 

The  degree  of  heating  consists  iu  the  excess  of  the  temperature 
m  over  n,  the  temperature  of  the  external  air;  this  excess  evi- 
dently depends  on  the  area  a  of  the  heating  surface  and  on  its 
temperature  a;  it  depends  also  on  the  thickness  e  of  the  en- 
closure, on  the  area  8  of  the  surface  which  bounds  it,  on  the 
facility  with  which  heat  penetrates  the  inner  surface  or  that 
which  is  opposite  to  it;  finally,  on  the  specific  conducibility  of 
the  solid  mass  which  forms  the  enclosure  :  for  if  any  one  of  these 
elements  were  to  be  changed,  the  others  remaining  the  same,  the 
degree  of  the  heating  would  vary  also.  The  problem  is  to  deter- 
mine how  all  these  quantities  enter  into  the  value  of  m  —  n. 

82.  The  solid  boundary  is  terminated  by  two  equal  surfaces, 
each  of  which  is  maintained  at  a  fixed  temperature;  every 
prismatic  element  of  the  solid  enclosed  between  two  opposite  por- 
tions of  these  surfaces,  and  the  normals  raised  round  the  contour 
of  the  bases,  is  therefore  in  the  same  state  as  if  it  belonged  to  an 
infinite  solid  enclosed  between  two  parallel  planes,  maintained  at 
unequal  temperatures.  All  the  prismatic  elements  which  com- 
pose the  boundary  touch  along  their  whole  length.  The  points 
of  the  mass  which  are  equidistant  from  the  inner  surface  have 
equal  temperatures,  to  whatever  prism  they  belong  ;  consequently 
there  cannot  be  any  transfer  of  heat  in  the  direction  perpendicular 
to  the  length  of  these  prisms.    The  case  is,  therefore,  the  same 
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as  that  of  which  we  have  already  treated,  and  we  must  apply 
to  it  the  linear  equations  which  have  heen  stated  in  former 
articles. 

83.  Thus  in  the  permanent  state  which  we  are  considering, 
the  flow  of  heat  which  leaves  the  surface  <r  during  a  unit  of  time, 
is  equal  to  that  which,  during  the  same  time,  passes  from  the 
surrounding  air  into  the  inner  surface  of  the  enclosure;  it  is 
equal  also  to  that  which,  in  a  unit  of  time,  crosses  an  inter- 
mediate section  made  within  the  solid  enclosure  by  a  surface 
equal  and  parallel  to  those  which  bound  this  enclosure ;  lastly, 
the  same  flow  is  again  equal  to  that  which  passes  from  the  solid 
enclosure  across  its  external  surface,  and  is  dispersed  into  the  air. 
If  these  four  quantities  of  flow  of  heat  were  not  equal,  some 
variation  would  necessarily  occur  in  the  state  of  the  temperatures, 
which  is  contrary  to  the  hypothesis. 

The  first  quantity  is  expressed  by  cr  (a  — tn)5r,  denoting  by 
g  the  external  conducibility  of  the  surface  <r,  which  belongs  to 
the  source  of  heat. 

The  second  is  8(m  —  a)h,  the  coeflScienii  h  being  the  measure 
of  the  external  conducibility  of  the  surface  8,  which  is  exposed 
to  the  action  of  the  source  of  heat. 

n  —  h 

The  third  is  8 -K,  the  coefficient  K  being  the  measure  of 

the  conducibility  proper  to  the  homogeneous  substance  which 
forms  the  boundary. 

The  fourth  is  8{b~-n)n,  denoting  by  H  the  external  con- 
ducibility of  the  surface  «,  which  the  heat  quits  to  be  dispersed 
into  the  air.  The  coefficients  h  and  H  may  have  very  unequal 
values  on  account  of  the  difiference  of  the  state  of  the  two  surfaces 
which  bound  the  enclosure;  they  are  supposed  to  be  known,  as 
also  the  coefficient  K:  we  shall  have  then,  to  determine  the  three 
unknown  quantities  m,  a  and  6,  the  three  equations : 

cr  (a  —  m)  ^r  =  5  (m  —  a)  A, 
G{a-'m)g^8——K, 
<r  (a  -  m)  jr  =  5  ( J  —  n)  -ff 
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84.    The  value  of  m  is  the  special  object  of  the  problem.     It 
may  be  found  by  writing  the  equations  in  the  form 

adding,  we  have         m  -  n  =  (a  -  m)  P, 

denoting  by  P  the  known  quantity  "  (f  +  ^  +  5 )  5 

whence  we  conclude 

Cr.     «\'^  (9  j.9«  ,  9\ 


m  —  n  =  (a  —  «) 


1  +  P 


'^j(f-S^i) 


85.  The  result  shews  how  m^n^  the  extent  of  the  heating, 
depends  on  given  quantities  which  constitute  the  hypothesis. 
We  will  indicate  the  chief  results  to  be  derived  from  it  \ 

1st.  The  extent  of  the  heating  m-  n  is  directly  proportional 
to  the  excess  of  the  temperature  of  the  source  over  that  of  the 
external  air. 

2nd.    The  value  of  m  — n  does  not  depend  on  the  form  of 

the  enclosure  nor  on  its  volume,  but  only  on  the  ratio  -  of  the 

surface  from  which  the  heat  proceeds  to  the  surface  which  receives 
it,  and  also  on  e  the  thickness  of  the  boundary. 

If  we  double  <r  the  surface  of  the  source  of  heat,  the  extent 
of  the  heating  does  not  become  double,  but  increases  according 
to  a  certain  law  which  the  equation  expresses. 

1  These  resalts  were  stated  by  the  author  in  a  rather  different  manner  in  the 
extract  from  his  original  memoir  published  in  the  BulltXin  par  la  SociiU  Philo- 
matique  de  Paris,  1818,  pp.  1—11.     [A.  F.] 

F.  H.  5 


66  THEORY  OF  HEAT.  [CHAP.  I. 

3rd.  All  the  specific  coefiicients  which  regulate  the  action 
of  the  heat,  that  is  to  say,  jr,  Ky  H  and  A,  compose,  with  the 

dimension  e,  in  the  value  of  m  —  n  a  single  element  ?  +  ^+  ^> 

whose  value  may  be  determined  by  observation. 

If  we  doubled  e  the  thickness  of  the  boundary,  we  should 
have  the  same  result  as  if,  in  forming  it,  we  employed  a  sub- 
stance whose  conducibility  proper  was  twice  as  great.  Thus  the 
employment  of  substances  which  are  bad  conductors  of  heat 
permits  us  to  make  the  thickness  of  the  boundary  small;  the 

efiFect  which  is  obtained  depends  only  on  the  ratio  -^ . 

4th.  If  the  conducibility  K  is  nothing,  we  find  m^n^xt\ 
that  is  to  say,  the  inner  air  assumes  the  temperature  of  the 
source :  the  same  is  the  case  if  H  is  zero,  or  K  zero.  These  con- 
sequences are  otherwise  evident,  since  the  heat  cannot  then  be 
dispersed  into  the  external  air. 

5th.  The  values  of  the  quantities  g,  H,  h,  K  and  a,  which 
we  supposed  known,  may  be  measured  by  direct  experiments, 
as  we  shall  shew  in  the  sequel;  but  in  the  actual  problem,  it 
will  be  sufficient  to  notice  the  value  of  wi  —  n  which  corresponds 
to  given  values  of  a  and  of  a,  and  this  value  may  be  used  to 

determine  the  whole  coefficient  f  +  ^  +  ^>  hy  means  of  the  equa- 

tion  m  — n  =  (a  — n)-Jp-^  (l+-pj  in  which  p  denotes  the  co- 
efficient sought.     We  must  substitute  in  this  equation,  instead 

of  -  and  a  — n,  the  values  of  those  quantities,  which  we  suppose 

given,  and  that  of  m  — w  which  observation  will  have  made 
known.  From  it  may  be  derived  the  value  of  ^,  and  we  may 
then  apply  the  formula  to  any  number  of  other  cases. 

6th.  The  coefficient  H  enters  into  the  value  of  m  —  n  in 
the  same  manner  as  the  coefficient  }h\  consequently  the  state  of 
the  surface,  or  that  of  the  envelope  which  covers  it,  produces 
the  same  effect,  whether  it  has  reference  to  the  inner  or  outer 
surface. 

We  should  have  considered  it  useless  to  take  notice  of  these. 
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different  consequeDces,  if  we  were  not  treating  here  of  entirely 
new  problems,  whose  results  may  be  of  direct  use. 

86.  We  know  that  animated  bodies  retain  a  temperature 
sensibly  fixed,  which  we  may  regard  as  independent  of  the  tem- 
perature of  the  medium  in  which  they  live.  These  bodies  are, 
after  some  fashion,  constant  sources  of  heat,  just  as  inflamed 
substances  are  in  which  the  combustion  has  become  uniform. 
We  may ,  then,  by  aid  of  the  preceding  remarks,  foresee  and 
regulate  exactly  the  rise  of  temperature  in  places  where  a  great 
number  of  men  are  collected  together.  If  we  there  observe  the 
height  of  the  thermometer  under  given  circumstances,  we  shall 
determine  in  advance  what  that  height  would  be,  if  the  number 
of  men  assembled  in  the  same  space  became  very  much  greater. 

In  reality,  there  are  several  accessory  circumstances  which 
modify  the  results,  such  as  the  unequal  thickness  of  the  parts 
of  the  enclosure,  the  difference  of  their  aspect,  the  effects  which 
the  outlets  produce,  the  unequal  distribution  of  heat  in  the  air. 
We  cannot  therefore  rigorously  apply  the  rules  given  by  analysis ; 
nevertheless  these  rules  are  valuable  in  themselves,  because  they 
contain  the  true  principles  of  the  matter:  they  prevent  vague 
reasonings  and  useless  or  confused  attempts. 

87-  If  the  same  space  were  heated  by  two  or  more  sources 
of  different  kinds,  or  if  the  first  inclosure  were  itself  contained 
in  a  second  enclosure  separated  from  the  first  by  a  mass  of  air, 
we  might  easily  determine  in  like  manner  the  degree  of  heating 
and  the  temperature  of  the  surfaces. 

If  we  suppose  that,  besides  the  first  source  <t,  there  is  a  second 
heated  surface  tt,  whose  constant  temperature  is  yS,  and  external 
conducibility  J,  we  shall  find,  all  the  other  denominations  being 
retained,  the  following  equation  : 


m  —  n  = 


(e       1      1\ 


{cL'-n)ag-\-{^-'n)toj  (e 


If  we  suppose  only  one  source  <r,  and  if  the  first  enclosure  is 
itself  contained  in  a  second,  8 ,  h\  K\  H\  e\  representing  the 

5—2 
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elements  of  the  second  enclosure  which  correspond  to  those  of 
the  first  which  were  denoted  by  8,  h,  K,  H,  e;  we  shall  find, 
p  denoting  the  temperature  of  the  air  which  surrounds,  the  ex- 
ternal surface  of  the  second  enclosure,  the  following  equation : 

The  quantity  P  represents 

8\h^  K^  h)^  b'\K^  K!^  HT 

We  should  obtain  a  similar  result  if  we  had  three  or  a  greater 
number  of  successive  enclosures ;  and  from  this  we  conclude  that 
these  soUd  envelopes,  separated  by  air,  assist  very  much  in  in- 
creasing the  degree  of  heating,  however  small  their  thickness 
may  be, 

88.  To  make  this  remark  more  evident,  we  will  compare  the 
quantity  of  heat  which  escapes  from  the  heated  surface,  with 
that  which  the  same  body  would  lose,  if  the  surface  which  en- 
velopes it  were  separated  from  it  by  an  interval  filled  with  air. 

If  the  body  A  be  heated  by  a  constant  cause,  so  that  its 
surface  preserves  a  fixed  temperature  J,  the  air  being  maintained 
at  a  less  temperature  a,  the  quantity  of  heat  which  escapes  into 
the  air  in  the  unit  of  time  across  a  unit  of  surface  will  be 
expressed  by  A  (6  —  a),  h  being  the  measure  of  the  external  con- 
ducibility.  Hence  in  order  that  the  mass  may  preserve  a  fixed 
temperature  h,  it  is  necessary  that  the  source,  whatever  it  may 
be,  should  furnish  a  quantity  of  heat  equal  to  hS  (b  —  a),  8  de- 
noting the  area  of  the  surface  of  the  solid. 

Suppose  an  extremely  thin  shell  to  be  detached  from  the 
body  A  and  separated  from  the  solid  by  an  interval  filled  with 
air;  and  suppose  the  surface  of  the  same  solid  A  to  be  still 
maintained  at  the  temperature  I,  We  see  that  the  air  contained 
between  the  shell  and  the  body  will  be  heated  and  will  take 
a  temperature  a  greater  than  a.  The  shell  itself  will  attain 
a  permanent  state  and  will  transmit  to  the  external  air  whose 
fixed  temperature  is  a  all  the  heat  which  the  body  loses.  It 
follows   that  the  quantity  of  heat  escaping  from  the  solid  will 
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be  hS{b  —  a^,  instead  of  being  Afi^(i  — a),  for  we  suppose  that 
the  new  surface  of  the  solid  and  the  surfaces  which  bound  the 
shell  have  likewise  the  same  external  conducibility  h.  It  is 
evident  that  the  expenditure  of  the  source  of  heat  will  be  less 
than  it  was  at  first.  The  problem  is  to  determine  the  exact  ratio 
of  these  quantities, 

89.  Let  e  be  the  thickness  of  the  shell,  m  the  fixed  tempera- 
ture of  its  inner  surface,  n  that  of  its  outer  surface,  and  K  its 
internal  conducibility.  We  shall  have,  as  the  expression  of  the 
quantity  of  heat  which  leaves  the  solid  through  its  surface, 

M(6-a'). 

As  that  of  the  quantity  which  penetrates  the  inner  surface 
of  the  shell,  hS  {a  —  m). 

As  that  of  the  quantity  which  crosses  any  section  whatever 

of  the  same  shell,  KS , 

e 

Lastly,  as  the  expression  of  the  quantity  which  passes  through 
the  outer  surface  into  the  air,  hS  (n  —  a). 

All  these  quantities  must  be  equal,  we  have  therefore  the 
following  equations: 

A(n-a)  =  j(w-n), 

A  (w  —  a)  =  A  (a  —  m), 
A  (w  —  a)  =  A  (J  —  a'). 
If  moreover  we  write  down  the  identical  equation 

A  (n  —  a)  =  A  (n  —  a), 

and  aiTange  them  all  under  the  forms 

n-^  a^n^  a, 

he ,        . 
m  —  w  =  -^  ^n  —  a;,  . 

a  —  wi  =s  w  —  a, 
J  —  a'  =  M  —  ct, 
we  find,  on  addition, 

6  -  a  =  (n  —  a)  f  3  +  ^j  . 
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The  quantity  of  heat  lost  by  the  solid  was  h8{b-'a),  when 
its  surface  communicated  freely  with  the  air,  it  is  now  hS {b  —  a) 

or  hS{n  —  a),  which  is  equivalent  to  hS         4    . 

The  first  quantity  is  greater  than  the  second  in  the  ratio  of 
3  +  ^  to  1. 

In  order  therefore  to  maintain  at  temperature  b  a  solid  whose 
surface  communicates  directly  to  the  air,  more  than  three  times 
as  much  heat  is  necessary  than  would  be  required  to  maintain 
it  at  temperature  b,  when  its  extreme  surface  is  not  adherent 
but  separated  from  the  solid  by  any  small  interval  whatever  filled 
with  air. 

If  we  suppose  the  thickness  e  to  be  infinitely  small,  the 
ratio  of  the  quantities  of  heat  lost  will  be  3,  which  would  also 
be  the  value  if  K  were  infinitely  great 

We  can  easily  account  for  this  result,  for  the  heat  being 
unable  to  escape  into  the  external  air,  without  penetrating  several 
surfaces,  the  quantity  which  flows  out  must  diminish  as  the 
number  of  interposed  surfaces  increases;  but  we  should  have 
been  unable  to  arrive  at  any  exact  judgment  in  this  case,  if  the 
problem  had  not  been  submitted  to  analysis. 

90.  We  have  not  considered,  in  the  preceding  article,  the 
efiFect  of  radiation  across  the  layer  of  air  which  separates  the 
two  surfaces;  nevertheless  this  circumstance  modifies  the  prob- 
lem, since  there  is  a  portion  of  heat  which  passes  directly  across 
the  intervening  air.  We  shall  suppose  then,  to  make  the  object 
of  the  analysis  more  distinct,  that  the  interval  between  the  sur- 
faces is  free  from  air,  and  that  the  heated  body  is  covered  by 
any  number  whatever  of  parallel  laminaB  separated  from  each 
other. 

If  the  heat  which  escapes  from  the  solid  through  its  plane 
superficies  maintained  at  a  temperature  b  expanded  itself  freely 
in  vacuo  and  was  received  by  a  parallel  surface  maintained  at 
a  less  temperature  a,  the  quantity  which  would  be  dispersed  in 
unit  of  time  across  unit  of  surface  would  be  proportional  to  (J  —  a), 
the  difference  of  the  two  constant  temperatures:   this  quantity 
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would  be  represented  hj  I[(b  —  a),  H  being  the  value  of  the  rela- 
tive conducibility  which  is  not  the  same  as  h. 

The  source  which  maintains  the  solid  in  its  original  state  must 
therefore  furnish,  in  every  unit  of  time,  a  quantity  of  heat  equal 
to  HS(b"a). 

We  must  now  determine  the  new  value  of  this  expenditure 
in  the  case  where  the  surface  of  the  body  is  covered  by  several 
successive  laminae  separated  by  intervals  free  from  air,  supposing 
always  that  the  solid  is  subject  to  the  action  of  any  external 
cause  whatever  which  maintains  its  surface  at  the  temperature  b. 

Imagine  the  whole  system  of  temperatures  to  have  become 
fixed ;  let  m  be  the  temperature  of  the  under  surface  of  the  first 
lamina  which  is  consequently  opposite  to  that  of  the  solid,  let  n 
be  the  temperature  of  the  upper  surface  of  the  same  lamina, 
e  its  thickness,  and  K  its  specific  conducibility ;  denote  also  by 
Wj,  n^,  m^j  n,,  w»,,  n,,  m^,  n^,  &c.  the  temperatures  of  the  under 
and  upper  surfaces  of  the  different  laminae,  and  by  K,  6,  the  con- 
ducibility and  thickness  of  the  same  laminae;  lastly,  suppose  all 
these  surfaces  to  be  in  a  state  similar  to  the  surface  of  the  solid, 
so  that  the  value  of  the  coefficient  ^is  common  to  them. 

The  quantity  of  heat  which  ^penetrates  the  under  surface  of 
a  lamina  corresponding  to  any  suffix  i  is  H8{n^^^^m^),  that  which 

TTSf 
crosses  this  lamina  is  —  (^|  —  w,),  and  the  quantity  which  escapes 

from  its  upper  surface  is  H8{n^''fn^^^.  These  three  quantities, 
and  all  those  which  refer  to  the  other  laminae  are  equal;  we  may 
therefore  form  the  equation  by  comparing  all  these  quantities 
in  question  with  the  first  of  them,  which  is  HS  {b  —  m^ ;  we  shall 
thus  have,  denoting  the  number  of  laminae  hjj: 

h  —  wij  =  J  —  m^y 
fij  —  wig  =  J  —  mfh^f 
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Adding  these  equations,  we  find 

(6-a)  =  j(6-m,)i(l  +  5*).      ^'         /    ,'  - 

The  expenditure  of  the  source  of  heat  necessary  to  maintain 
the  surface  of  the  body  A  at  the  temperature  b  is  BS{b  —  a), 
when  this  surface  sends  its  rays  to  a  fixed  surface  maintained  at 
the  temperature  a.  The  expenditure  is  H8  (h  -  mj  when  we  place 
between  the  surface  of  the  body  A,  and  the  fixed  surface  maintained 
at  temperature  a,  a  number^ of  isolated  laminae;  thus  the  quantity 
of  heat  which  the  source  must  furnish  is  very  much  less  in  the 
second  hypotheses  than  in  the  first,  and  the  ratio  of  the  two 

...  1 

quantities  is  „    ,     If  we  suppose  the  thickness  e  of  the 

laminae  to  be  infinitely  small,  the  ratio  is  -..     The  expenditure 

of  the  source  is  then  inversely  as  the  number  of  laminae  which 
cover  the  surface  of  the  solid. 

91.  The  e:tamination  of  these  results  and  of  those  which  we 
obtained  when  the  intervals  between  successive  enclosures  were 
occupied  by  atmospheric  air  explain  clearly  why  the  separation 
of  surfaces  and  the  intervention  of  air  assist  very  much  in  re- 
taining heat. 

Analysis  furnishes  in  addition  analogous  consequences  when 
we  suppose  the  source  to  be  external,  and  that  the  heat  which 
emanates  from  it  crosses  successively  different  diathermanous 
envelopes  and  the  air  which  they  enclose.  This  is  what  has 
happened  when  experimenters  have  exposed  to  the  rays  of  the 
sun  thermometers  covered  by  several  sheets  of  glass  within  which 
different  layers  of  air  have  been  enclosed. 

For  similar  reasons  the  temperature  of  the  higher  regions 
of  the  atmosphere  is  very  much  less  than  at  the  surface  of  the 
earth. 


.  -^r 
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In  general  the  theorems  concerning  the  heating  of  air  in 
closed  spaces  extend  to  a  great  yariety  of  problems.  It  would 
be  useful  to  revert  to  them  when  we  wish  to  foresee  and  regulate 
temperature  with  precision,  as  in  the  case  of  green-houses,  drying- 
houses,  sheep-folds,  work-shops,  or  in  many  civil  establishments, 
such  as  hospitals,  barracks,  places  of  assembly. 

In  these  diiferent  applications  we  must  attend  to  accessory 
circumstances  which  modify  the  results  of  analysis,  such  as  the 
unequal  thickness  of  different  parts  of  the  enclosure,  the  intro- 
duction of  air,  &c. ;  but  these  details  would  draw  us  away  from 
our  chief  object,  which  is  the  exact  demonstration  of  general 
principles. 

For  the  rest,  we  have  considered  only,  in  what  has  just  been 
said,  the  permanent  state  of  temperature  in  closed  spaces.  We 
can  in  addition  express  analytically  the  variable  state  which 
precedes,  or  that  which  begins  to  take  place  when  the  source  of 
beat  is  withdrawn,  and  we  can  also  ascertain  in  this  way,  how 
the  specific  properties  of  the  bodies  which  we  employ,  or  their 
dimensions  affect  the  progress  and  duration  of  the  heating ;  but 
these  researches  require  a  different  analysis,  the  principles  of 
which  will  be  explained  in  the  foUowiug  chapters. 


SECTION  VII. 
On  the  uniform  movement  of  heat  in  three  dimensions, 

92.  Up  to  this  time  we  have  considered  the  uniform  move- 
ment of  heat  in  one  dimension  only,  but  it  is .  easy  to  apply  the 
same  principles  to  the  case  in  which  heat  is  propagated  uniformly 
in  three  directions  at  right  angles. 

Suppose  the  different  points  of  a  solid  enclosed  by  six  planes 

at  right  angles  to  have  unequal  actual  temperatures  represented 

by  the  linear  equation    v=^A'\-  ax-hby+  cz,  x,  y,  z,  being  the 

rectangular  co-ordinates  of  a  molecule  whose  temperature  is  r. 

Suppose  further  that  any  external  causes  whatever  acting  on  the 

six  faces  of  the  prism  maintain  every  one  of  the  molecules  situated 

on  the  surface,  at  its  actual  temperature  expressed  by  the  general 

equation 

v  =  ^  +  aaj  +  Jy  +  c^ (^)/ 
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we  shall  prove  that  the  same  causes  which,  by  hypothesis,  keep 
the  outer  layers  of  the  solid  in  their  initial  state,  are  sufficient 
to  preserve  also  the  actual  temperatures  of  every  one  of  the  inner 
molecules,  so  that  their  temperatures  do  not  cease  to  be  repre- 
sented by  the  linear  equation. 

The  examination  of  this  question  is  an  element  of  the 
general  theory,  it  will  serve  to  determine  the  laws, of  the  varied 
movement  of  heat  in  the  interior  of  a  solid  of  any  form  whatever, 
for  every  one  of  the  prismatic  molecules  of  which  the  body  is 
composed  is  during  an  infinitely  small  time  in  a  state  similar 
to  that  which  the  linear  equation  (a)  expresses.  We  may  then, 
by  following  the  ordinary  principles  of  the  difiFerential  calculus, 
easily  deduce  from  the  notion  of  uniform  movement  the  general 
equations  of  varied  movement. 

93.  In  order  to  prove  that  when  the  extreme  layers  of  the 
solid  preserve  their  temperatures  no  change  can  happen  in  the 
interior  of  the  mass,  it  is  sufficient  to  compare  with  each  other 
the  quantities  of  heat  which,  during  the  same  instant,  cross  two 
parallel  planes. 

Let  b  be  the  perpendicular  distance  of  these  two  planes  which 
we  first  suppose  parallel  to  the  horizontal  plane  of  x  and  y.  Let 
m  and  m'  be  two  infinitely  near  molecules,  one  of  which  is  above 
the  first  horizontal  plane  and  the  other  below  it :  let  x,  y,  z  be 
the  co-ordinates  of  the  first  molecule,  and  a?',  y ,  /  those  of  the 
second.  In  like  manner  let  M  and  JIT  denote  two  infinitely 
near  molecules,  separated  by  the  second  horizontal  plane  and 
situated,  relatively  to  that  plane,  in  the  same  manner  as  m  and 
m  are  relatively  to  the  first  plane ;  that  is  to  say,  the  co-ordinates 
of  M  are  x,  y,  z  +  b,  and  those  of  AT  are  x\  y\  z'  +  6.  It  is  evident 
that  the  distance  wmi  of  the  two  molecules  m  and  m'  is  equal 
to  the  distance  MM!  of  the  two  molecules  M  and  M ;  further, 
let  t;  be  the  temperature  of  w,  and  v'  that  of  m',  also  let  V  and 
V  be  the  temperatures  of  M  and  JT,  it  is  easy  to  see  that  the 
two  differences  v  —  v  and  F—  F'  are  equal ;  in  fact,  substituting 
first  the  co-ordinates  of  m  and  m  in  the  general  equation 

t;  =  -4  +  oa;  +  6y  +  C2?, 
we  find  v  —  v  =  a  («  -  0?')  -I-  5  (y  —  y')  +  c  (^  —  -^0* 
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and  then  substituting  the  co-ordinates  of  M  and  M\  we  find  also 
F—  F'  =  a  (a:  —  05')  +  6  (y — y')  +  c  (^r  -  /).  Now  the  quantity'  of 
heat  which  m  sends  to  m'  depends  on  the  distance  w/m!,  which 
separates  these  molecules,  and  it  is  proportional  to  the  difference 
v  — v'  of  their  temperatures.  This  quantity  of  heat  transferred 
may  be  represented  by 

J  (v  —  V*)  dt ; 

the  value  of  the  coefficient  q  depends  in  some  manner  on  the 
distance  mm,  and  on  the  nature  of  the  substance  of  which  the 
solid  is  formed,  dt  is  the  duration  of  the  instant.  The  quantity 
of  heat  transferred  from  M  to  M\  or  the  action  (St  M  on  M'  is 
expressed  likewise  by  g  (F—  V)  dt,  and  the  coefficient  q  is  the 
same  as  in  the  expression  gr  (t;  —  v)  eft,  since  the  distance  MAT  is 
equal  to  mm  and  the  two  actions  are  effected  in  the  same  solid : 
furthermore  F—  V  is  equal  to  v  —  v,  hence  the  two  actions  are 
equal. 

If  we  choose  two  other  points  n  and  n',  very  near  to  each 
other,  which  transfer  heat  across  the  first  horizontal  plane,  we 
shall  find  in  the  same  manner  that  their  action  is  equal  to  that 
of  two  homologous  points  N  and  N*  which  commuuaicate  heat 
across  the  second  horizontal  plane.  We  conclude  then  that  the 
whole  quantity  of  heat  which  crosses  the  first  plane  is  equal  to 
that  which  crosses  the  second  plane  during  the  same  instant. 
We  should  derive  the  same  result  from  the  comparison  of  two 
planes  parallel  to  the  plane  of  x  and  z,  or  from  the  comparison 
of  two  other  planes  parallel  to  the  plane  of  y  and  z.  Hence 
any  part  whatever  of  the  solid  enclosed  between  six  planes  at 
right  angles,  receives  through  each  of  its  faces  as  much  heat  as 
it  loses  through  the  opposite  face ;  hence  no  portion  of  the  solid 
can  change  temperature. 

94.  From  this  we  see  that,  across  one  of  the  planes  in 
question,  a  quantity  of  heat  fiows  which  is  the  same  at  all  in- 
stants, and  which  is  also  the  same  for  all  other  parallel  sectiona 

In  order  to  determine  the  value  of  this  constant  flow  we 
shall  compare  it  with  the  quantity  of  heat  which  flows  uniformly 
in  the  most  simple  case,  which  has  been  already  discussed.  The 
case  is  that  of  an  infinite  solid  enclosed  between  two  infinite 
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planes  and  maintained  in  a  constant  state.  We  have  seen  that 
the  temperatures  of  the  different  points  of  the  mass  are  in  this 
case  represented  by  the  equation  v=  A'\-cz;'we  proceed  to  prove 
that  the  uniform  flow  of  heat  propagated  in  the  vertical  direction 
in  the  infinite  solid  is  equal  to  that  which  flows  in  the  same 
direction  across  the  prism  enclosed  by  six  planes  at  right  angles. 
This  equality  necessarily  exists  if  the  coefficient  c  in  the  equation 
v  =  A-hcz,  belonging  to  the  first  solid,  is  the  same  as  the  coeffi- 
cient c  in  the  more  general  equation  v^A  +  ax-^-hy^-cz  which 
represents  the  state  of  the  prism.  In  fact,  denoting  by  jBT  a 
plane  in  this  prism  perpendicular  to  Zy  and  by  m  and  fi  two 
molecules  very  near  to  each  other,  the  first  of  which  m  is  below 
the  plane  If,  and  the  second  above  this  plane,  let  v  be  the 
temperature  of  m  whose  co-ordinates  are  a?,  y,  z,  and  w  the 
temperature  of  fi  whose  co-ordinates  are  a;  +  a,  y  +  /9,  ^+  7.  Take 
a  third  molecule  fi  whose  co-ordinates  are  x  —  a,  y  —  fi,  z+y,  and 
whose  temperature  may  be  denoted  by  w\  We  see  that  fi  and 
fjL  are  on  the  same  horizontal  plane,  and  that  the  vertical  drawn 
from  the  middle  point  of  the  line  fifi\  which  joins  these  two 
points,  passes  through  the  point  m,  so  that  the  distances  mfi  and 
mfi  are  equal.  The  action  of  m  on  fi,  or  the  quantity  of  heat 
which  the  first  of  these  molecules  sends  to  the  other  across  the 
plane  H,  depends  on  the  difference  v  —  to  ot  their  temperatures. 
The  action  of  m  on  fi  depends  in  the  same  manner  on  the 
difference  v  —  tv  of  the  temperatures  of  these  molecules,  since 
the  distance  of  m  from  fju  is  the  same  as  that  of  m  from  ji'.  Thus, 
expressing  by  y  (v  —  to)  the  action  of  m  on  /i  during  the  unit  of 
time,  we  shall  have  j  (v  —  w')  to  express  the  action  of  m  on  fM, 
q  being  a  common  unknown  factor,  depending  on  the  distance 
mfi  and  on  the  nature  of  the  solid.  Hence  the  sum  of  the  two 
actions  exerted  during  unit  of  time  is  qiy  —  w  +  v  —  to'). 
If  instead  of  x,  y,  and  z,  in  the  general  equation 

v^A  +  ax  +  by  +  cz, 

we  substitute  the  co-ordinates  of  m  and  then  those  of  fi  and  fi', 
we  shall  find 

r  — 1£>  =  —  aa  —  6/9  —  cy, 
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The  sum  of  the  two  actions  ot  m  on  fi  and  of  m  on  /i  is  there- 
fore —  2qcy. 

Suppose  then  that  the  plane  H  belongs  to  the  infinite  solid 
whose  temperature  equation  is  v  =  A-\'Cz,  and  that  we  denote 
also  by  m,  fi  and  fi  those  molecules  in  this  solid  whose  co- 
ordinates are  x,  y,  z  for  the  first,  a?  +  a,  y  +  )8,  2  +  7  for  the  second, 
and  x  —  a,y  —  fi,z+y  for  the  third  :  we  shall  have,  as  in  the 
preceding  case,  r-w  +  v  — 1(?'  =  —  2cy.  Thus  the  sum  of  the  two 
actions  of  m  on  f&  and  of  m  on  fi,  is  the  same  in  the  infinite  solid 
as  in  the  prism  enclosed  between  the  six  planes  at  right  angles. 

We  should  obtain  a  similar  result,  if  we  considered  the  action 
of  another  point  n  below  the  plane  H  on  two  others  v  and  v\ 
situated  at  the  same  height  above  the  plane.  Hence,  the  sum 
of  all  the  actions  of  this  kind,  which  are  exerted  across  the  plane 
H,  that  is  to  say  the  whole  quantity  of  heat  which,  during  unit 
of  time,  passes  to  the  upper  side  of  this  surface,  by  virtue  of  the 
action  of  very  near  molecules  which  it  separates,  is  always  the 
same  in  both  solids. 

95.  In  the  second  of  these  two  bodies,  that  which  is  bounded 
by  two  infinite  planes,  and  whose  temperature  equation  is 
t?  =  -4  +  c^,  we  know  that  the  quantity  of  heat  which  flows  during 
unit  of  time  across  unit  of  area  taken  on  any  horizontal  section 
whatever  is  —  c/f,  c  being  the  coefficient  of  z,  and  K  the  specific 
conducibility ;  hence,  the  quantity  of  heat  which,  in  the  prism 
enclosed  between  six  planes  at  right  angles,  crosses  during  unit 
of  time,  unit  of  area  taken  on  any  horizontal  section  whatever, 
is  also  —  cK,  when  the  linear  equation  which  represents  the  tem- 
peratures of  the  prism  is 

V  =  A  +  ax -{- bi/  -h  cz. 

In  the  same  way  it  may  be  proved  that  the  quantity  of  heat 
which,  during  unit  of  time,  flows  uniformly  across  unit  of  area 
taken  on  any  section  whatever  perpendicular  to  x,  is  expressed 
by  —  aK,  and  that  the  whole  quantity  which,  during  unit  of  time, 
crosses  unit  of  area  taken  on  a  section  perpendicular  to  y,  is 
expressed  by  -  bK. 

The  theorems  which  we  have  demonstrated  in  this  and  the 
two  preceding  articles,  suppose  the  direct  action  of  heat  in  the 
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interior  of  the  mass  to  be  limited  to  an  extremely  small  distance, 
but  they  would  still  be  true,  if  the  rays  of  heat  sent  out  by  each 
molecule  could  penetrate  directly  to  a  quite  appreciable  distance, 
but  it  would  be  necessary  in  this  case,  as  we  have  remarked  in 
Article  70,  to  suppose  that  the  cause  which  maintains  the  tem- 
peratures of  the  faces  of  the  solid  aflfects  a  part  extending  within 
the  mass  to  a  finite  depth. 

SECTION  VIII. 
Measure  of  the  movement  of  heat  at  a  given  point  of  a  solid  mass. 

96.  It  still  remains  for  us  to  determine  one  of  the  principal 
elements  of  the  theory  of  heat,  which  consists  in  defining  and  in 
measuring  exactly  the  quantity  of  heat  which  passes  through 
every  point  of  a  solid  mass  across  a  plane  whose  direction  is  given. 

If  heat  is  unequally  distributed  amongst  the  molecules  of  the 
same  body,  the  temperatures  at  any  point  will  vary  every  instant. 
Denoting  by  t  the  time  which  has  elapsed,  and  by  v  the  tem- 
perature attained  after  a  time  t  by  an  infinitely  small  molecule 
whose  co-ordinates  are  x,y,z;  the  variable  state  of  the  solid  will  be 
expressed  by  an  equation  similar  to  the  following  v  =  F(x,  y,  z,  t). 
Suppose  the  function  jF  to  be  given,  and  that  consequently  we 
can  determine  at  every  instant  the  temperature  of  any  point 
whatever;  imagine  that  through  the  point  m  we  draw  a  hori- 
zontal plane  parallel  to  that  of  x  and  y,  and  that  on  this  plane 
we  trace  an  infinitely  small  circle  o),  whose  centre  is  at  m  ;  it  is 
required  to  determine  what  is  the  quantity  of  heat  which  during 
the  instant  dt  will  pass  across  the  circle  o>  from  the  part  of  the 
solid  which  is  below  the  plane  into  the  part  above  it. 

All  points  extremely  near  to  the  point  m  and  under  the  plane 
exert  their  action  during  the  infinitely  small  instant  dt,  on  all 
those  which  are  above  the  plane  and  extremely  near  to  the  point 
m,  that  is  to  say,  each  of  the  points  situated  on  one  side  of  this 
plane  will  send  heat  to  each  of  those  which  are  situated  on  the 
other  side. 

We  shall  consider  as  positive  an  action  whose  effect  is  to 
transport  a  certain  quantity  of  heat  above  the  plane,  and  as 
negative  that  which  causes  heat  to  pass  below  the  plane.     The 
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sum  of  all  the  partial  actions  which  are  exerted  across  the  circle 
w,  that  is  to  say  the  sum  of  all  the  quantities  of  heat  which, 
crossing  any  point  whatever  of  this  circle,  pass  from  the  part 
of  the  solid  below  the  plane  to  the  part  above,  compose  the  flow 
whose  expression  is  to  be  found. 

It  is  easy  to  imagine  that  this  flow  may  not  be  the  same 
throughout  the  whole  extent  of  the  solid,  and  that  if  at  another 
point  m'  we  traced  a  horizontal  circle  cd  equal  to  the  former,  the 
two  quantities  of  heat  which'  rise  above  these  planes  a>  and  a>' 
during  the  same  instant  might  not  be  equal :  these  quantities  are 
comparable  with  each  other  and  their  ratios  are  numbers  which 
may  be  easily  determined. 

97.  We  know  already  the  value  of  the  constant  flow  for  the 
case  of  linear  and  uniform  movement;  thus  in  the  solid  enclosed  be- 
tween two  infinite  horizontal  planes,  one  of  which  is  maintained  at 
the  temperature  a  and  the  other  at  the  temperature  b,  the  flow  of 
heat  is  the  same  for  every  part  of  the  mass ;  we  may  regard  it  as 
taking  place  in  the  vertical  direction  only.  The  value  correspond- 
ing to  unit  of  surface  and  to  unit  of  time  is  K  ( J,  e  denoting 

the  perpendicular  distance  of  the  two  planes,  and  K  the  specific 
conducibility :   the  temperatures  at  the  different  points  of  the 

solid  are  expressed  by  the  equation  v=^a—  [ )  z. 

When  the  problem  is  that  of  a  solid  comprised  between  six 
rectangular  planes,  pairs  of  which  are  parallel,  and  the  tem- 
peratures at  the  different  points  are  expressed  by  the  equation 

V  =  A  +  ax  +  bi/  +  c:s, 

the  propagation  takes  place  at  the  same  time  along  the  directions 
of  X,  of  y,  of  z;  the  quantity  of  heat  which  fiows  across  a  definite 
portion  of  a  plane  parallel  to  that  of  x  and  y  is  the  same  through- 
out the  whole  extent  of  the  prism ;  its  value  corresponding  to  unit 
of  surface,  and  to  unit  of  time  is  —  cK,  in  the  direction  of  z,  it  is 
—  bK,  in  the  direction  of  y,  and  —  aK  in  that  of  x. 

In  general  the  value  of  the  vertical  flow  in  the  two  cases  which 
we  have  just  cited,  depends  only  on  the  coeflScient  of  z  and  on 

dv 
the  specific  conducibility  K\  this  value  is  always  equal  to  —  K-j-  . 
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The  expression  of  the  quantity  of  heat  which,  during  the  in- 
stant dt,  flows  across  a  horizontal  circle  infinitely  small,  whose  area 
is  o),  and  passes  in  this  manner  from  the  part  of  the  solid  which  is 
below  the  plane  of  the  circle  to  the  part  above,  is,  for  the  two  cases 

in  question,  ^  K  -j-  (odt 

98.  It  is  easy  now  to  generalise  this  result  and  to  recognise 
that  it  exists  in  every  case  of  the  varied  movement  of  heat  ex- 
pressed by  the  equation  v  =  F{x,  y,  z,  t). 

Let  us  in  fact  denote  by  x,  y\  z,  the  co-ordinates  of  this  point 
m,  and  its  actual  temperature  by  v\  Let  x  +  f ,  y  +  ^,  «'  +  §i  ^^ 
the  co-ordinates  of  a  point  /a  infinitely  near  to  the  point  m,  and 
whose  temperature  iBW\  f ,  i;,  ?  are  quantities  infinitely  small  added 
to  the  co-ordinates  x\  y,  z  ;  they  determine  the  position  of 
molecules  infinitely  near  to  the  point  m,  with  respect  to  three 
rectangular  axes,  whose  origin  is  at  m,  parallel  to  the  axes  of 
X,  y,  and  z.     Differentiating  the  equation 

and  replacing  the  differentials  by  f,  %  f,  we  shall  have,  to  express 

the  value  of  w  which  is  equivalent  to  v  -H  dv,  the  linear  equation 

,      dv'     ^  dv        dv\   .,  ^  .     .     ,  dv  '  dv   dv  - 

w  =  v  +  j-f +-r-i7-h-7-(;;  tnecoemcientst;,-7— , -,-,-j- .arefunc- 
ax        ay        az  ax    ay  az 

tions  of  «,  y,  «,  ^,  in  which  the  given  and  constant  values  a?',  y',  /, 

which  belong  to  the  point  m,  have  been  substituted  for  x,  y,  z. 

Suppose  that  the  same  point  m  belongs  also  to  a  sob'd  enclosed 
between  six  rectangular  planes,  and  that  the  actual  temperatures 
of  the  points  of  this  prism,  whose  dimensions  are  finite,  are  ex- 
pressed by  the  linear  equation  t^  =  -4+af-h5^  +  cf;  and  that 
the  molecules  situated  on  the  faces  which  bound  the  solid  are 
maintained  by  some  external  cause  at  the  temperature  which  is 
assigned  to  them  by  the  linear  equation,  f,  ly,  f  are  the  rectangular 
co-ordinates  of  a  molecule  of  the  prism,  whose  temperature  is  w, 
referred  to  three  axes  whose  origin  is  at  m. 

This  arranged,  if  we  take  as  the  values  of  the  constant  coeffi- 
cients ^,  a,  ft,  c,  which  enter  into  the  equation  for  the  prism,  the 

.  .        I  uv'  dv*  dv       i»i-ti  1      i»/¥*         •! 

quantities  v,  j  >  3~>  T/"*  which  belong  to  the  differential  equa- 
tion ;  the  state  of  the  prism  expressed  by  the  equation 
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will  coincide  as  nearly  as  possible  with  the  state  of  the  solid ;  that 
is  to  say,  all  the  molecules  infinitely  near  to  the  point  m  will  have 
the  same  temperature,  whether  we  consider  them  to  be  in  the  solid 
or  in  the  prism.  This  coincidence  of  the  solid  and  the  prism  is 
quite  analogous  to  that  of  curved  surfaces  with  the  planes  which 
touch  them. 

It  is  evident,  from  this,  that  the  quantity  of  heat  which  flows 
in  the  solid  across  the  circle  o),  during  the  instant  dt^  is  the  same 
as  that  which  flows  in  the  prism  across  the  same  circle;  for  all  the 
molecules  whose  actions  concur  in  one  effect  or  the  other,  have 
the  same  temperature  in  the  two  solids.     Hence,  the  flow  in 

question,  in  one  solid  or  the  other,  is  expressed  by  —  X-j-  oxft. 

It  would  be  —  jST  J-  a)c7^,  if  the  circle  ©,  whose  centre  is  m,  were 

ay 

dv 
perpendicular  to  the  axis  of  y^  and  ^K-r-  o>dt,  if  this  circle  were 

perpendicular  to  the  axis  of  x. 

The  value  of  the  flow  which  we  have  just  determined  varies 
in  the  solid  from  one  point  to  another,  and  it  varies  also  with 
the  time.  We  might  imagine  it  to  have,  at  all  the  points  of  a 
unit  of  surface,  the  same  value  as  at  the  point  m,  and  to  preserve 
this  value  during  unit  of  time ;  the  flow  would  then  be  expressed 

by  — ^— ,  it  would  be  — -K'-j-  in  the  direction  of  y,  and  — ^-r- 

in  that  of  x.  We  shall  ordinarily  employ  in  calculation  this 
value  of  the  flow  thus  referred  to  unit  of  time  and  to  unit  of 
surface. 

99.  This  theorem  serves  in  general  to  measure  the  velocity 
with  which  heat  tends  to  traverse  a  given  point  of  a  plane 
situated  in  any  manner  whatever  in  the  interior  of  a  solid  whose 
temperatures  vary  with  the  time.  Through  the  given  point  m, 
a  perpendicular  must  be  raised  upon  the  plane,  and  at  every 
point  of  this  perpendicular  ordinates  must  be  drawn  to  represent 
the  actual  temperatures  at  its  different  points.  A  plane  curve 
will  thus  be  formed  whose  axis  of  abscisssB  is  the  perpendicular. 

F.  H.  6 
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The  fluxion  of  the  ordinate  of  this  curve,  answering  to  the  point 
m,  taken  with  the  opposite  sign,  expresses  the  velocity  with 
which-  heat  is  transferred  across  the  plane.  This  fluxion  of  the 
ordinate  is  known  to  be  the  tangent  of  the  angle  formed  by 
the  element  of  the  curve  with  a  parallel  to  the  abscissae. 

The  result  which  we  have  just  explained  is  that  of  which 
the  most  frequent  applications  have  been  made  in  the  theory 
of  heat.  We  caimot  discuss  the  different  problems  without 
forming  a  very  exact  idea  of  the  value  of  the  flow  at  every  point 
of  a  body  whose  temperatures  are  variable.  It  is  necessary  to 
insist  on  this  fundamental  notion;  an  example  which  we  are 
about  to  refer  to  will  indicate  more  clearly  the  use  which  has 
been  made  of  it  in  analysis 

100.  Suppose  the  different  points  of  a  cubic  mass,  an  edge 
of  which  has  the  length  ir,  to  have  unequal  actual  temperatures 
represented  by  the  equation  v  ==  cos  x  cos  y  cos  z.  The  co- 
ordinates X,  y,  z  are  measured  on  three  rectangular  axes,  whose 
origin  is  at  the  centre  of  the  cube,  perpendicular  to  the  faces. 
The  points  of  the  external  surface  of  the  solid  are  at  the  actual 
temperature  0,  and  it  is  supposed  also  that  external  causes 
maintain  at  all  these  points  the  actual  temperature  0.  On  this 
hypothesis  the  body  will  be  cooled  more  and  more,  the  tem- 
peratures of  all  the  points  situated  in  the  interior  of  the  mass 
will  vary,  and,  after  an  infinite  time,  they  will  all  attain  the 
temperature  0  of  the  surface.  Now,  we  shall  prove  in  the  sequel, 
that  the  variable  state  of  this  solid  is  expressed  by  the  equation 

V  =  e"'*  cos  X  cos  y  cos  z, 

the  coefficient  g  is  equal  to  71—7^,  J^  is  the  specific  conduci- 

bility  of  the  substance  of  which  the  solid  is  formed^  D  is  the 
density  and  G  the  specific  heat ;  t  is  the  time  elapsed. 

We  here  suppose  that  the  truth  of  this  equation  is  admitted, 
and  we  proceed  to  examine  the  use  which  may  be  made  of  it 
to  find  the  quantity  of  heat  which  crosses  a  given  plane  parallel 
to  one  of  the  three  planes  at  the  right  angles. 

If,  through  the  point  m,  whose  co-ordinates  are  w,  y,  z,  we 
draw  a.  plane  perpendicular  to  z,  we  shall  find,  after  the  mode 
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of  the  preceding  article,  that  the  value  of  the  flow,  at  this  point 

and  across  the  plane,  is  — -ZT-r-,  or  ^c'^cosaj.cosy  .sin^:.    The 

quantity  of  heat  which,  during  the  instant  dt,  crosses  an  infinitely 
small  rectangloi  situated  on  this  plane,  and  whose  sides  are 
dx  and  dy^  is 

K  e'**  cos  X  cos  yAnJsdx  dy  dt 

Thus  the  whole  heat  which,  during  the  instant  dt,  crosses  the 
entire  area  of  the  same  plane,  is 


Ke"^  sin  a .  dt  j  I  cosx  cosy  dxdy ; 


the  double  integral  being  taken  from  a;  =  —  57r  up  to  a?  =  5  7r, 

and  from  y  =  —  ^^''^P^^y^Q'"''  ^®  ^^^  ^^^^  ^^^  ^^^  ®^" 
pression  of  this  total  heat, 

4  Ke^  sin  z.dt. 

If  then  we  take  the  integral  with  respect  to  t,  from  ^  =  0  to 
t^ty  we  shall  find  the  quantity  of  heat  which  has  crossed  the 
Same  plane  since  the  cooling  began  up  to  the  actual  moment. 

This  integral  is  —  sin ^ (1  —  e^,  its  value  at  the  surface  is 

if 

so  that  after  an  infinite  time  the  quantity  of  heat  lost  through 
one  of  the  faces  is  -  - .  The  same  reasoning  being  applicable 
to  each  of  the  six  faces,  we  conclude  that  the  solid  has  lost  by  its 
complete  cooling  a  total  quantity  of  heat  equal  to  — —  or  80 D, 

if 

since  g  is  equivalent  to  y™  .  The  total  heat  which  is  dissipated 

during  the  cooling  must  indeed  be  independent  of  the  special 
conducibility  K,  which  can  only  influence  more  or  less  the 
velocity  of  cooling. 

6—2 
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100.  A.  We  may  determine  in  another  manner  the  quantity 
of  heat  which  the  solid  loses  during  a  given  time,  and  this  will 
serve  in  some  degree  to  verify  the  preceding  calculation.  In 
fact,  the  mass  of  the  rectangular  molecule  whose  dimensions  are 
dXf  dy,  dz,  is  Ddxdydz,  consequently  the  quantity  of  heat 
which  must  be  given  to  it  to  bring  it  from  the  temperature  0  to 
that  of  boiling  water  is  CDdxdydz,  and  if  it  were  required  to 
raise  this  molecule  to  the  temperature  v,  the  expenditure  of  heat 
would  be  V  CD  dx  dy  dz. 

It  follows  from  this,  that  in  order  to  find  the  quantity  by 
which  the  heat  of  the  solid,  after  time  f,  exceeds  that  which 
it  contained  at  the  temperature  0,  we  must  take  the  mul- 
tiple integral  \\\ii CD  dx  dy  dz,  between  the  limits  x^--  -xVy 

1  11  11 

We  thus  find,  on  substituting  for  v  its  value,  that  is  to  say 

e^  cos  a?  cos  y  cos  Zy 

that  the  excess  of  actual  heat  over  that  which  belongs  to  the 
temperature  0  is  8 CD  (1  -  e^) ;  or,  after  an  infinite  time, 
8  CD,  as  we  found  before. 

We  have  described,  in  this  introduction,  all  the  elements  which 
it  is  necessary  to  know  in  order  to  solve  different  problems 
relating  to  the  movement  of  heat  in  solid  bodies,  and  we  have 
given  some  applications  of  these  principles,  in  order  to  shew 
the  mode  of  employing  them  in  analysis ;  the  most  important 
use  which  we  have  been  able  to  make  of  them,  is  to  deduce 
from  them  the  general  equations  of  the  propagation  of  heat, 
which  is  the  subject  of  the  next  chapter. 

Note  on  Art,  76.  The  researches  of  J.  D.  Forbes  on  the  temperatures  of  a  long 
iron  bar  heated  at  one  end  shew  concluBiYely  that  the  oondnctlng  power  K  is  not  con- 
stant, but  diminishes  as  the  temperature  increases. — Tranaactiom  of  the  Boyal 
Society  of  Edinburgh,  Vol.  xxin.  pp.  133—146  and  Vol.  jxry.  pp.  73—110. 

Note  on  Art,  98.  (General  expressions  for  the  flow  of  heat  within  a  mass  in 
which  the  condnctibUitj  yaries  with  the  direction  of  the  flow  are  inyestigated  by 
Lam6  in  his  TMorie  Analytique  de  U  Chaleur,  pp.  1—8.    [A.  F.] 


CHAPTER  11. 

EQUATIONS  OF  THE  MOVEMENT  OF  HEAT. 

SECTION  L 
Hqiuition  of  the  varied  movement  of  heat  in  a  ring. 

101.  We  might  form  the  general  equations  which  represent 
the  movement  of  heat  in  solid  bodies  of  any  form  whatever,  and 
apply  them  to  particular  cases.  But  this  method  would  often 
involve  very  complicated  calculations  which  may  easily  be  avoided. 
There  are  seversd  problems  which  it  is  preferable  to  treat  in  a 
special  manner  by  expressing  the  conditions  which  are  appropriate 
to  them;  we  proceed  to  adopt  this  course  and  examine  separately 
the  problems  which  have  been  enunciated  in  the  first  section  of 
the  introduction ;  we  will  limit  ourselves  at  first  to  forming  the 
differential  equations,  and  shall  give  the  integrals  of  them  in  the 
following  chapters. 

102.  We  have  already  considered  the  uniform  movement  of 
heat  in  a  prismatic  bar  of  small  thickness  whose  extremity  is 
immersed  in  a  constant  source  of  heat.  This  first  case  offered  no 
difficulties,  since  there  was  no  reference  except  to  the  permanent 
state  of  the  temperatures,  and  the  equation  which  expresses  them 
is  easily  integrated.  The  following  problem  requires  a  more  pro- 
found investigation;  its  object  is  to  determine  the  variable  state 
of  a  solid  ring  whose  different  points  have  received  initial  tempo* 
ratures  entirely  arbitrary. 

The  solid  ring  or  armlet  is  generated  by  the  revolution  of 
a.  rectangular  section  about  an  axis  perpendicular  to  the  plane  of 
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the  ring  (see  figure  3),  I  is  the  perimeter  of  the  section  \vhose  area 
Fig.  3.  is  8.  the  coefficieDt  A  measures  the  external  con- 
ducibiiity,  K  the  internal  conducibility,  G  the 
specific  capacity  for  heat^  D  the  density.  The  line 
oxx'x"  represents  the  mean  circumference  of  the 
armlet^  or  that  line  which  passes  through  the 
centres  of  figure  of  all  the  sections;  the  distance 
of  a  section  from  the  origin  o  is  measured  by  the 

arc  whose  length  is  x;  JB  is  the  radius  of  the  mean  circumference. 
It  is  supposed  that  on  account  of  the  small  dimensions  and  of 

the  form  of  the  section,  we  may  consider  the  temperature  at  the 

different  points  of  the  same  section  to  be  equal. 

103.  Imagine  that  initial  arbitrary  temperatures  have  been 
given  to  the  different  sections  of  the  armlet,  and  that  the  solid  is 
then  exposed  to  air  maintained  at  the  temperature  0,  and  dis- 
placed with  a  constant  velocity;  the  system  of  temperatures  will 
continually  vary,  heat  will  be  propagated  within  the  ring,  and 
dispersed  at  the  surface :  it  is  required  to  determine  what  will  be 
the  state  of  the  solid  at  any  given  instant. 

Let  V  be  the  temperature  which  the  section  situated  at  distance 
X  will  have  acquired  after  a  lapse  of  time  ^ ;  v  is  a  certain  function 
of  X  and  t,  into  which  all  the  initial  temperatures  also  must  enter: 
this  is  the  function  which  is  to  be  discovered. 

104.  We  will  consider  'the  movement  of  heat  in  an  infinitely 
small  slice,  enclosed  between  a  section  made  at  distance  x  and 
another  section  made  at  distance  x  +  dx.  The  state  of  this  slice 
for  the  duration  of  one  instant  is  that  of  an  infinite  solid  termi- 
nated by  two  parallel  planes  maintained  at  unequal  temperatures; 
thus  the  quantity  of  heat  which  flows  during  this  instant  dt  across 
the  first  section,  and  passes  in  this  way  from  the  part  of  the  solid 
which  precedes  the  slice  into  the  slice  itself,  is  measured  according 
to  the  principles  established  in  the  introduction,  by  the  product  of 
four  factors,  that  is  to  say,  the  conducibility  K,  the  area  of  the 

section  S,  the  ratio  — -i-,  and  the  duration  of  the  instant;  its 

ax 

expression  is  --KS-pdt.    To  determine  the  quantity  of  heat 
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which  escapes  from  the  same  slice  across  the  second  section,  and 
passes  into  the  contiguous  part  of  the  solid,  it  is  only  necessary 
to  change  x  into  x-\-dx  in  the  preceding  expression,  or,  which  is 
the  same  thing,  to  add  to  this  expression  its  differential  taken 
with  respect  to  x ;  thus  the  slice  receives  through  one  of  its  faces 

a  quantity  of  heat  equal  to  ^KS-pdt,  and  loses  through  the 

opposite  face  a  quantity  of  heat  expressed  by 

—  KS-j-  dt  —  K8  -y-h  dx  du 

ax  ax 

It  acquires  therefore  by  reason  of  its  position  a  quantity  of  heat 
equal  to  the  difference  of  the  two  preceding  quantities,  that  is 

J5uS-|--  dxdL 
dor 

On  the  other  hand,  the  same  slice,  whose  external  surface  is 
Idx  and  whose  temperature  differs  infinitely  little  from  v,  allows 
a  quantity  of  heat  equivalent  to  kivdxdt  to  escape  into  the  air 
during  the  instant  dt ;  it  follows  from  this  that  this  infinitely 
small  part  of  the  solid  retains  in  reality  a  quantity  of  heat 

represented  by  KS-^-^dxdt  —  hlvdxdt  which  makes  its  tempe- 
rature vary.    The  amount  of  this  change  must  be  examined. 

105.  The  coefficient  C  expresses  how  much  heat  is  required 
to  raise  unit  of  weight  of  the  substance  in  question  from  tempe- 
rature 0  up  to  temperature  1;  consequently,  multiplying  the 
volume  Sdx  of  the  infinitely  small  slice  by  the  density  Z>,  to 
obtain  its  weight,  and  by  C  the  specific  capacity  for  heat,  we  shall 
have  CD  Sdx  as  the  quantity  of  heat  which  would  raise  the 
volume  of  the  slice  from  temperature  0  up  to  temperature  1. 
Hence  the  increase  of  temperature  which  results  from  the  addition 

d^v 
of  a  quantity  of  heat  equal  to  KS -j-jdxdt^  hlv dx  dt  will  be 

found  by  dividing  the  last  quantity  by  CDS  dx.  Denoting  there- 
fore, according  to  custom,  the  increase  of  temperature  which  takes 

place  during  the  instant  dt  by  -j-  dt,  we  shall  have  the  equation 
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We  shall  explain  in  the  sequel  the  use  which  may  be  made  of 
this  equation  to  determine  the  complete  8olution>  and  what  the 
difficulty  of  the  problem  consists  in ;  we  limit  ourselves  here  to 
a  remark  concerning  the  permanent  state  of  the  armlet. 

106.  Suppose  that,  the  plane  of  the  ring  being  horizontal, 
sources  of  heat,  each  of  which  exerts  a  constant  action,  are  placed 
below  different  points  m,  n,  p,  q  etc.;  heat  will  be  propagated  in 
the  solid,  and  that  which  is  dissipated  through  the  surface  being 
incessantly  replaced  by  that  which  emanates  from  the  sources,  the 
temperature  of  every  section  of  the  solid  will  approach  more  and 
more  to  a  stationary  value  which  varies  from  one  section  to 
another.  In  order  to  express  by  means  of  equation  (b)  the  law  of 
the  latter  temperatures,  which  would  exist  of  themselves  if  they 
were  once  established,  we  must  suppose  that  the  quantity  t;  does 

not  vary  with  respect  to  t;  which  annuls  the  term  -jr.    We  thus 
have  the  equation 

^  =  4i  t^,  whence  v  =  if^-'*^^^ + Ne'''^^ , 
dor     Ko 

M  and  -JT  being  two  constants*. 

^  This  eqaation  is  the  cuune  as  the  eqaation  for  the  steady  temperatnre  of  a 

finite  har  heated  at  one  end  (Art.  76),  except  that  I  here  denotes  the  perimeter  of 

a  section  whose  area  \a  S,    In  the  case  of  the  finite  har  we  can  determine  two 

relations  hetween  the  constants  M  and  N :  for,  if  F  he  the  temperatnre  at  the 

source,  where  a;=0,  F=lf +jy ;  and  if  at  the  end  of  the  har  remote  from  the  source, 

where  s  =  X  suppose,  we  make  a  section  at  a  distance  dx  from  that  end,  the  flow 

dv 
through  this  section  is,  in  unit  of  time,  -  JTiS^ ,  and  this  is  equal  to  the  waste 

of  heat  through  the  periphery  and  free  end  of  the  slice,  hv(ldx-\-S)  namely; 
hence  ultimately,  dx  yanishing, 


fcv+JT^-sO,    when  a=Z, 
ax 


that  is 


Cf.  Verdet,  C<mf4rence$  de  Physique,  p.  87.     [A.  F.] 
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107.  Suppose  a  portion  of  the  circumference  of  the  ring, 
situated  between  two  successive  sources  of  heat,  to  be  divided 
into  equal  parts,  and  denote  by  v^,  Vj^  t;,,  t?^,  &c.,  the  temperatures 
at  the  points  of  division  whose  distances  firom  the  origin  are 
^v  ^1'  ^8*  ^4»  ^^-5  *^®  relation  between  v  and  x  will  be  given  by 
the  preceding  equation,  after  that  the  two  constants  have  been 
determined  by  means  of  the  two  values  of  v  corresponding  to 

the  sources  of  heat  Denoting  by  a  the  quantity  e  **,  and 
by  X  the  distance  ^j  — ^,  of  two  consecutive  points  of  division, 
we  shall  have  the  equations : 

whence  we  derive  the  following  relation  -^ — *  —  a^  +  a"\ 

We  should  find  a  similar  result  for  the  three  points  whose 
temperatures  are  v^  v,,  v^  and  in  general  for  any  three  consecutive 
points.  It  follows  from  this  that  if  we  observed  the  temperatures 
v^,  v^  v,,  v^  v^  &c.  of  several  successive  points,  all  situated  between 
the  same  two  sources  m  and  n  and  separated  by  a  constant 
interval  \  we  should  perceive  that  any  three  consecutive  tempe- 
ratures are  always  such  that  the  sum  of  the  two  extremes  divided 
by  the  mean  gives  a  constant  quotient  a^  +  a"\ 

108.  If,  in  the  space  included  between  the  next  two  sources  of 
heat  n  and  p,  the  temperatures  of  other  different  points  separated 
by  the  same  interval  X  were  observed,  it  would  still  be  found  that 
for  any  three  consecutive  points,  the  sum  of  the  two  extreme 
temperatures,  divided  by  the  mean,  gives  the  same  quotient 
^^(f\  The  value  of  this  quotient  depends  neither  on  the 
position  nor  on  the  intensity  of  the  sources  of  heat. 

109.  Let  q  be  this  constant  value,  we  have  the  equation 

we  see  by  this  that  when  the  circumference  is  divided  into  equal 
parts,  the  temperatures  at  the  points  of  division,  included  between 
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two  consecutive  soiirces  of  heat,  are  represented  by  the  terms  of 
a  recurring  series  whose  scale  of  relation  is  composed  of  two  terms 
q  and  —  1. 

Experiments  have  fully  confirmed  this  result.  We  have  ex- 
posed a  metallic  ring  to  the  permanent  and  simultaneous  action 
of  different  sources  of  heat,  and  we  have  observed  the  stationary 
temperatures  of  several  points  separated  by  constant  intervals;  we 
always  found  that  the  temperatures  of  any  three  consecutive 
points,  not  separated  by  a  source  of  heat,  were  connected  by  the 
relation  in  question.  Even  if  the  sources  of  heat  be  multiplied, 
and  in  whatever  manner  they  be  disposed,  no  change  can  be 

effected  in  the  numerical  value  of  the  quotient  -* ^ ;  it  depends 

only  on  the  dimensions  or  on  the  nature  of  the  ring,  and  not  on 
the  manner  in  which  that  solid  is  heated. 

110.  When. we  have  found,  by  observation,  the  value  of  the 

constant  quotient  j  or    ^  ^  * ,  the  value  of  &*  may  be  derived 

from  it  by  means  of  the  equation  ot*  +  a'^  =  j.     One  of  the  roots 
is  a^  and  other  root  is  a~\     This  quantity  being  determined, 

we  may  derive  from  it  the  value  of  the  ratio  -^^  which   is 

a 

■J  (log  Ok)\    Denoting  a^  by  »,  we  shall  have  »*  —  jw  + 1  =  0.    Thus 

or 

the  ratio  of  the  two  conducibilities  is  found  by  multiplying  y 

V 

by  the  square  of  the  hyperbolic  logarithm  of  one  of  the  roots  of 
the  equation  »•  —  jco  + 1  =  0,  and  dividing  the  product  by  \\ 

SECTION  II. 
Eqiuition  of  ike  varied  movement  of  heat  in  a  solid  sphere. 

111.  A  solid  homogeneous  mass,  of  the  form  of  a  sphere, 
having  been  immersed  for  an -infinite  time  in  a  medium  main- 
tained at  a  permanent  temperature  1,  is  then  exposed  to  air  which 
is  kept  at  temperature  0,  and  displaced  with  constant  velocity : 
it  is  required  to  determine  the  successive  states  of  the  body  during 
the  whole  time  of  the  cooling. 
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Denote  by  m  the  distanoe  of  any  point  "whatever  from  the 
centre  of  the  sphere^  and  by  v  the  tempentture  of  the  same  point, 
after  a  time  t  has  elapsed ;  and  suppose,  to  make  the  problem 
more  general,  that  the  initial  temperature,  common  to  all  points 
situated  at  the  distance  x  from  the  centre,  is  different  for  different 
values  of  x ;  which  is  what  would  have  been  the  case  if  the  im- 
mersion had  not  lasted  for  an  infinite  time. 

Points  of  the  solid,  equally  distant  from  the  centre,  will  not 
cease  to  have  a  common  temperature ;  v  is  thus  a  function  of  x 
and  t.  When  we  suppose  ^  as  0,  it  is  essential  that  the  value  of 
this  function  should  agree  with  the  initial  state  which*  is  given, 
and  which  is  entirely  arbitrary. 

112.    We  shall  consider  the  instantaneous  movement  of  heat 

in  an  infinitely  thin  shell,  bounded  by  two  spherical  surfaces  whose 

radii  are  x  and  x  +  dx:  the  quantity  of  heat  which,  during  an 

infinitely  sniall  instant  dty  crosses  the  lesser  surface  whose  radius 

is  X,  and  so  passes  from  that  part  of  the  solid  which  is  nearest  to 

the  centre  into  the  spherical  shell,  is  equal  to  the  product  of  four 

factors  which  are  the  conducibility  K,  the  duration  dt,  the  extent 

dv 
4ira^  of  surfkce,  and  the  ratio  -j- ,  taken  with  the  negative  sign  ; 

it  is  expressed  by  —  4tKTra?-j-dt 

To  determine  the  quantity  of  heat  which  flows  during  the 
same  instant  through  the  second  surface  of  the  same  shell,  and 
passes  from  this  shell  into  the  part  of  the  solid  which  envelops  it, 
X  must  be  changed  into  x  +  dx^in  the  preceding  expression :  that 

dv 
is  to  say,  to  the  term  —  A^Kin^  -j-  dt  must  be  added  the  differen- 
tial of  this  t^rm  taken  with  respect  to  x.    We  thus  find 

-^iKTTJ^^dt^^KvdU^^.dt 

ax  \    axj 

as  the  expression  of  the  quantity  of  heat  which  leaves  the  spheri- 
cal shell  across  its  second  surface;  and  if  we  subtract  this  quantity 
from  that  which  enters  through  the  first  surface,  we  shall  have 

^Kird  (a?  j-)  dt    This  difference  is  evidently  the  quantity  of 


1 
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heat  vhich  accumulatea  in  the  intervening  shell,  and  whose  effect 
is  to  vary  its  temperature. 

118.  The  coefficient  C  denotes  the  quantity  of  heat  which  is 
necessary  to  raise,  from  temperature  0  to  temperature  1,  a  definite 
unit  of  weight ;  D  is  the  weight  of  unit  of  volume,  ^ir^^dx  is  the 
volume  of  the  intervening  layer,  differing  from  it  only  by  a 
quantity  which  may  be  omitted  :  hence  4nrCDcfdx  is  the  quantity 
of  heat  necessary  to  raise  the  intervening  shell  from  temperature 
0  to  temperature  1.  Hence  it  is  requisite  to  divide  the  quantity 
of  heat  which  accumulates  in  this  shell  by  ieirCDx^dx,  and  we 
shall  then  find  the  increase  of  its  temperature  v  during  the  time 
dU    We  thus  obtain  the  equation 

^'  dt^cn-ydx'^x  dxj ^''^' 

114<.  The  preceding  equation  represents  the  law  of  the  move- 
ment of  heat  in  the  interior  of  the  solid,  but  the  temperatures  of 
points  in  the  surface  are  subject  also  to  a  special  condition  which 
must  be  expressed.  This  condition  relative  to  the  state  of  the 
surface  may  vary  according  to  the  nature  of  the  problems  dis- 
cussed :  we  may  suppose  for  example,  that,  after  having  heated 
the  sphere,  and  raised  all  its  molecules  to  the  temperature  of 
boiling  water,  the  cooling  is  effected  by  giving  to  all  points  in  the 
surface  the  temperature  0,  and  by  retaining  them  at  this  tem- 
perature by  any  external  cause  whatever.  In  this  case  we  may 
imagine  the  sphere,  whose  variable  state  it  is  desired  to  determine, 
to  be  covered  by  a  very  thin  envelope  on  which  the  cooling  agency 
exerts  its  action.  It  may  be  supposed,  1^  that  this  infinitely 
thin  envelope  adheres  to  the  solid,  that  it  is  of  the  same  substance 
as  the  solid  and  that  it  forms  a  part  of  it,  like  the  other  portions 
of  the  mass ;  2^,  that  all  the  molecules  of  the  envelope  are  sub- 
jected to  temperature  0  by  a  cause  always  in  action  which  prevents 
the  temperature  from  ever  being  above  or  below  zero.  To  express 
this  condition  theoretically,  the  function  t;,  which  contains  x  and  t, 
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must  be  made  to  become  nul,  when  we  give  to  a?  its  complete 
value  X  equal  to  the  radius  of  the  sphere,  whatever  else  the  value 
of  i  may  be.  We  should  then  have,  on  this  hypothesis,  if  we 
denote  by  ^  {x^  t)  the  function  of  x  and  i^  which  expresses  the 
value  of  V,  the  two  equations 

Further,  it  is  necessary  that  the  initial  state  should  be  repre- 
sented by  the  same  function  ^  {x,  t) :  we  shall  therefore  have  as  a 
second  condition  <^{x,0)  =1.  Thus  the  variable  state  of  a  solid 
sphere  on  the  hypothesis  which  we  have  first  described  will  be 
represented  by  a  function  v,  which  must  satisfy  the  three  preceding 
equationa  The  first  is  general,  and  belongs  at  every  instant  to 
all  points  of  the  mass ;  the  second  affects  only  the  molecules  at 
the  surface,  and  the  third  belongs  only  to  the  initial  state. 

115.  If  the  solid  is  being  cooled  in  air,  the  second  equation  is 
different;  it  must  then  be  imagined  that  the  very  thin  envelope 
is  maintained  by  some  external  cause,  in  a  state  such  as  to  pro- 
duce the  escape  firom  the  sphere,  at  every  instant,  of  a  quantity  of 
heat  equal  to  that  which  the  presence  of  the  medium  can  carry 
away  from  it.    . 

Now  the  quantity  of  heat  which,  during  an  infinitely  small 
instant  dt,  flows  within  the  interior  of  the  solid  across  the  spheri- 

dv 
cal  surface  situate  at  distance  x,  is  equal  to  —  4sK7ra?  -r-  dt ;  and 

this  general  expression  is  applicable  to  all  values  of  x.  Thus,  by 
supposing  x  =  Xwe  shall  ascertain  the  quantity  of  heat  which  in 
the  variable  state  of  the  sphere  would  pass  across  the  very  thin 
envelope  which  bounds  it ;  on  the  other  hand,  the  external  surface 
of  the  solid  having  a  variable  temperature,  which  we  shall  denote 
by  Vy  would  permit  the  escape  into  the  air  of  a  quantity  of  heat 
proportional  to  that  temperature,  and  to  the  extent  of  the  surface^ 
which  is  47rZ*.     The  value  of  this  quantity  is  ^hirX*  Vdt 

To  express,  as  is  supposed,  that  the  action  of  the  envelope 
supplies  the  place,  at  every  instant,  of  that  which  would  result  from 
the  presence  of  the  medium,  it  is  sulBScient  to  equate  the  quantity 

dt9 

ihtrX^Vdt  to  the  value  which   the   expression  —iKirX^^-dt 
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reoeires  when  we  give  to  «  its  complete  value  X]  hence  we  obtain 
the  equation  ;t-  =  —  jrV,  which  must  hold  when  in  the  functions 

-7-  and  t;  we  put  instead  of  x  its  value  X,  which  we  shall  denote 

dV 
by  writing  it  in  the  form  K  -j-  +  AF=*  0. 

116.  The  value  of  -v-  taken  when  «  =  X,  must  therefore  have 

h 
a  constant  ratio  "~  j?  to  the  value  of  v,  which  corresponds  to  the 

same  point.  Thus  we  shall  suppose  that  the  external  cause  of 
the  cooling  determines  always  the  state  of  the  veiy  thin  envelope, 

in  such  a  manner  that  the  value  of  -j-  which  results  from  this 

ax 

state,  is  proportional  to  the  value  of  v,  corresponding  to  x  =  X, 
and  that  the  constant  ratio  of  these  two  quantities  is  —  ^ .  This 
condition  being  fulfilled  by  means  of  some  cause  always  present, 

(In 

which  prevents  the  extreme  value  of  -y-  from  being  anything  else 

h 

but  —  ^  v,  the  action  of  the  envelope  will  take  the  place  of  that 

of  the  air. 

It  is  not  necessary  to  suppose  the  envelope  to  be  extremely 
thin,  and  it  will  be  seen  in  the  sequel  that  it  may  have  an 
indefinite  thickness.  Here  the  thickness  is  considered  to  be 
indefinitely  small,  so  as  to  fix  the  attention  on  the  state  of  the 
surface  only  of  the  solid. 

117.  Hence  it  follows  that  the  three  equations  which  are 
required  to  determine  the  function  ^  (a?,  t)  or  v  are  the  following, 

drm\da?^x^)^  ^d^-^^^-^^'  *(a:,0)=l. 

The  first  applies  to  all  possible  values  of  x  and  t ;  the  second 
is  satisfied  when  x  =  X,  whatever  be  the  value  of  t;  and  the 
third  is  satisfied  when  <  =  0,  whatever  be  the  value  of  .r. 
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It  might  be  supposed  that  in  the  initial  state  all  the  spherical 
layers  have  not  the  same  temperature :  which  is  what  would 
necessarily  happen,  if  the  immersion  were  imagined  not  to  have 
lasted  for  an  indefinite  time.  In  this  case,  which  is  more  general 
than  the  foregoing,  the  given  function,  which  expresses  the 
initial  temperature  of  the  molecules  situated  at  distance  x  from 
the  centre  of  the  sphere,  will  be  represented  by  F{x) ;  the  third 
equation  will  then  be  replaced  by  the  following,  0  {x,  0)  =F{x). 

Nothing  more  remains  than  a  purely  analytical  problem, 
whose  solution  will  be  given  in  one  of  the  following  chapters. 
It  consists  in  finding  the  value  of  v,  by  means  of  the  general 
condition,  and  the  two  special  conditions  to  which  it  is  subject. 


SECTION  III. 
Equations  of  the  varied  movement  of  heat  in  a  solid  cylinder. 

118.  A  solid  cylinder  of  infinite  length,  whose  side  is  per- 
pendicular to  its  circular  base,  having  been  wholly  immersed 
in  a  liquid  whose  temperature  is  uniform,  has  been  gradually 
heated,  in  such  a  manner  that  all  points  equally  distant  fi'om 
the  suds  have  acquired  the  same  temperature ;  it  is  then  exposed 
to  a  current  of  colder  air;  it  is  required  to  determine  the 
temperatures  of  the  different  layers,  after  a  given  time. 

X  denotes  the  radius  of  a  cylindrical  surface,  all  of  whose 
points  are  equally  distant  from  the  axis ;  X  is  the  radius  of 
the  cylinder ;  v  is  the  temperature  which  points  of  the  solid, 
situated  at  distance  x  from  the  axis,  must  have  after  the  lapse 
of  a  time  denoted  by  t,  since  the  beginning  of  the  cooling. 
Thus  v  is  a  function  of  x  and  t,  and  if  in  it  t  be  made  equal  to 
0,  the  function  of  x  which  arises  from  this  must  necessarily  satisfy 
the  initial  state,  which  is  arbitrary. 

119.  Consider  the  movement  of  heat  in  an  infinitely  thin 
portion  of  the  cylinder,  included  between  the  surface  whose 
radius  is  x,  and  that  whose  radius  is  x  +  dx.  The  quantity  of 
heat  which  this  portion  receives  during  the  instant  dt,  from  the 
part  of  the  solid  which  it  envelops,  that  is  to  say,  the  quantity 
which  during  the  same   time   crosses    the    cylindrical    surface 
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whose  radiufl  is  x,  and  whose  length  is  supposed  to  be  equal 


to  unity,  is  expressed  by 


ax 


To  find  the  quantity  of  heat  which,  crossing  the  second  surface 
whose  radius  \&  x-^dxy  passes  from  the  infinitely  thin  shell  into 
the  part  of  the  solid  which  envelops  it,  we  must,  in  the  foregoing 
expression,  change  x  into  x  +  dx,  or,  which  is  the  same  thing, 
add  to  the  term 

^^Kirx-j-dtf 

the  differential  of  this  term,  taken  with  respect  to  x.  Hence 
the  difference  of  the  heat  received  and  the  heat  lost,  or  the 
quantity  of  heat  which  accumulating  in  the  infinitely  thin  shell 
determines  the  changes  of  temperature,  is  the  same  differential 
taken  with  the  opposite  sign,  or 


iKir .  dt 


•^(^^)' 


on  the  other  hand,  the  volume  of  this  intervening  shell  is  2irxdx, 
and  2  CDirxdx  expresses  the  quantity  of  heat  required  to  raise 
it  from  the  temperature  0  to  the  temperature  1,  C  being  the 
specific  heat,  and  D  the  density.    Hence  the  quotient 

2Kir.dt.d(x^ 
2GIhrxdx 

is  the  increment  which  the  temperature  receives  during  the 
instant  dt    Whence  we  obtain  the  equation 

dt      CD\da?'^ X  dx)  ' 

120.    The  quantity  of  heat  which,   during  the  instant  di^ 
crosses  the  cylindrical  surface  whose  radius  is  a?,  being  expressed 

in  general  by  iKirx^dt,  we  shall  find  that  quantity  which 

escapes  during  the  same  time  from  the  surface  of  the  solid,  by 
making  « » X  in  the  foregoing  value ;  on  the  other  hand,  the 
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same  quantity,  dispersed  into  the  air,  is,  by  the  principle  of  the 
communication  of  heat,  equal  to  2irXhf>dt;   we  must  therefore 

have  at  the  surface  the   definite   equation   —K-w-  =Ai;.     The 

nature  of  these  equations  is  explained  at  greater  length,  either 
in  the  articles  which  refer  to  the  sphere,  or  in  those  wherein  the 
general  equations  have  been  given  for  a  body  of  any  form  what- 
ever. The  function  v  which  represents  the  movement  of  heat  in 
an  infinite  cylinder  must  therefore  satisfy,  1st,  the  general  equa- 
tion -7-  =  ->,^f^-^  +  -:r),  which  applies  whatever  x  and  t  may 
dt      CD\dx*     xdxj'  ^^  ^ 

be;  2nd,  the  definite  equation  77  ^  +  ;j"  =  ^>  which  is  true,  whatever 

the  variable  t  may  be,  when  a;  =  X;  3rd,  the  definite  equation 
v  =  F(x).  The  last  condition  must  be  satisfied  by  all  values 
of  V,  when  t  is  made  equal  to  0,  whatever  the  variable  x  may 
be.  The  arbitrary  function  F(x)  is  supposed  to  be  known ;  it 
corresponds  to  the  initial  state. 

SECTION   IV. 

Eqaatums  of  the  uniform  movement  of  heat  in  a  eolid  prism 

of  infinite  length, 

121.  A  prismatic  bar  is  immersed  at  one  extremity  in  a 
constant  source  of  heat  which  maintains  that  extremity  at  the 
temperature  A ;  the  rest  of  the  bar,  whose  length  is  infinite, 
continues  to  be  exposed  to  a  uniform  current  of  atmospheric  air 
maintained  at  temperature  0;  it  is  required  to  determine  the 
highest  temperature  which  a  given  point  of  the  bar  can  acquire. 

The  problem  diflFers  from  that  of  Article  73,  since  we  now 
take  into  consideration  all  the  dimensions  of  the  solid,  which  is 
necessary  in  order  to  obtain  an  exact  solution. 

We  are  led,  indeed,  to  suppose  that  in  a  bar  of  very  small 
thickness  all  points  of  the  same  section  would  acquire  sensibly 
equal  temperatures;  but  some  uncertainty  may  rest  on  the 
results  of  this  hypothesis.  It  is  therefore  preferable  to  solve  the 
problem  rigorously,  and  then  to  examine,  by  analysis,  up  to  what 
point,  and  in  what  cases,  we  are  justified  in  considering  the 
temperatures  of  different  points  of  the  same  section  to  be  equal. 

F.  H.  7 
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122.  The  section  made  at  right  angles  to  the  length  of  the 
bar,  is  a  square  whose  side  is  21,  the  axis  of  the  bar  is  the  axis 
of  X,  and  the  origin  is  at  the  extremity  A.  The  three  rectangular 
co-ordinates  of  a  point  of  the  bar  are  x,  y,  z,  and  v  denotes  the 
fixed  temperature  at  the  same  point. 

The  problem  consists  in  determining  the  temperatures  which 
must  be  assigned  to  different  points  of  the  bar,  in  order  that 
they  may  continue  to  exist  without  any  change,  so  long  as  the 
extreme  surface  A,  which  communicates  with  the  source  of  heat, 
remains  subject,  at  all  its  points,  to  the  permanent  tempera- 
ture A  ;  thus  t;  is  a  function  of  x,  y,  and  z. 

123.  Consider  the  movement  of  heat  in  a  prismatic  molecule, 
enclosed  between  six  planes  perpendicular  to  the  three  axes 
of  X,  y,  and  z.  The  first  three  planes  pass  through  the  point  m 
whose  co-ordinates  are  x,  y,  z,  and  the  others  pass  through  the 
point  m  whose  co-ordinates  are  x  +  dx,  y-hdy,  z  +  dz. 

To  find  what  quantity  of  heat  enters  the  molecule  during 
unit  of  time  across  the  first  plane  passing  through  the  point  m 
and  perpendicular  to  x,  we  must  remember  that  the  extent  of  the 
surface  of  the  molecule  on  this  plane  is  dydz,  and  that  the  flow 
across  this  area  is,  according  to  the  theorem  of  Article  98,  equal 

to  —  jK^—  ;  thus  the  molecule  receives  across  the  rectangle  dydz 

passing  through  the  point  m  a  quantity  of  heat  expressed  by 

dv 
^Kdydz  -r-  •    To  find  the  quantity  of  heat  which  crosses  the 

opposite  face,  and  escapes  from  the  molecule,  we  must  substitute, 
in  the  preceding  expression,  x-\'dx  for  a?,  or,  which  is  the  same 
thing,  add  to  this  expression  its  differential  taken  with  respect 
to  X  only;  whence  we  conclude  that  the  molecule  loses,  at  its 
second  face  perpendicular  to  a;,  a  quantity  of  heat  equal  to 

-Kdydz£-Kdj,dzd(£j; 

we  must  therefore  subtract  this  from  that  which  enters  at  the 
opposite  face ;  the  differences  of  these  two  quantities  is 

Kdydzd(-f-j,   or,  Kdxdydz-^\ 
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this  expresses  the  quantity  of  heat  accumulated  in  the  molecule 
in  consequence  of  the  propagation  in  direction  of  x  i  which  ac- 
cumulated heat  would  make  the  temperature  of  the  molecule, 
vary,  if  it  were  not  balanced  by  that  which  is  lost  in  some  other 
direction. 

It  is  found  in  the  same  manner  that  a  quantity  of  heat  equal 

to  ^Kdzdx-j-  enters  the  molecule  across  the  plane  passing 

through  the  point  m  perpendicular  to  y^  and  that  the  quantity 
which  escapes  at  the  opposite  face  is 

^Kdzdx-j —  Kdzdxd  (jf-\ » 

the  last  differential  being  taken  with  respect  to  y  only.     Hence 

the  difference  of  the  two  ^quantities,  or  Kdxdydz  y-i^,  expresses 

the  quantity  of  heat  which  the  molecule  acquires,  in  consequence 
of  the  propagation  in  direction  of  y. 

Lastly,  it  is  proved  in  the  game  manner  that  the  molecule 
acquires,  in  consequence  of  the  propagation  in  direction  of  Zg 

a  quantity  of  heat  equal  to  Kdxdydz-jj^.    Now,  in  order  that 

there  may  be  no  change  of  temperature,  it  is  necessary  for  the 
molecule  to  retain  as  much  heat  as  it  contained  at  first,  so  that 
the  heat  it  acquires  in  one  direction  must  balance  that  which  it 
loses  in  another.  Hence  the  sum  of  the  three  quantities  of  heat 
acquired  must  be  nothing;  thus  we  form  the  equation 

dx^^dj/'^dz^^^' 

124.  It  remains  now  to  express  the  conditions  relative  to  the 
surface.  If  we  suppose  the  point  m  to  belong  to  one  of  the  faces 
of  the  prismatic  bar,  and  the  face  to  be  perpendicular  to  z,  we 
see  that  the  rectangle  dxdy^  during  unit  of  time,  permits  a 
quantity  of  heat  equal  to  Vhdx  dy  to  escape  into  the  air, 
V  denoting  the  temperature  of  the  point  m  of  the  surface,  namely 
what  ^  {x,  y,  z)  the  function  sought  becomes  when  z  is  made 
equal  to  I,  half  the  dimension  of  the  prism.  On  th^  other  hand, 
the  quantity  of  heat   which,  by   virtue   of  the   action    of  the 

7—2 
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molecules,  during  unit  of  time,  traverses  an  infinitely  small  surface 
w,  situated  within  the   prism,  perpendicular  to  Zy  is  equal  to 

dv 
—  Km-T-y  according  to  the   theorems  quoted   above.      This   ex- 
pression is  general,  and  applying  it  to  points  for  which  the  co- 
ordinate z  has  its  complete  value  Z,  we  conclude  from  it  that  the 
quantity  of  heat  which  traverses  the  rectangle  dx  dy  taken  at  the 

dv  •  •       dv 

surface  is  ^Kdxdy-^ ^  giving  to  z  in  the  function  -r-  its  com- 

-i.-^  •  •  dv 

plete  value    I,     Hence   the  two  quantities  ^Kdxdy-ry  and 

hdxdyv,  must  be  equal,  in  order  that  the  action  of  the  molecules 

may  agree  with  that  of  the  medium.     This  equality  must  also 

dv 
exist  when  we  give  to  z  in  the  functions  -j-  and  v  the  value  —  I, 

which  it  has  at  the  face  opposite  to  that  first  considered.     Further, 

the  quantity  of  heat  which  crosses  an  infinitely  small  surface  a>, 

dv 
perpendicular  to  the  axis  of  y,  being  —  iTw-r-,  it  follows  that 

that  which  flows  across  a  rectangle  dz  dx  taken  on  a  face  of  the 

dv 
prism  perpendicular  to  y  is  ^ Kdzdx-j~  y  giving  to  y  in  the 

dv 
function  -7-  its  complete  value   I.      Now  this   rectangle  dz  dx 

permits  a  quantity  of  heat  expressed  by  hv  dx  dy  to  escape  into 

the  air;   the  equation  hv^^K-j-  becomes  therefore  necessary, 

dv 
when  y  is  made  equal  to  Z  or  —  Z  in  the  functions  v  and  -j- . 

125.  The  value  of  the  function  v  must  by  hypothesis  be 
equal  to  A,  when  we  suppose  a?  =  0,  whatever  be  the  values  of 
y  and  z.  Thus  the  required  function  v  is  determined  by  the 
following  conditions :  1st,  for  all  values  of  x,  y,  z,  it  satisfies  the 
general  equation 

d^v     ^      ^^  —  ft 
2nd,  it  satisfies   the  equation    y='^+ j~  =  0,  when  y  is  equal  to 
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Z  or  —  Z,   whatever  x  and  z  may  be,  or  satisfies  the  equation 

^.v  +  ;t-  =  0,  when  z  is  equal  to  Z  or  —  I,  whatever  x  and  y  may 

be;  3rd,  it  satisfies  the  equation  v  =  A,  when  a;  =  0,  whatever 
y  and  z  may  be. 

SECTION  V. 

Equations  of  the  varied  movement  of  heat  in  a  solid  cube. 

126.  A  solid  in  the  form  of  a  cube,  all  of  whose  points  have 
acquired  the  same  temperature,  is  placed  in  a  uniform  current  of 
atmospheric  air,  maintained  at  temperature  0.  It  is  required  to 
determine  the  successive  states  of  the  body  during  the  whole 
time  of  the  cooling. 

The  centre  of  the  cube  is  taken  as  the  origin  of  rectangular 
coordinates;  the  three  perpendiculars  dropped  from  this  point  on 
the  faces,  are  the  axes  of  x,  y,  and  z\  2Z  is  the  side  of  the  cube, 
V  is  the  temperature  to  which  a  point  whose  coordinates  are 
X,  y,  z,  is  lowered  after  the  time  t  has  elapsed  since  the  com- 
mencement of  the  cooling:  the  problem  consists  in  determining 
the  function  v,  which  depends  on  x^  y,  z  and  t, 

127.  To  form  the  general  equation  which  v  must  satisfy, 
we  must  ascertain  what  change  of  temperature  an  infinitely 
small  portion  of  the  solid  must  experience  during  the  instant 
dty  by  virtue  of  the  action  of  the  molecules  which  are  extremely 
near  to  it.  We  consider  then  a  prismatic  molecule  enclosed 
between  six  planes  at  right  angles;  the  first  three  pass  through 
the  point  m,  whose  co-ordinates  are  x,  y,  z^  and  the  three  others, 
through  the  point  m',  whose  co-ordinates  are 

x  +  dx,  y  +  dy,  z-{-dz. 

The  quantity  of  heat  which  during  the  instant  dt  passes  into 

the  molecule  across  the  first  rectangle  dydz  perpendicular  to  x, 

...  dv 

is  ^Kdydz-j-  dt,  and  that  which  escapes  in  the  same  time  from 

the  molecule,  through  the  opposite  face,   is  found  by   writing 
X  +  dx  in  place  of  x  in  the  preceding  expression,  it  is 

--Kdydz(^]dt^Kdydzd(^)dt, 
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the  differential  being  taken  with  respect  to  x  only.    The  quantity 

of  heat  which  daring  the  instant  dt  enters  the  molecule,  across 

the  first   rectangle  dzdx   perpendicular   to   the    axis  of  y,  is 

ctv 
—  Kdzdx-j-dt,  and  that  which  escapes  from  the  molecule  during 

the  same  instant,  by  the  opposite  face,  is 

—  Kdz  dx-z-dt  —  Kdzdxd  l-r- )  dt, 

the  differential  being  taken  with  respect  to  y  only.    The  quantity 
of  heat  which  the  molecule  receives  during  the  instant  dt,  through 

its  lower  face,  perpendicular  to  the  axis  of  z,  is  —Kdxdy-^dt, 

and  that,  which  it  loses  through  the  opposite  face  is 

^  K dxdy -J- dt" K dx dy d  l-j-j  dt, 

the  differential  being  taken  with  respect  to  z  only. 

The  sum  of  all  the  quantities  of  heat  which  escape  from  the 
molecule  must  now^  be  deducted  from  the  sum  of  the  quantities 
which  it  receives,  and  the  difference  is  that  which  determines  its 
increase  of  temperature  during  the  instant:  this  difference  is 

Kdydzd(^dt  +  Kdzdxd(~^dt+Kdxdyd(^]^ 


or  Kdxdydzi^^  +  ^  +  ^]dt 


128,  If  the  quantity  which  has  just  been  found  be  divided  by 
that  which  is  necessary  to  raise  the  molecule  from  the  temperature 
0  to  the  temperature  1,  the  increase  of  temperature  which  is 
effected  during  the  instant  dt  will  become  known.  Now,  the 
latter  quantity  is  CDdxdydz:  for  C  denotes  the  capacity  of 
the  substance  for  heat;  D  its  density,  and  dxdydz  the  volume 
of  the  molecule.  The  movement  of  heat  in  the  interior  of  the 
solid  is  therefore  expressed  by  the  equation 

dt  ""  CD\d^^  dy"^  dzV ^"^^^ 
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129.  tt  remains  to  form  the  equations  which  relate  to  the 

state  of  the  surface,  which  presents  no  difficulty,  in  accordance 

with  the  principles  which  we  have  established.      In  fact,  the 

quantity  of  heat  which,  during  the  instant  dt,  crosses  the  rectangle 

dv 
dzdy,  traced  on  a  plane  perpendicular  to  x,  is  -- K  di/ dz -r- dt. 

This  result,  which  applies  to  all  points  of  the  solid,  ought  to  hold 
when  the  value  of  x  is  equal  to  I,  half  the  thickness  of  the  prism. 
In  this  case,  the  rectangle  dy  dz  being  situated  at  the  surface,  the 
quantity  of  heat  which  crosses  it,  and  is  dispersed  into  the  air 
during  the  instant  dt,  is  expressed  by  hv  dy  dz  dty  we  ought  there- 

fore  to  have,  when  a;  =  Z,  the  equation  hv  =  ^K-T-.  This  con- 
dition must  also  be  satisfied  when  a;  =  —  Z. 

It  wiU  be  found  also  that,  the  quantity  of  heat  which  crosses 
the  rectangle  dz  dx  situated  on  a  plane  perpendicular  to  the  axis 

dv 
of  y  being  in  general  —  Kdz  dx  -r- ,  and  that  which  escapes  at  the 

surface  into  the  air  across  the  same  rectangle  being  hvdzdxdt, 

dv 
we  must  have  the  equation  hv  +  K-^^0,  when  y  =  l  or  —  t 

Lastly,  we  obtain  in  like  manner  the  definite  equation 

jb+ii:~=o, 

which  is  satisfied  when  z  —  lor^L 

130.  The  function  sought,  which  expresses  the  varied  move- 
ment of  heat  in  the  interior  of  a  solid  of  cubic  form,  must  therefore 
be  determined  by  the  following  conditions : 

1st.     It  satisfies  the  general  equation 

dt"  C.DKda?^  dy^^dz")' 
2nd.     It  satisfies  the  three  definite  equations 

Ai;+zj  =  0,  Kv^-Kp^O,  Ai;+Ji:J  =  0, 
which  hold  when  a;=  +  Z,  y=±Z,  z  —  '±l\ 
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3rd.  If  in  the  function  v  which  contains  x,  y,  z,  t^  we  make 
f  =  0,  whatever  be  the  values  of  x,  y,  and  z,  we  ought  to  have, 
according  to  hypothesis,  v=^  A,  which  is  the  initial  and  common 
value  of  the  temperature. 

131.  The  equation  arrived  at  in  the  preceding  problem 
represents  the  movement  of  heat  in  the  interior  of  all  solids. 
Whatever,  in  fact,  the  form  of  the  body  may  be,  it  is  evident  that, 
by  decomposing  it  into  prismatic  molecules,  we  shall  obtain  this 
result.  We  may  therefore  limit  ourselves  to  demonstrating  in 
this  manner  the  equation  of  the  propagation  of  heat.  But  in 
order  to  make  the  exhibition  of  principles  more  complete,  and 
that  we  may  collect  into  a  small  number  of  consecutive  articles 
the  theorems  which  serve  to  establish  the  general  equation  of  the 
propagation  of  heat  in  the  interior  of  solids,  and  the  equations 
which  relate  to  the  state  of  the  surface,  we  shall  proceed,  in  the 
two  following  sections,  to  the  investigation  of  these  equations, 
independently  of  any  particular  problem,  and  without  reverting 
to  the  elementary  propositions  which  we  have  explained  in  the 
introduction. 

SECTION    VI. 
General  equation  of  the  propagation  of  heat  in  the  interior  of  solids. 

132.  Theorem  I.  If  the  different  points  of  a  homogeneoits 
solid  mass,  enclosed  between  six  planes  at  right  angles,  have  actual 
temperatures  determined  by  the  linear  equation 

V  =  A  —  ax  —  by  --  cz, (a), 

and  if  the  molecules  situated  at  the  external  surface  on  the  six 
planes  which  bound  the  prism  are  muintained,  by  any  cause  what- 
ever^ at  the  temperature  expressed  by  ths  equation  (a) :  all  the 
molecules  situated  in  the  interior  of  (lie  mass  will  of  themselves 
retain  their  actual  temperatures,  so  that  there  will  be  no  change  in 
the  state  of  the  prism. 

V  denotes  the  actual  temperature  of  the  point  whose  co- 
ordinates are  a;,  y,  a  ;  A,  a,  b,  c,  are  constant  coefficients. 

To  prove  this  proposition,  consider  in  the  solid  any  three 
points  whatever  mif^i,  situated  on  the  same  straight  line  mfi. 
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which  the  point  M  divides  into  two  equal  parts;  denote  by 
a:,  y,  z  the  co-ordinates  of  the  point  Jf,  and  its  temperature  by 
t?,  the  co-ordinates  of  the  point  /a  by  a?  +  a,  y  +  A  ^  +  7,  and  its 
temperature  by  w^  the  co-ordinates  of  the  point  m  by  a?  —  a,  y  —  yS, 
«  —  7,  and  its  temperature  by  u,  we  shall  have 

w  =i  A  —  a  (x  -{-  a)  -  b  (y  +  ^)  -  c  {z  -{-  y), 
u^A-a{x-'a)''b(j/  —  l3)—c{z'-y), 

whence  we  conclude  that, 

v  —  w  =  a2-\-bff  +  cy,    and    w  —  v  =  aa -h 6^  +  C7 ; 
therefore  v  —  tr  =  w  —  r. 

Now  the  quantity  of  heat  which  one  point  receives  from 
another  depends  on  the  distance  between  the  two  points  and 
on  the  dififercDce  of  their  temperatures.  Hence  the  action  of 
the  point  M  on  the  point  fi  is  equal  to  the  action  of  m  on  M; 
thus  the  point  M  receives  as  much  heat  from  m  as  it  gives  up 
to  the  point  fi. 

We  obtain  the  same  result,  whatever  be  the  direction  and 
magnitude  of  the  line  which  passes  through  the  point  if,  and 
is  divided  into  two  equal  parts.  Hence  it  is  impossible  for  this 
point  to  change  its  temperature,  for  it  receives  from  all  parts 
as  much  heat  as  it  gives  up. 

The  same  reasoning  applies  to  all  other  points;  hence  no 
change  can  happen  in  the  state  of  the  solid. 

133.  Corollary  I.  A  solid  being  enclosed  between  two 
infinite  parallel  planes  A  and  B,  if  the  fictual  temperature  of 
its  diflferent  points  is  supposed  to  be  expressed  by  the  equation 
V  =  1  —  0,  and  the  two  planes  which  bound  it  are  maintained 
by  any  cause  whatever,  A  at  the  temperature  1,  and  B  at  the 
temperature  0;  this  particular  case?  will  then  be  included  in 
the  preceding  lemma,  if  we  make  A=l,  a  =  0,  6  =  0,  c  =  1. 

134.  Corollary  II.  If  in  the  interior  of  the  same  solid 
we  imagine  a  plane  M  parallel  to  those  which  bound  it,  we  see 
that  a  certain  quantity  of  heat  flows  across  this  plane  during 
unit  of  time ;  for  two  very  near  points,  such  as  m  and  n,  one 
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of  which  is  below  the  plane  and  the  other  above  it,  are  unequally 
heated;  the  first,  whose  temperature  is  highest,  must  therefore 
send  to  the  second,  during  each  instant,  a  certain  quantity  of  heat 
which,  in  some  cases,  may  be  very  small,  and  even  insensible, 
according  to  the  nature  of  the  body  and  the  distance  of  the  two 
molecules. 

The  same  is  true  for  any  two  other  points  whatever  separated 
by  the  plane.  That  which  is  most  heated  sends  to  the  other 
a  certain  quantity  of  heat,  and  the  sum  of  these  partial  actions, 
or  of  all  the  quantities  of  heat  sent  across  the  plane,  composes 
a  continual  flow  whose  value  does  not  change,  since  all  the 
molecules  preserve  their  temperatures.  It  is  easy  to  prove  that 
this  flow,  or  the  quantity  of  heat  which  crosses  the  plane  M  during 
the  unit  of  time,  is  equivalent  to  that  which  crosses,  during  the  same 
time,  another  plane  N  parallel  to  the  first.  In  fact,  the  part  of 
the  mass  which  is  enclosed  between  the  two  surfaces  M  and 
N  will  receive  continually,  across  the  plane  M,  as  much  heat 
as  it  loses  across  the  plane  N.  If  the  quantity  of  heat,  which 
in  pas3ing  the  plane  M  enters  the  part  of  the  mass  which  is 
considered,  were  not  equal  to  that  which  escapes  by  the  opposite 
surface  N,  the  solid  enclosed  between  the  two  surfaces  would 
acquire  fresh  heat,  or  would  lose  a  part  of  that  which  it  has, 
and  its  temperatures  would  not  be  constant;  which  is  contrary  to 
the  preceding  lemma. 

135.  The  measure  of  the  specific  conducibility  of  a  given 
substance  is  taken  to  be  the  quantity  of  heat  which,  in  an  infinite 
solid,  formed  of  this  substance,  and  enclosed  between  two  parallel 
planes,  flows  during  unit  of  time  across  unit  of  surface,  taken 
on  any  intermediate  plane  whatever,  parallel  to  the  external 
planes,  the  distance  between  which  is  equal  to  unit  of  length, 
one  of  them  being  maintained  at  temperature  1,  and  the  other 
at  temperature  0.  This  constant  flow  of  the  heat  which  crosses 
the  whole  extent  of  the  prism  is  denoted  by  the  coeflicient  K, 
and  is  the  measure  of  the  conducibility. 

136.  Lemma.  If  we  suppose  all  the  temperatures  of  the  solid  in 
question  under  the  preceding  article,  to  be  multiplied  by  any  number 
whatever  g,  so  that  the  equation  of  temperatures  is  v  =  g  — gz, 
instead  of  being  v  =  1  —  z,  and  if  the  two  external  planes  are  mmn- 
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tained,  one  at  the  temperature  g,  and  the  other  at  temperature  0, 
the  constant  flow  of  heat,  in  this  second  hypothesis,  or  the  quantity 
which  during  unit  of  time  crosses  unit  of  surfojce  taken  on  an 
intermediate  plane  parallel  to  the  bases,  is  equ^l  to  the  product 
of  the  first  flow  multiplied  by  g. 

In  fact^  since  all  the  temperatures  have  been  increased  in 
the  ratio  of  1  to  g,  the  differences  of  the  temperatures  of  any 
two  points  whatever  m  and  fi,  are  increased  in  the  same  ratio. 
Hence,  according  to  the  principle  of  the  communication  of  heat, 
in  order  to  ascertain  the  quantity  of  heat  which  m  sends  to  fi 
on  the  second  hypothesis,  we  must  multiply  by  g  the  quantity 
which  the  same  point  m  sends  to  fi  on  the  first  hypothesis. 
The  same  would  be  true  for  any  two  other  points  whatever. 
Now,  the  quantity  of  heat  which  crosses  a  plane  M  results  from 
the  sum  of  all  the  actions  which  the  points  m,  m',  m",  m'",  etc., 
situated  on  the  same  side  of  the  plane,  exert  on  the  points  fi, 
fi,  fi",  fi",  etc.,  situated  on  the  other  side.  Hence,  if  in  the  first 
hypothesis  the  constant  flow  is  denoted  by  K,  it  will  be  equal  to 
gK,  when  we  have  multiplied  all  the  temperatures  by  g. 

137.  Theorem  II.  In  a  prism  whose  constant  temperatures 
are  expressed  by  the  equation  v  =  A  —  ax  -  by  —  cz,  awrf  which 
is  bounded  by  six  planes  at  right  angles  all  of  whose  points  are 
maintained  a^  constant  temperatures  determined  by  the  preceding 
equation,  the  quantity  of  heat  which,  during  unit  of  time,  crosses 
unit  of  surface  taken  on  any  intermediate  plane  whatever  perpen- 
dicular to  z,  is  the  same  as  the  constant  flow  in  a  solid  of  the 
same  substance  would  be,  if  enclosed  between  two  infinite  parallel 
planes,  and  for  which  the  equation  of  constant  temperatures  is 
V  =  c  —  cz. 

To  prove  this,  let  us  consider  in  the  prism,  and  also  in  the 
infinite  solid,  two  extremely   near  points  m  and  fjk,  separated 

Fig.  4. 


«ri—ir— *' 

by  the  plane  M  perpendicular  to  the  axis  of  ^ ;  /*  being  above 
the  plane,  and  m  below  it  (see  fig.  4<),  and  above  the  same  plane 
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let  UB  take  a  point  m  such  that  the  perpendicular  dropped  from 
the  point  fi  on  the  plane  may  also  be  perpendicular  to  the 
distance  mm  at  its  middle  point  h.  Denote  by  x,  y,  z-^-  A,  the 
co-ordinates  of  the  point  /i,  whose  temperature  is  t(;,  by  a?  —  a,  y  —  /9, 
z,  the  co-ordinates  of  m,  whose  temperature  is  »,  and  by  a;  +  a, 
y  +  ^t^f  the  co-ordinates  of  m',  whose  temperature  is  v\ 

The  action  of  m  on  fi,  or  the  quantity  of  heat  which  m  sends 
to  fi  during  a  certain  time,  may  be  expressed  by  j  (t;  —  to).  The 
factor  q  depends  on  the  distance  m/Lt,  and  on  the  nature  of  the 
mass.  The  action  of  m'  on  /*  will  therefore  be  expressed  by 
q{V'-w);  and  the  factor  q  is  the  same  as  in  the  preceding 
expression;  hence  the  sum  of  the  two  actions  of  m  on  fi,  and 
of  m'  on  fi,  or  the  quantity  of  heat  which  /jl  receives  from  m  and 
from  m\  is  expressed  by 

q{v  —  W'\-v'-'w). 

Now,  if  the  points  m,  /*,  m'  belong  to  the  prism,  we  have 

w=A—ax  —  by-^c{z-\-h),  v  =  -4  —  a  (a;  —  a)  —  5  (y  —  /8)  —  c^f, 

and  v'  —  A"a{x-\'a)  —  b{y  +  j3)—cz] 

and  if  the  same  points  belonged  to  an  infinite  solid,  we  should 
have,  by  hypothesis, 

w  =  c-^c{z-\-  h),  v^c—cZf  and  v'^c^cz. 

In  the  first  case,  we  find 

q(V'-W'{-v—w)  =  2qch, 

and,  in  the  second  case,  we  still  have  the  same  result.  Hence 
the  quantity  of  heat  which  fA  receives  from  m  and  from  m'  on 
the  first  hypothesis,  when  the  equation  'of  constant  temperatures 
is  V  =  J.  —  aoj  —  6y  —  c«,  is  equivalent  to  the  quantity  of  heat 
which  fi  receives  from  m  and  from  m'  when  the  equation  of 
constant  temperatures  is  t;  =  c  —  c». 

The  same  conclusion  might  be  drawn  with  respect  to  any  three 
other  points  whatever  m\  fi,  m\  provided  that  the  second  /*'  be 
placed  at  equal  distances  from  the  other  two,  and  the  altitude  of 
the  isosceles  triangle  m  ji*  m  be  parallel  to  z.  Now,  the  quantity 
of  heat  which  crosses  any  plane  whatever  J/,  results  from  the  sum 
of  the  actions  which  all  the  points  m,  m',  m",  mi"  etc.,  situated  on 


SECT.  VI.]  GENERAL  EQUATIONS  OF  PROPAGATION.  109 

one  side  of  this  plane,  exert  on  all  the  points  /i.,  fi,  fi",  fi",  etc 
situated  on  the  other  side :  hence  the  constant  flow,  which,  during 
unit  of  time,  crosses  a  definite  part  of  the  plane  M  in  the  infinite 
solid,  is  equal  to  the  quantity  of  heat  which  flows  in  the  same  time 
across  the  same  portion  of  the  plane  M  in  the  prism,  all  of  whose 
temperatures  are  expressed  by  the  equation 

138.  C0ROLI4ARY.  The  flow  has  the  value  cK  in  the  infinite 
solid,  when  the  part  of  the  plane  which  it  crosses  has  unit  of 

surface.    In  the  prism  also  it  has  the  same  valvs  cK  or  —  K  y . 

It  is  proved  in  the  same  manner,  that  the  constant  flow  which  takes 
place,  during  unit  of  time,  in  the  same  prism  across  unit  of  surface, 
on  any  plane  whatever  perpendicular  to  y,  is  equal  to 

bKor-K$^; 
dy' 

and  that  which  crosses  a  plane  perpendicular  to  x  has  the  value 

aK  or  —  K  -T-  . 
ux 

139.  The  propositions  which  we  have  proved  in  the  preceding 
articles  apply  also  to  the  case  in  which  the  instantaneous  action  of 
a  molecule  is  exerted  in  the  interior  of  the  mass  up  to  an  appre- 
ciable distance.  In  this  case,  we  must  suppose  that  the  cause 
which  maintains  the  external  layers  of  the  body  in  the  state 
expressed  by  the  linear  equation,  afiects  the  mass  up  to  a  finite 
depth.  All  observation  concurs  to  prove  that  in  solids  and  liquids 
the  distance  in  question  is  extremely  small. 

140.  Theorem  III.  If  the  temperatures  at  the  points  of  a 
solid  are  expressed  by  the  equation  v  —  f{x,  y,z,  t),  in  which 
a?,  y,  z  are  the  co-ordinates  of  a  molecule  whose  temperature  is 
equal  to  v  after  the  lapse  of  a  time  t ;  the  flow  of  heat  which 
crosses  part  of  a  plane  traced  in  the  solid,  perpendicular  to  one  of 
the  three  axes,  is  no  longer  constant ;  its  value  is  difi'erent  for 
difierent  parts  of  the  plane,  and  it  varies  also  with  the  time.  This 
variable  quantity  may  be  determined  by  analysis. 
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Let  to  be  an  infinitely  small  circle  whose  centre  coincides  with 

the  point  m  of  the  solid,  and  whose  plane  is  perpendicular  to  the 

vertical  co-ordinate  z ;  during  the  instant  dt  there  will  flow  across 

this  circle  a  certain  quantity  of  heat  which  will  pass  from  the 

pai't   of  the  circle  below  the  plane  of  the  circle  into  the  upper 

part.     This  flow  is  composed  of  all  the  rays  of  heat  which  depart 

from  a  lower  point  and  arrive  at  an  upper  point,  by  crossing 

a  point  of  the  small  surface  «.    We  proceed  to  shew  that  the 

dv 
expression  of  the  value  of  the  fiow  w  —  K  j-  «)dt. 

Let  us  denote  by  x\  y,  z  the  coordinates  of  the  point  m  whose 
temperature  is  v' ;  and  suppose  all  the  other  molecules  to  be 
referred  to  this  point  m  chosen  as  the  origin  of  new  axes  parallel 
to  the  former  axes :  let  ^,  17,  X%  be  the  three  co-ordinates  of  a  point 
referred  to  the  origin  m;  in  order  to  express  the  actual  temperature 
fi;  of  a  molecule  infinitely  near  to  m,  we  shall  have  the  linear 
equation 

.      -,<?y'        dv  ,  .dv 

The  coefficients  v',  -i— >  -?— ,  -7-  are  the  values  which  are  found 

dx    ay    dz 

by  substituting  in  the  functions  <^*  ^r  »  j~  >  ;t-  >  for  tte  variables 

Xj  y  z^  the  constant  quantities  x\  y\  z\  which  measure  the  dis- 
tances of  the  point  m  from  the  first  three  axes  of  x^  y,  and  z. 

Suppose  now  that  the  point  m  is  also  an  internal  molecule  of 
a  rectangular  prism,  enclosed  between  six  planes  perpendicular  to 
the  three  axes  whose  origin  is  m ;  that  to  the  actual  temperature  of 
each  molecule  of  this  prism,  whose  dimensions  are  finite,  is  ex- 
pressed by  the  linear  equation  w  =  -4  +  af  +  fo;  H-  cf,  and  that  the 
six  faces  which  bound  the  prism  are  maintained  at  the  fixed  tem- 
peratures which  the  last  equation  assigns  to  them.  The  state  of 
the  internal  molecules  will  also  be  permanent,  and  a  quantity  of 
heat  measured  by  the  expression  ^Kcindt  will  flow  during  the 
instant  dt  across  the  circle  oi.  ^ 

This  arranged,  if  we   take  as   the  values  of  the  constants 

•  •        »   dv     dv     dv      1      /*      1  ft 

A,  a,  b,  c,  the  quantities  ^>  j~»  j~>  j~»  *"G  fixed  state  of  the 


SECT.  VI.]  GENERAL  EQUATIONS  OF  PROPAGATION.  Ill 

prism  will  be  expressed  by  the  equation 

Thus  the  molecules  infinitely  near  to  the  point  m  will  have, 

during  the  instant  dt,  the  same  actual  temperature  in  the  solid 

whose  state  is  variable,  and  in  the  prism  whose  state  is  constant. 

Hence  the  flow. which  exists  at  the  point  m,  during  the  instant  dt^ 

across  the  infinitely  small  circle  co,  is  the  same  in  either  solid ;  it 

dv' 
is  therefore  expressed  by  —  i"  -i—  fodt 

From  this  we  derive  the  following  proposition 

If  in  a  solid  whose  internal  temperatures  vary  with  the  time,  hy 
virtue  of  the  action  of  the  molecules,  we  trace  any  straight  line  what- 
ever, and  erect  {see  fig,  5),  a^  the  different  points  of  this  line,  the 
ordinates  pm  of  a  plane  curve  equal  to  the  temperatures  of  these 
points  taken  at  the  same  moment;  the  flow  of  heal,  at  each  point  p 
of  the  straight  line,  will  he  proportional  to  the  tangent  of  the  angle 
a  which  the  element  of  the  curve  makes  with  the  parallel  to  the 
ahscissoi ;  that  is  to  say,  if  at  the  point  p  we  place  the  centre  of  an 

Fig.  6. 


infinitely  small  circle  g>  perpendicular  to  the  line,  the  quantity  of 
heat  which  has  flowed  during  the  instant  dt,  across  this  circle,  in 
the  direction  in  which  the  abscissae  op  increase,  will  be  measured 
by  the  product  of  four  factors,  which  are,  the  tangent  of  the  angle 
a,  a  constant  coefficient  K^  the  area  g>  of  the  circle,  and  the  dura- 
tion dt  of  the  instant. 

141.    Corollary.    If  we  represent  by  €  the  abscissa  of  this 
curve  or  the  distance  of  a  point  p  of  the  straight  line  from  a 
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fixed  point  o,  and  by  v  the  ordinate  which  represents  the  tem- 
perature  of  the  point  p,  v  will  vary  with  the  distance  e  and 
will  be  a  certain  function  /(e)  of  that  distance;  the  quantity 
of  heat   which   would   flow  across   the  circle   a>,  placed  at  the 

point  p  perpendicular  to  the  line,  will  he  —Kj-  cadt,  or 

-  Kf  (€)  a>dt, 

denoting  the  function   "^       ^y/'C^)- 

We  may  express  this  result  in  the  following  manner,  which 
facilitates  its  application. 

To  obtain  the  actual  flow  of  heat  at  a  point  p  of  a  straight 
line  dravm  in  a  solid,  whose  temperattcres  vary  by  action  of  the 
molecules,  we  must  divide  the  difference  of  the  temperatures  at 
two  points  infinitely  nsar  to  the  point  p  by  the  distance  between 
these  points.     The  flow  is  proportional  to  the  quotient. 

142.  Theorem  IV.  From  the  preceding  Theorems  it  is 
easy  to  deduce  the  general  equations  of  the  propagation  of  heat. 

Suppose  the  different  points  of  a  homogeneous  solid  of  any 
form  whatever,  to  have  received  initial  temperatures  which  vary 
successively  by  the  effect  of  the  mutual  action  of  the  molecules, 
and  suppose  the  equation  v  =  f  (x,  y,  z,  t)  to  represent  the  successive 
states  of  the  solid,  it  may  now  be  shewn  that  v  a  function  of  four 
variables  necessarily  satisfies  the  equation 


dv__K_/dV     dV     dV\ 
dt  ~  CD  Vdx"  "^  dy'^  ^  dzV  * 


In  fact,  let  us  consider  the  movement  of  heat  in  a  molecule 
enclosed  between  six  planes  at  right  angles  to  the  axes  of  x,  y, 
and  z\  the  first  three  of  these  planes  pass  through  the  point 
m  whose  coordinates  are  x,  y,  z,  the  other  three  pass  through 
the  point  m',  whose  coordinates  are  x  +  dx,  y  +  dy,z-\-  dz. 

During  the  instant  dt,  the  molecule  receives,  across  the 
lower  rectangle   dxdy,    which  passes  through   the   point    wi,    a 

quantity  of  heat  equal  to  ^K  dxdy  j-  dt.    To  obtain  the  quantity 

which   escapes   from  the   molecule  by  the   opposite  face,  it  is 
sufficient  to  change  z  into  z  ■\-  dz   in  the  preceding  expression. 
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that  is  to  say,  to  add  to  this  expression  its  own  differential  taken 
with  respect  to  z  only ;  we  then  have 


dv  y.    r^T    ,      \dzj 


"KcLc  dy  -7-  dt  —Kdx  dy     \      dz 


dt 


as  the  value  of  the  quantity  which  escapes  across  the  upper 
rectangle.  The  same  molecule  receives  also  across  the  first 
rectangle  dzdx  which  passes  through  the  point  m,  a  quantity 

dv 
of  heat  equal  to  —  K-j-djsdxdt;    and  if  we  add  to  this  ex- 
pression its  own  differential  taken  with  respect  to  y  only,  we 
find  that  the  quantity  which  escapes   across  the  opposite   face 
dz  dx  is  expressed  by 


4Pi 
^K^dzdxdt-K^-^dydzdxdL 


dv 


Lastly,  the  molecule  receives  through  the  first  rectangle  dy  dz 

dv 
a  quantity  of  heat  equal  to  --K  -r-dydz  dt,  and  that  which  it 

loses  across  the  opposite  rectangle  which  passes  through  m'  is 
expressed  by 

dv  ^  (£) 

— jK'-t-  dydzdt—K      v       dxdydzdt. 

We  must  now  take  the  sum  of  the  quantities  of  heat  which 
the  molecule  receives  and  subtract  from  it  the  sum  of  those 
which  it  loses.  Hence  it  appears  that  during  the  instant  dt, 
a  total  quantity  of  heat  equal  to 

^d^v     d^v     cPv^ 

accumulates  in  the  interior  of  the  molecule.  It  remains  only 
to  obtain  the  increase  of  temperature  which  must  result  from 
this  addition  of  heat. 

D  being  the  density  of  the  solid,  or  the  weight  of  unit  of 

volume,  and   0  the   specific  capacity,  or  the  quantity  of  heat 

which  raises  the  unit  of  weight  from  the  temperature  0  to  the 

temperature  1 ;  the  product  CDdxdydz   expresses  the  quantity 

P.  H.  8 


^(S+S+S)'^'^'^^'^*'^* 
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of  heat  required  to  raise  from  0  to  1  the  molecule  i^hose  volume 

is  dxdydz.     Hence  dividing  by  this  product  the  quantity  of 

heat  which  the  molecule  has  just  acquired,  we  shall  have  its 

increase  of  temperature.    Thus  we  obtain  the  general  equation 

» 

dt''CD[d?'^d/'^d?J ^^^' 

which  is  the  equation  of  the  propagation  of  heat  in  the  interior 
of  all  solid  bodies. 

143.  Independently  of  this  equation  the  system  of  tempera- 
tures is  often  subject  to  several  definite  conditions,  of  which  no 
general  expression  can  be  given,  since  they  depend  on  the  nature 
of  the  problem. 

If  the  dimensions  of  the  mass  in  which  heat  is  propagated  are 
finite,  and  if  the  surface  is  maintained  by  some  special  cause  in  a 
given  state ;  for  example,  if  all  its  points  retain,  by  virtue  of  that 
cause,  the  constant  temperature  0,  we  shall  have,  denoting  the 
unknown  function  v  hy  <f>  {x,  y,  z,  t),  the  equation  of  condition 
<f>  {x,  y,  z,t)  =  0*,  which  must  be  satisfied  by  all  values  of  x,  y,  z 
which  belong  to  points  of  the  external  surface,  whatever  be  the 
value  of  t  Further,  if  we  suppose  the  initial  temperatures  of  the 
body  to  be  expressed  by  the  known  function  F(x,  y,  z),  we  have 
also  the  equation  ^  (a?,  y,  z,  0)  =  F(x,  y,  z) ;  the  condition  ex- 
pressed by  this  equation  must  be  fulfilled  by  all  values  of  the 
co-ordinates  x,  y,  z  which  belong  to  any  point  whatever  of  the 
solid. 

144.  Instead  of  submitting  the  surface  of  the  body  to  a  con- 
stant temperature,  we  may  suppose  the  temperature  not  to  be 
the  same  at  different  points  of  the  surface,  and  that  it  varies  with 
the  time  according  to  a  given  law ;  which  is  what  takes  place  in 
the  problem  of  terrestrial  temperature.  In  this  case  the  equation 
relative  to  the  surface  contains  the  variable  t 

145.  In  order  to  examine  by  itself,  and  from  a  very  general 
point  of  view,  the  problem  of  the  propagation  of  heat,  the  solid 
whose  initial  state  is  given  must  be  supposed  to  have  all  its 
dimensions  infinite;  no  special  condition  disturbs  then  the  dif- 
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fusion  of  heat,  and  the  law  to  which  this  principle  is  submitted 
becomes  more  manifest ;  it  is  expressed  by  the  general  equation 

to  which  must  be  added  that  which  relates  to  the  initial  arbitrary 
state  of  the  solid. 

Suppose  the  initial  temperature  of  a  molecule,  whose  co- 
ordinates are  x,  y,  e,  to  be  a  known  function  F{x,  y,  js),  and  denote 
the  unknown  value  i;  by  ^  {x,  y,  z,  t),  we  shall  have  the  definite 
equation  <^  (x,  y,  z,  0)  ^F(x,  y,  z) ;  thus  the  problem  is  reduced  to 
the  integration  of  the  general  equation  (A)  in  such  a  manner  that 
it  may  agree,  when  the  time  is  zero,  with  the  equation  which  con- 
tains the  arbitrary  function  F, 


SECTION  VII. 
Oenerai  equation  relative  to  the  surface. 

14<6.  If  the  solid  has  a  definite  form,  and  if  its  origiual  heat 
is  dispersed  gradually  into  atmospheric  air  maintained  at  a  con- 
stant temperature,  a  third  condition  relative  to  the  state  of  the 
surface  must  be  added  to  the  general  equation  (A)  and  to  that 
which  represents  the  initial  state. 

We  proceed  to  examine,  in  the  following  articles,  the  nature  of 
the  equation  which  expresses  this  third  condition. 

Consider  the  variable  state  of  a  solid  whose  heat  is  dispersed 
into  air,  maintained  at  the  fixed  temperature  0.  Let  00  be  an 
infinitely  small  part  of  the  external  surface,  and  fi  a  point  of  cd, 
through  which  a  normal  to  the  surface  is  drawn ;  different  points 
of  this  line  have  at  the  same  instant  different  temperatures. 

Let  V  be  the  actual  temperature  of  the  point  fx,  taken  at  a 
definite  instant,  and  w  the  corresponding  temperature  of  a  point  v 
of  the  solid  taken  on  the  normal,  and  distant  from  fju  by  an  in- 
finitely small  quantity  a.  Denote  by  x,  y,  z  the  co-ordinates  of 
the  point  /i,  and  those  of  the  point  v  by  a;  +  &»,  y  +  8y,  z-\-Zz\ 
letf{x,  y,  is)  =s  0  be  the  known  equation  to  the  surface  of  the  solid, 
and  t;  =  0  (a?,  y,  z,  t)  the  general  equation  which  ought  to  give  the 

8—2 
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value  of  i;  as  a  function  of  the  four  variables  x,  y,  z,  t  Differen- 
tiating the  equation /(a;,  y,  z)  =  0,  we  shall  have 

mdx  +  ndy  +pdz  =  0 ; 

m,  n,  p  being  functions  of  a,  y,  z. 

It  follows  from  the  corollary  enunciated  in  Article  141,  that 
the  flow  in  direction  of  the  normal,  or  the  quantity  of  heat  which 
during  the  instant  dt  would  cross  the  surface  to,  if  it  were  placed 
at  any  point  whatever  of  this  line,  at  right  angles  to  its  direction, 
is  proportional  to  the  quotient  which  is  obtained  by  dividing  the 
difference  of  temperature  of  two  points  infinitely  near  by  their 
distance.  Hence  the  expression  for  the  flow  at  the  end  of  the 
nonfialis 

— -K" a^dt: 

a 

K  denoting  the  specific  conducibility  of  the  mass.  On  the  other 
hand,  the  surface  ta  permits  a  quantity  of  heat  to  escape  into  the 
air,  during  the  time  dt,  equal  to  hvtodt ;  h  being  the  conducibility 
relative  to  atmospheric  air.  Thus  the  flow  of  heat  at  the  end  of 
the  normal  has  two  different  expressions,  that  is  to  say  : 

hvfodt  and  —  K mdt ; 

a 

hence  these  two  quantities  are  equal ;  and  it  is  by  the  expression 
of  this  equality  that  the  condition  relative  to  the  surface  is  in- 
troduced into  the  analysis. 

147.    We  have 

.  s>  ,  dv  ^       dv  ^       dv  ^ 

dx  dy    ^      dz 

Now,  it  follows  from  the  principles  of  geometry,  that  the  co- 
ordinates Saj,  Sy,  Sjj,  which  fix  the  position  of  the  point  v  of  the 
normal  relative  to  the  point  /it,  satisfy  the  following  conditions : 

pSx  =  miz^      pSy  =  nBz, 

We  have  therefore 


w 


1  /     dv  ^     dv  ^     dv\  ^ 
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we  have  also 

a  =  y&?TSpTS?=  -  (m«  +  n« +!>*)*  S«, 

P 

or  a^^hz,  denoting  by  q  the  quantity  (m*  +  w"  +  p*)  , 

hence  __  =  ^«„  +  „_+^^j  -  ; 

consequently  the  equation 

hv€i>dt  =  -  A?  ( j  cwZ^ 

becomes  the  following' : 

"^£+"f +^£+i**=<' ^^^- 

This  equation  is  definite  and  applies  only  to  points  at  the 
surface ;  it  is  that  which  must  be  added  to  the  general  equation  of 
the  propagation  of  heat  (A),  and  to  the  condition  which  deter- 
mines the  initial  state  of  the  solid ;  m,  n,  p,  q^  are  known  functions 
of  the  co-ordinates  of  the  points  on  the  surface. 

148.  The  equation  (B)  signifies  in  general  that  the  decrease  of 
the  temperature,  in  the  direction  of  the  normal,  at  the  boundary  of 
the  solid,  is  such  that  the  quantity  of  heat  which  tends  to  escape 
by  virtue  of  the  action  of  the  molecules,  is  equivalent  always  to 
that  which  the  body  must  lose  in  the  medium. 

The  mass  of  the  solid  might  be  imagined  to  be  prolonged, 
in  such  a  maimer  that  the  surface,  instead  of  being  exposed  to  the 
air,  belonged  at  the  same  time  to  the  body  which  it  bounds,  and 
to  the  mass  of  a  solid  envelope  which  contained  it.  If,  on  this 
hypothesis,  any  cause  whatever  regulated  at  every  instant  the 
decrease  of  the  temperatures  in  the  solid  envelope,  and  determined 
it  in  such  a  manner  that  the  condition  expressed  by  the  equation 
(B)  was  always  satisfied,  the  action  of  the  envelope  would  take  the 

1  Let  iV  be  the  normal, 


dv      mdv 


the  rest  as  in  the  text.    [R.  L.  E.] 
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place  of  that  of  the  air,  and  the  movement  of  heat  would  be  the 
same  in  either  case :  we  can  suppose  then  that  this  cause  exists, 
and  determine  on  this  hypothesis  the  variable  state  of  the  solid ; 
which  is  what  is  done  in  the  employment  of  the  two  equations 
(A)  and  (B). 

By  this  it  is  seen  how  the  interruption  of  the  mass  and  the 
action  of  the  medium,  disturb  the  diffusion  of  heat  by  submitting 
it  to  an  accidental  condition. 

149.  We  may  also  consider  the  equation  (B),  which  relates 
to  the  state  of  the  surface  under  another  point  of  view :  but  we 
must  first  derive  a  remarkable  consequence  from  Theorem  ill. 
(Art  140).  "We  retain  the  construction  referred  to  in  the  corollary 
of  the  same  theorem  (Art..  141).  Let  x,  y,  z  be  the  co-ordinates 
of  the  point  p,  and 

x-\-hxy    y^-Zy,    2-^hz 

those  of  a  point  q  infinitely  near  to  p^  and  taken  on  the  straight 
line  in  question :  if  we  denote  by  v  and  w  the  temperatures  of  the 
two  points  p  and  q  taken  at  the  same  instant,  we  have 

hence  the  quotient 

hv      dv    Sx     dv    dy  ^  dv   Sz         .  ^       /s^jfc  .  g  j  .  3^^ 

thus  the  quantity  of  heat  which  flows  across  the  surface  o>  placed 
at  the  point  m,  perpendicular  to  the  straight  line,  is 

^K  dti—  ^  .  ^  ^j.^  ^l 
\dx    $€      dy    Se      dz    SeJ 

dt)  ox 

The  first  term  is  the  product  of  —  jK'-t-  by  <ft  and  by  to  -^. 

The  latter  quantity  is,  according  to  the  principles  of  geometry,  the 
area  of  the  projection  of  a>  on  the  plane  of  y  and  z ;  thus  the 
product  represents  the  quantity  of  heat  which  would  flow  across 
the  area  of  the  projection,  if  it  were  placed  at  the  point  p  perpen- 
dicular to  the  axis  of  x. 
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The  second  term  —  K-r-cD-^dt  represents  the  quantity  of 

heat  which  would  cross  the  projection  of  to,  made  on  the  plane  of 
X  and  z,  if  this  projection  were  placed  parallel  to  itself  at  the 
point  p. 

Lastly,  the  third  term  -^K-r-oo  ^dt  represents  the  quantity 

of  heat  which  would  flow  during  the  instant  dt,  across  the  projec- 
tion of  a>  on  the  plane  of  x  and  y,  if  this  projection  were  placed  at 
the  point  p,  perpendicular  to  the  co-ordinate  z. 

By  this  it  is  seen  that  the  quantity  of  heat  which  flows  across 
every  infinitely  small  part  of  a  surface  drawn  in  the  interior  of  iJie 
solid,  can  always  be  decomposed  into  three  other  quantities  of  flow, 
which  penetrate  the  three  orthogonal  projections  of  the  swrfa^,  along 
the  directions  perpendicular  to  the  planes  of  the  projections.  The 
result  gives  rise  to  properties  analogous  to  those  which  have 
been  noticed  in  the  theory  of  forces. 

150.  The  quantity  of  heat  which  flows  across  a  plane  surface 
ci>,  infinitely  small,  given  in  form  and  position,  being  equivalent 
to  that  which  would  cross  its  three  orthogonal  projections,  it  fol- 
lows that,  if  in  the  interior  of  the  solid  an  element  be  imagined  of 
any  form  whatever,  the  quantities  of  heat  which  pass  into  this 
polyhedron  by  its  different  faces,  compensate  each  other  recipro- 
cally: or  more  exactly,  the  sum  of  the  terms  of  the  first  order, 
which  enter  into  the  expression  of  the  quantities  of  heat  received 
by  the  molecule,  is  zero  ;  so  that  the  heat  which  is  in  fact  accumu- 
lated in  it,  and  makes  its  temperature  vaiy,  cannot  be  expressed 
except  by  terms  infinitely  smaller  than  those  of  the  first  order. 

This  result  is  distinctly  seen  when  the  general  equation  (A) 
has  been  established,  by  considering  the  movement  of  heat  in 
a  prismatic  molecule  (Articles  127  and  142) ;  the  demonstration 
may  be  extended  to  a  molecule  of  any  form  whatever,  by  sub- 
stituting for  the  heat  received  through  each  face,  that  which  its 
three  projections  would  receive. 

In  other  respects  it  is  necessary  that  this  should  be  so  :  for,  if 
one  of  the  molecules  of  the  solid  acquired  during  each  instant  a 
quantity  of  heat  expressed  by  a  term  of  the  first  order,  the  varia- 
tion of  its  temperature  would  be  infinitely  greater  than  that  of 
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otlier  molecules,  that  is  to  say,  during  each  infinitely  small  instant 
its  temperature  would  increase  or  decrease  by  a  finite  quantity, 
which  is  contrary  to  experience. 

151.     We  proceed  to  apply  this  remark  to  a  molecule  situated 
at  the  external  surface  of  the  solid. 


I 


Fig.  6. 


a 


c 


I 


Through  a  point  a  (see  fig.  6),  taken  on  the  plane  of  x  and  y, 
draw  two  planes  perpendicular,  one  to  the  axis  of  x  the  other  to 
the  axis  of  y.  Through  a  point  h  of  the  same  plane,  infinitely 
near  to  a,  draw  two  other  planes  parallel  to  the  two  preceding 
planes ;  the  ordinates  z,  raised  at  the  points  a,  ft,  c,  d,  up  to  the 
external  surface  of  the  solid,  will  mark  on  this  surface  four  points 
a'y  6',  c',  d\  and  will  be  the  edges  of  a  truncated  prism,  whose  base 
is  the  rectangle  ahcd.  If  through  the  point  a'  which  denotes  the 
least  elevated  of  the  four  points  a',  h\  c\  d!,  a  plane  be  drawn 
parallel  to  that  of  x  and  y,  it  will  cut  oflF  from  the  truncated  prism 
a  molecule,  one  of  whose  faces,  that  is  to  say  a'6'c'd',  coincides 
with  the  surface  of  the  solid.  The  values  of  the  four  ordinates 
aa\  cc't  dd',  W  are  the  following: 

Qjo!  ^z, 

CC  s=  «  +  -J—  CMC, 

Cur 


dz  dz 
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152.     One  of  the  faces  perpendicular  to  a:  is  a  triangle,  and 
the  opposite  face  is  a  trapezium.    The  area  of  the  triangle  is 

1  J    dz  J 

and  the  flow  of  heat  in  the  direction  perpendicular  to  this  surface 

dv 
being  —  iT  -r-  we  have,  omitting  the  factor  dt, 

T^dv  1  J    dz  J 

as  the  expression  of  the  quantity  of  heat  which  in  one  instant 
passes  into  the  molecule,  across  the  triangle  in  question. 
The  area  of  the  opposite  face  is 


X^y^^^^^'^Ty^y)^ 


and  the  flow  perpendicular  to  this  face  is  also  •-  K-j-,  suppress- 
ing terms  of  the  second  order  infinitely  smaller  than  those  of  the 
first;  subtracting  the  quantity  of  heat  which  escapes  by  the  second 
face  from  that  which  enters  by  the  first  we  find 

K-y-  -J-  dx  dy, 
dx   dx        ^ 

This  term  expresses  the  quantity  of  heat  the  molecule  receives 
through  the  faces  perpendicular  to  x. 

It  will  be  found,  by  a  similar  process,  that  the  same  molecule 
receives,  through  the  faces  perpendicular  to  y,  a  quantity  of  heat 

equal  to  K  -f-  ^dx  dy. 

The  quantity  of  heat  which  the  molecule  receives  through  the 

dv 
rectangular  base  is  —K-^dxdy.     Lastly,  across  the  upper  sur-. 

face  ah'c'd,  a  certain  quantity  of  heat  is  permitted  to  escape, 
equal  to  the  product  of  At;  into  the  extent  a>  of  that  surface. 
The  value  of  a>  is,  according  to  known  principles,  the  same  as  that 

of  dx  dy  multiplied  by  the  ratio  - ;  €  denoting  the  length  of  the 

normal  between  the  external  surface  and  the  plane  of  x  and  y,  and 
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hence  the  molecule  loses  across  its  surface  aUcd!  a  quantity  of 

heat  equal   to  hvdxdy  -. 

Now,  the  terms  of  the  first  order  which  enter  into  the  expression 
of  the  total  quantity  of  heat  acquired  by  the  molecule,  must  cancel 
each  other,  in  order  that  the  variation  of  temperature  may  not  be 
at  each  instant  a  finite  quantity ;  we  must  then  have  the  equation 

-K'f-T-  -j-dxdy  +  --r-  -j-dxdy—j-  dxdy\  ^hv-dxdy  =  0, 

h     €  ^dv  dz      dv  dz  ^dv 
K    z     dx  dx      dy  dy      dz* 

153.  Substituting  for  -y-  and  -7-  their  values  derived  from 

ax  ay 

the  equation 

mdx  +  ndy  •\-pdz  =  0, 

and  denoting  by  q  the  quantity 
we  have 

^(■•l+»|*''S)+»'«-« («)• 

thus  we  know  distinctly  what  is  represented  by  each  of  tlie 
terms  of  this  equation. 

Taking  them  all  with  contrary  signs  and  multiplying  them 
by  dxdy^  the  first  expresses  how  much  heat  the  molecule  receives 
through  the  two  faces  perpendicular  to  x,  the  second  how  much 
it  receives  through  its  two  faces  perpendicular  to  y,  the  third 
how  much  it  receives  through  the  face  perpendicular  to  z,  and 
the  fourth  how  much  it  receives  from  the  medium.  The  equation 
therefore  expresses  that  the  sum  of  all  the  terms  of  the  first 
order  is  zero,  and  that  the  heat  acquired  cannot  be  represented 
except  by  terms  of  the  second  order. 

154.  To  arrive   at  equation  (B),   we  in  fact  consider  one 
of  the  molecules  whose  base  is  in  the  surface  of  the  solid,  as 
a  vessel  which  receives  or  loses  heat  through  its  different  faces.' 
The  equation  signifies  that  all  the  terms  of  the  first  order  which 
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enter  into  the  expression  of  the  heat  acquired  cancel  each  other; 
80  that  the  gain  of  heat  cannot  be  expressed  except  by  terms 
of  the  second  order.  We  may  give  to  the  molecule  the  form, 
either  of  a  right  prism  whose  axis  is  normal  to  the  surface  of  the 
solid,  or  that  of  a  truncated  prism,  or  any  form  whatever. 

The  general  equation  (A),  (Art.  142)  supposes  that  all  the 
terms  of  the  first  order  cancel  each  other  in  the  interior  of  the 
mass,  which  is  evident  for  prismatic  molecules  enclosed  in  the 
solid.  The  equation  (B),  (Art«  147)  expresses  the  same  result 
for  molecules  situated  at  the  boundaries  of  bodies. 

Such  are  the  general  points  of  view  from  which  we  may  look 
at  this  part  of  the  theory  of  heat. 

rp,  ^.      dv      K  fd^v  .  d*v     cPv\  .    ., 

The  equation  jr  =  j^  I  j-^  +  -,^  +  -r-,  1  represents  the  move- 
ment of  heat  in  the  interior  of  bodies.  It  enables  us  to  ascer- 
tain the  distribution  from  instant  to  instant  in  all  substances 
solid  or  liquid ;  from  it  we  may  derive  the  equation  which 
belongs  to  each  particular  case. 

In  the  two  following  articles  we  shall  make  this  application 
to  the  problem  of  the  cylinder,  and  to  that  of  the  sphere. 


SECTION  VIII. 

r 

Application  of  the  general  equations. 

155.  Let  us  denote  the  variable  radius  of  any  cylindrical 
envelope  by  r,  and  suppose,  as  formerly,  in  Article  118,  that 
all  the  molecules  equally  distant  from  the  axis  have  at  each 
instant  a  common  temperature ;  v  will  be  a  function  of  r  and  t ; 
r  is  a  function  of  y,  z,  given  by  the  equation  r*  =  ^  +  s?.  It  is 
evident  in  the  first  place  that  the  variation  of  v  with  respect 

to  a;  is  nul ;  thus  the  term  -j-^  must  be  omitted.    We  shall  have 

then,  according  to  the  principles  of  the  differential  calculus,  the 
equations 

dv^dvdr        ,   d^ _ dH;  /^ V     dv  /rfV\ 
dy^drdy  *°^   dp''dr'\di/J  '^d?[df)' 

dv^dvdr        ,    cTv  _  d^v  fdr\^     dv  (d^r\ 
dz^di-dz   ^^^    di^~d?\dz}  '^d?W)' 
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whence 

dy''^d!f''dr']\dy)  ^\dz)  ^  dr\df'^ di^j] ^^^' 

In  the  second  member  of  the  equation,  the  quantities 

dr     dr     d\     d^r 

must  be  replaced  by  their  respective  values ;  for  which  purpose 
we  derive  from  the  equation  y*  +  »■  =  r*, 

dr       J  -      (dr\^  .     dV 

dr       ,  -      fdr\*  .     dV 
and  consequently 

»'^--'{(l)'-(£)}' 

The  first  equation,  whose  first  member  is  equal  to  r*,  gives 

(D'-(S'-' oy- 

the  second  gives,  when  we  substitute  for 

(I)'-©'  ■ 

its  value  1, 

c?V     dV_l 

rfy"'*"da«"r ^^^• 

If  the  values  given  by  equations  (6)  and  (c)  be  now  substi- 
tuted in  (a),  we  have 

d*v  ,  cPv     d^v     \  dv 
dy*     d«"     dr"     r  dr  * 

Hence  the  equation  which  expresses  the  movement  of  heat 
in  the  cylinder,  is 

dv_  J^  fd^v     1  dv\ 
dt'^  CD\dr^^l^dr)' 

as  was  found  formerly,  Art.  119. 
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We  might  also  suppose  that  particles  equally  distant  from 
the  centre  have  not  received  a  common  initial  temperature; 
in  this  case  we  should  arrive  at  a  much  more  general  equation. 

156.  To  determine,  by  means  of  equation  (A),  the  movement 
of  heat  in  a  sphere  which  has  been  immersed  in  a  liquid,  we 
shall  regard  t;  as  a  function  of  r  and  t;  r  is  a  function  of  x,  y,  z, 
given  by  the  equation 

r^^x^  +  y'  +  z\ 
r  being  the  variable  radius  of  an  envelope.     We  have  then 


dv^^dv  dr        ,   ^ 
dx"  dr  dx  da? 


_  d*v  /dr\^     dv  d^r 
^d7^\dx)  ^  drda?' 

dv  ^dv  dr        ,    d\ _ d^v/drV  '  dv  d^r 
dy "  dr  dy  dy*     dr*  \dy/       dr  dy* ' 

dv  ^dv  dr       ^   ^^  ^  ^  ^^^^'  a.  —  ^L 
dz  ""  dr  dz  d«* ""  dr*  \dz)      dr  dz^ ' 

Making  these  substitutions  in  the  equation 


dt"  CD 


fd^;     d»r     d*t?) 
[dx^^ df'^ dz']  ' 


we  shall  have 


dv 


_  K  \^'o{(dr^?     (dr^     (dz;^\     dv^id^     ^     d}rV\. 
"  midr^X^dx)  ^\dy)  ^\dr)ydr\da?'^df^dz']\^'^^' 

The  equation  a5^  +  ^  +  «'  =  r"  gives  the  following  results ; 

dr 


X  -^  r  — 
dx 


dr       J  -      /drV  .     d^r 
dr       J  -      /dr\"  .     d"r 


Z  S5  Y  *— — 

dz 


The  three  equations  of  the  first  order  give  : 

^.^..=.|(|)V(|)%(£-)]. 
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The  three  equations  of  the  second  order  give : 

3=fej  +UJ  +fcj  +id?  +  d7+d?r 

and  substituting  for 
its  value  1,  we  have 

Making  these  substitutions  in  the  equation  (a)  we  have  the 
equation 

dv_K^  fdV     2  dv\ 
dt  "CLldt^^r  drj* 

which  is  the  same  as  that  of  Art.  114. 

The  equation  would  contain  a  greater  number  of  terms,  if  we 
supposed  molecules  equally  distant  from  the  centre  not  to  have 
received  the  same  initial  temperature. 

"We  might  also  deduce  from  the  definite  equation  (B),  the 
equations  which  express  the  state  of  the  surface  in  particular 
cases,  in  which  we  suppose  solids  of  given  form  to  communicate 
their  heat  to  the  atmospheric  air ;  but  in  most  cases  these  equa- 
tions present  themselves  at  once,  and  their  form  is  very  simple, 
when  the  co-ordinates  are  suitably  chosen. 


SECTION  IX. 
General  Remarks, 

167.  The  investigation  of  the  laws  of  movement  of  heat  in 
solids  now  consists  in  the  integration  of  the  equations  which  we 
have  constructed;  this  is  the  object  of  the  following  chapters. 
We  conclude  this  chapter  with  general  remarks  on  the  nature 
of  the  quantities  which  enter  into  our  analysis. 

In  order  to  measure  these  quantities  and  express  them  nume- 
rically, they  must  be  compared  with  difierent  kinds  of  units,  five 
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in  number,  namely,  the  unit  of  length,  the  unit  of  time,  that  of 
temperature,  that  of  weight,  and  finally  the  unit  which  serves  to 
measure  quantities  of  heat.  For  the  last  unit,  we  might  have 
chosen  the  quantity  of  heat  which  raises  a  given  volume  of  a 
certain  substance  from  the  temperature  0  to  the  temperature  1. 
The  choice  of  this  unit  would  have  been  preferable  in  many 
respects  to  that  of  the  quantity  of  heat  required  to  convert  a  mass 
of  ice  of  a  given  weight,  into  an  equal  mass  of  water  at  0,  without 
raising  its  temperature.  We  have  adopted  the  last  unit  only 
because  it  had  been  in  a  manner  fixed  beforehand  in  several  works 
on  physics ;  besides,  this  supposition  would  introduce  no  change 
into  the  results  of  analysis. 

158.  The  specific  elements  which  in  every  body  detemine 
the  measurable  effects  of  heat  are  three  in  number,  namely,  the 
conducibility  proper  to  the  body,  the  conducibility  relative  to  the 
atmospheric  air,  and  the  capacity  for  heat.  The  numbers  which 
express  these  quantities  are,  like  the  specific  gravity,  so  many 
natural  characters  proper  to  different  substances. 

We  have  already  remarked.  Art.  36,  that  the  conducibility  of 
the  surface  would  be  measured  in  a  more  exact  manner,  if  we  had 
su£Scient  observations  on  the  effects  of  radiant  heat  in  spaces 
deprived  of  air. 

It  may  be  seen,  as  has  been  mentioned  in  the  first  section  of 
Chapter  L,  Art.  11,  that  only  three  specific  coefficients,  K,  h,  C, 
enter  into  the  investigation ;  they  must  be  determined  by  obser- 
vation; and  we  shall  point  out  in  the  sequel  the  experiments 
adapted  to  make  them  known  with  precision. 

159.  The  number  C  which  enters  into  the  analysis,  is  always 
multiplied  by  the  density  D,  that  is  to  say,  by  the  number  of 
units  of  weight  which  are  equivalent  to  the  weight  of  unit  of 
volume ;  thus  the  product  CD  may  be  replaced  by  the  coeffi- 
cient c.  In  this  case  we  must  understand  by  the  specific  capacity 
for  heat,  the  quantity  required  to  raise  from  temperature  0  to 
temperature  1  unit  of  volume  of  a  given  substance,  and  not  imit  of 
weight  of  that  substance. 

With  the  view  of  not  departing  from  the  common  definition, 
we  have  referred  the  capacity  for  heat  to  the  weight  and  not  to 
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the  volume ;  but  it  would  be  preferable  to  employ  the  coeflBcient  c 
which  we  have  just  defined ;  magnitudes  measured  by  the  unit 
of  weight  would  not  then  enter  into  the  analytical  expressions : 
we  should  have  to  consider  only,  Ist,  the  linear  dimension  x,  the 
temperature  v,  and  the  time  t ;  2nd,  the  coefficients  c,  h,  and  K. 
The  three  first  quantities  are  undetermined,  and  the  three  others 
are,  for  each  substance,  constant  elements  which  experiment 
determines.  As  to  the  unit  of  surface  and  the  unit  of  volume, 
they  are  not  absolute,  but  depend  on  the  unit  of  length. 

160.  It  must  now  be  remarked  that  every  undetermined 
magnitude  or  constant  has  one  dimension  .proper  to  itself,  and 
that  the  terms  of  one  and  the  same  equation  could  not  be  com- 
pared, if  they  had  not  the  same  exponent  of  dimension.  We  have 
introduced  this  consideration  into  the  theory  of  heat,  in  order  to 
make  our  definitions  more  exact,  and  to  serve  to  verify  the 
analysis;  it  is  derived  from  primary  notions  on  quantities;  for 
which  reason,  in  geometry  and  mechanics,  it  is  the  equivalent 
of  the  fundamental  lemmas  which  the  Greeks  have  left  us  with- 
out proof. 

161.  In  the  analytical  theory  of  heat,  every  equation  (E) 
expresses  a  necessary  relation  between  the  existing  magnitudes 
X,  t,  V,  c,  h,  K,  This  relation  depends  in  no  respect  on  the  choice 
of  the  unit  of  length,  which  from  its  very  nature  is  contingent, 
that  is  to  say,  if  we  took  a  different  unit  to  measure  the  linear 
dimensions,  the  equation  (E)  would  still  be  the  same.  Suppose 
then  the  unit  of  length  to  be  changed,  and  its  second  value  to  be 
equal  to  the  first  divided  by  m.  Any  quantity  whatever  x  which 
in  the  equation  {E)  represents  a  certain  line  aJ,  and  which,  con- 
sequently, denotes  a  certain  number  of  times  the  unit  of  length, 
becomes  ?na;,  corresponding  to  the  same  length  ah ;  the  value  t 
of  the  time,  and  the  value  v  of  the  temperature  will  not  be 
changed ;  the  same  is  not  the  case  with  the  specific  elements 

h,  K,  c:  the  first,  A,  becomes  — ^ ;  for  it  expresses  the  quantity  of 

heat  which  escapes,  during  the  unit  of  time,  from  the  unit  of  sur- 
face at  the  temperature  1.  If  we  examine  attentively  the  nature 
of  the  coefficient  K,  as  we  have  defined  it  in  Articles  68  and  135, 
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K 

we  perceive  that  it  becomes   — ;   for  the  flow   of  heat  varies 

directly  as  the  area  of  the  surface,  and  inversely  as  the  distance 
between  two  infinite  planes  (Art.  72).  As  to  the  coefficient  c 
which  represents  the  product  CD,  it  also  depends  on  the  unit  of 

length  and  becomes  — j;  hence  equation  (JE)  must  undergo  no 

change  when  we  write  mx  instead  of  x,  and  at  the  same  time 

K      h        r 

—  ,  — i ,  — a ,  instead  of  K.  h,  c:  the  number  m  disappears  after 
m     m      m  .  ** 

these  substitutions :  thus  the  dimension  of  x  with  respect  to  the 
unit  of  length  is  1,  that  of  ^  is  —  1,  that  of  A  is  —  2,  and  that  of  c 
is  —  3.  If  we  attribute  to  each  quantity  its  own  exponent  of  di- 
mension, the  equation  will  be  homogeneous,  since  every  term  will 
have  the  same  total  exponent.  Numbers  such  as  8,  which  repre- 
sent surfaces  or  solids,  are  of  two  dimensions  in  the  first  case, 
and  of  three  dimensions  in  the  second.  Angles,  sines,  and  other 
trigonometrical  functions,  logarithms  or  exponents  of  powers,  are, 
according  to  the  principles  of  analysis,  ahsolute  numbers  which  do 
not  change  with  the  unit  of  length ;  their  dimensions  must  there- 
fore be  taken  equal  to  0,  which  is  the  dimension  of  all  abstract 
numbers. 

If  the  unit  of  time,  which  was  at  first  1,  becomes  -,  the  number 

n 

t  will  become  nt,  and  the  numbers  x  and  v  will  not  change.    The 

coefficients  Klh,  c  will  become  — ,    - ,  c.     Tlius  the  dimensions 

n     n 

of  X,  t,  V  with  respect  to  the  unit  of  time  are  0, 1,  0,  and  those  of 

K,  A,  c  are  —  1,-1,  0. 

If  the  unit  of  temperature  be  changed,  so  that  the  temperature 
1  becomes  that  which  corresponds  to  an  effect  other  than  the 
boiling  of  water;  and  if  that  effect  requires  a  less  temperature, 
which  is  to  that  of  boiling  water  in  the  ratio  of  1  to  the  number  j}; 
V  will  become  vp,  x  and  t  will  keep  their  values,  and  the  coeffi- 
cients K,  h,  c  will  become  — ,   -  ,  -  . 

p     p    p 

The  following  table  indicates  the  dimensions  of  the  three 
undetermined  quantities  and  the  three  constants,  with  respect 
to  each  kind  of  unit. 

F.  H.  9 
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Quantity  or  Constant 

Length. 

Duration. 

Temperature. 

Exponent  of  dimension  of  x  ... 

♦»                            M                   t   ... 
II                            II                  V  ... 

The  specific  conducibility,    K  ... 
The  surface  condadbility,    h  ... 
The  capacity  for  heat,         e    ... 

1 

0 

0 

-1 

-2 

-3 

0 
1 
0 
-1 
-1 
0 

0 

0 

1 

-1 

-1 

-1 

162.  If  we  retained  the  coefficients  C  and  D,  whose  product 
has  been  represented  by  c,  we  should  have  to  consider  the  unit  of 
weight,  and  we  should  find  that  the  exponent  of  dimension,  with 
respect  to  the  unit  of  length,  is  —  3  for  the  density  D,  and  0 

for  a 

On  applying  the  preceding  rule  to  the  different  equations  and 
their  transformations,  it  will  be  found  that  they  are  homogeneous 
with  respect  to  each  kind  of  unit,  and  that  the  dimension  of  every 
angular  or  exponential  quantity  is  nothing.  If  this  were  not  the 
case,  some  error  must  have  been  committed  in  the  analysis,  or 
abridged  expressions  must  have  been  introduced. 

If,  for  example,  we  take  equation  (6)  of  Art.  105, 

dt"  CDdx^     CDS 

we  find  that,  with  respect  to  the  unit  of  length,  the  dimension  of 
each  of  the  three  terms  is  0 ;  it  is  1  for  the  unit  of  temperature, 
and  —  1  for  the  unit  of  time. 

In  the  equation  t;  =  Ae*  ^^  of  Art.  76,  the  linear  dimen- 
sion of  each  term  is  0,  and  it  is  evident  that  the  dimension  of  the 

exponent  a? a/  vw  is  always  nothing,  whatever  be  the  units  of 
length,  time,  or  temperature. 


V, 


CHAPTER   III. 

PBOPAGATION  QF  HEAT  IN  AN  INFINITE  BECTANGULAB  SOLID. 

SECTION  L 
Statement  of  the  pr(ji>lem. 

163.  Problems  relative  to  the  uniform  propagation,  or  to 
the  varied  movement  of  heat  in  the  interior  of  solids,  are  reduced, 
by  the  foregoing  methods,  to  problems  of  pure  analysis,  and 
the  progress  of  this  part  of  physics  will  depend  in  consequence 
upon  the  advance  which  may  be  made  in  the  art  of  analysis. 
The  differential  equations  which  we  have  proved  contain  the 
chief  results  of  the  theory ;  they  express,  in  the  most  general 
and  most  concise  manner,  the  necessary  relations  of  numerical 
analysis  to  a  very  extensive  class  of  phenomena;  and  they 
connect  for  ever  with  mathematical  science  one  of  the  most 
important  branches  of  natural  philosophy. 

It  remains  now  to  discover  the  proper  treatment  of  these 
equations  in  order  to  derive  their  complete  solutions  and  an 
easy  application  of  them.  The  following  problem  offers  the 
first  example  of  analysis  which  leads  to  such  solutions ;  it 
appeared  to  us  better  adapted  than  any  other  to  indicate  the 
elements  of  the  method  which  we  have  followed. 

164.  Suppose  a  homogeneous  solid  mass  to  be  contained 
between  two  planes  B  and  G  vertical,  parallel,  and  infinite,  and 
to  be  divided  into  two  parts  by  a  plane  A  perpendicular  to  the 
other  two  (fig.  7) ;  we  proceed  to  consider  the  temperatures  of 
the  mass  BAG  bounded  by  the  three  infinite  planes  A,  JB,  G. 
The  other  part  B!AO  of  the  infinite  solid  is  supposed  to  be  a 
constant  source  of  heat,  that  is  to  say,  all  its  points  are  main- 
tained at  the  temperature   1,  which  cannot  alter.      The  two 

9—2 
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lateral  solids  bounded,   one  by  the  plane   C  and   the  plane  A 
produced,   the   other   by   the   plane  B   and   the  plane  A  pro- 
Fig.  7. 


JB 

y  ' 

C 

V 

ar 

A. 

t/ 

duced,  have  at  all  points  the  constant  temperature  0,  some 
external  cause  maidtaining  them  always  at  that  temperature; 
lastly,  the  molecules  of  the  solid  bounded  by  -4,  5  and  G  have 
the  initial  temperature  0.  Heat  will  pass  continually  from  the 
source  A  into  the  solid  BAG,  and  will  be  propagated  there  in 
the  longitudinal  direction,  which  is  infinite,  and  at  the  same 
time  will  turn  towards  the  cool  masses  B  and  C7,  which  will  ab- 
sorb great  part  of  it.  The  temperatures  of  the  solid  BAG  will 
be  raised  gradually  :  but  will  not  be  able  to  surpass  nor  even 
to  attain  a  maximum  of  temperature,  which  is  diflFerent  for 
diflFerent  points  of  the  mass.  It  is  required  to  determine  the 
final  and  constant  state  to  which  the  variable  state  continually 
approaches. 

If  this  final  state  were  known,  and  were  then  formed,  it  would 
subsist  of  itself,  and  this  is  the  property  which  distinguishes 
it  from  all  other  states.  Thus  the  actual  problem  consists  in 
determining  the  permanent  temperatures  of  an  infinite  rect- 
angular solid,  bounded  by  two  masses  of  ice  B  and  G,  and  a 
mass  of  boiling  water  A ;  the  consideration  of  such  simple  and 
primary  problems  is  one  of  the  surest  modes  of  discovering  the 
laws  of  natural  phenomena,  and  we  see,  by  the  history  of  the 
sciences,  that  eveiy  theory  has  been  formed  in  this  manner. 

165.  To  express  more  briefly  the  same  problem,  suppose 
a  rectangular  plate  BA  G,  of  infinite  length,  to  be  heated  at  its 
base   A,  and   to   preserve  at   all  points  of  the  base  a  constant 
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temperature  1,  whilst  each  of  the  two  infinite  sides  B  and  G, 
perpendicular  to  the  base  A,  is  submitted  also  at  every  point 
to  a  constant  temperature  0;  it  is  required  to  determine  what 
must  be  the  stationary  temperature  at  any  point  of  the  plate. 

It  is  supposed  that  there  is  no  loss  of  heat  at  the  surface 
of  the  plate,  or,  which  is  the  same  thing,  we  consider  a  solid 
formed  by  superposing  an  infinite  number  of  plates  similar  to 
the  preceding :  the  straight  line  Ax  which  divides  the  plate 
into  two  equal  parts  is  taken  as  the  axis  of  x,  and  the  co-ordinates 
of  any  point  m  are  x  and  y;  lastly,  the  width  A  of  the  plate 
is  represented  by  21,  or,  to  abridge  the  calculation,  by  ir,  the 
value  of  the  ratio  of  the  diameter  to  the  circumference  of  a 
circle. 

Imagine  a  point  m  of  the  solid  plate  BAC,  whose  co-ordinates 
are  x  and  y,  to  have  the  actual  temperature  v,  and  that  the 
quantities  t;,  which  correspond  to  different  points,  are  such  that 
no  change  can  happen  in  the  temperatures,  provided  that  the 
temperature  of  every  point  of  the  base  A  is  always  1,  and  that 
the  sides  B  and  G  retain  at  all  their  points  the  temperature  0. 

If  at  each  point  m  a  vertical  co-ordinate  be  raised,  equal  to 
the  temperature  v,  a  curved  surface  would  be  formed  which 
would  extend  above  the  plate  and  be  prolonged  to  infinity. 
We  shall  endeavour  to  find  the  nature  of  this  surface,  which 
passes  through  a  line  drawn  above  the  axis  of  y  at  a  distance 
equal  to  unity,  and  which  cuts  the  horizontal  plane  of  xy  along 
two  infinite  straight  lines  parallel  to  x, 

166.     To  apply  the  general  equation 


di'Cn[da^'^dy''^dzV' 


we  must  consider  that,  in  the  case  in  question,  abstraction  is 
made  of  the  co-ordinate  z,  so  that  the  term  -r-^  must  be  omitted ; 

with  respect  to  the  first  member  -^ ,  it  vanishes,  since  we  wish  to 
determine  the  stationary  temperatures ;  thus  the  equation  which 
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belongs  to  the  actual  problem^  and  determines  the  properties 
of  the  required  curved  surface,  is  the  following : 

t^-^d^^^ (^)- 

The  function  of  w  and  y,  0  (w,  y),  which  represents  the  per- 
manent state  of  the  solid  BA  (7,  must,  Ist,  satisfy  the  equation 
(a) ;  2nd,  become  nothing  when  we  substitute  -^  tt  or  +  ^tt  for  y, 
whatever  the  value  of  x  may  be ;  3rd,  must  be  equal  to  unity 
when  we  suppose  re  =  0  and  y  to  have  any  value  included  between 
—  J  TT  and  +^77. 

Further,  this  function  ^(x,  y)  ought  to  become  extremely 
smaU  when  we  give  to  a?  a  very  lai'ge  value,  since  all  the  heat 
proceeds  from  the  source  A. 

167.  In  order  to  consider  the  problem  in  its  elements,  we 
shall  in  the  first  place  seek  for  the  simplest  functions  of  x 
and  y,  which  satisfy  equation  (a) ;  we  shall  then  generalise  the 
value  of  V  in  order  to  satisfy  all  the  stated  conditions.  By  this 
method  the  solution  will  receive  all  possible  extension,  and  we 
shall  prove  that  the  problem  proposed  admits  of  no  other 
solution. 

Functions  of  two  variables  often  reduce  to  less  complex  ex- 
pressions, when  we  attribute  to  one  of  the  variables  or  to  both 
of  them  infinite  values ;  this  is  what  may  be  remarked  in  alge- 
braic functions  which,  in  this  particular  case,  take  the  form  of 
the  product  of  a  function  of  a;  by  a  function  of  y. 

We  shall  examine  first  if  the  value  of  v  can  be  represented 
by  such  a  product ;  for  the  function  v  must  represent  the  state 
of  the  plate  throughout  its  whole  extent,  and  consequently  that 
of  the  points  whose  co-ordinate  x  is  infinite.  We  shall  then 
write  v  =  F{x)f{y)\  substituting  in  equation  (a)   and  denoting 

^^^  by  F"  (x)  and^p^^  by/'  (y),  we  shaU  have 

F'{x)     r{y)_ 

^'(«)  A  f'(y)  u  • 

we    then    suppose      „.   '  =  m  and    jj^  =  —  wi,   m    bemg  any 
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constant  quantity,  and  as  it  is  proposed  only  to  find  a  particular 
value  of  V,  we  deduce  from  the  preceding  equations  F(x)  =  e"*^, 
/(y)=cosmy. 

168.  We  could  not  suppose  m  to  be  a  negative  nupiber^ 
and  we  must  necessarily  exclude  all  particular  values  of  v,  into 
which  terms  such  as  6*^  might  enter,  m  being  a  positive  number, 
since  the  temperature  v  cannot  become  infinite  when  x  is  in- 
finitely great.  In  fact,  no  heat  being  supplied  except  from  the 
constant  source  A,  only  an  extremely  small  portion  can  arrive 
at  those  parts  of  space  which  are  very  far  removed  from  the 
source.  The  remainder  is  diverted  more  and  more  towards  the 
infinite  edges  B  and  C,  and  is  lost  in  the  cold  masses  which 
bound  them. 

The  exponent  m  which  enters  into  the  function  6"**  cos  my 
is  unknown,  and  we  may  choose  for  this  exponent  any  positive 
number:  but,  in  order  that  v  may  become  nul  on  making 
y  =  —  Jtt  or  y  =  +j7r,  whatever  x  may  be,  m  must  be  taken 
to  be  one  of  the  terms  of  the  series,  1,  3,  5,  7,  &c. ;  by  this 
means  the  second  condition  will  be  fulfilled. 

169.  A  more  general  value  of  v  is  easily  formed  by  adding 
together  several  terms  similar  to  the  preceding,  and  we  have 

v^ae'*cosy+  J6"**cos3y  +  ce'**cos5y  +  cfe"''cos7y  +  &c (i). 

It  is  evident  that  the  function  v  denoted  by  ^  (x,  y)  satisfies 

the   equation    ^-^  +  -rni  =  0,   and   the  condition   ^  (or,  ±  J  w)  =  0. 

A  third  condition  remains  to  be  fulfilled,  which  is  expressed  thus, 
4>  a^y  y)  =  1'  ^^<1  ^^  ^s  essential  to  remark  that  this  result  must 
exist  when  we  give  to  y  any  value  whatever  included  between 
—  ^TT  and  +J7r.  Nothing  can  be  inferred  as  to  the  values 
which  the  function  ^  (0,  y)  would  take,  if  we  substituted  in  place 
of  y  a  quantity  not  included  between  the  limits  —  ^  7r  and  + 1  tt. 
£quation  (6)  must  therefore  be  subject  to  the  following  condition : 

1  =  a  cos  y  +  6  cos  3y  +  c  cos  5y  +  <f  cos  7y  +  &c. 

The  coefficients,  a,  6,  o,  d,  &c.,  whose  number  is  infinite,  are 
determined  by  means  of  this  equation. 

The  second  member  is  a  function  of  y,  which  is  equal  to  1 
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60  long  as  the  variable  y  is  included  between  the  limits  —  Jtt 
and  +  ^  TT*  It  may  be  doubted  whether  such  a  function  exists, 
but  this  difficulty  will  be  fully  cleared  up  by  the  sequel 

170.  Before  giving  the  calculation  of  the  coefficients,  we 
may  notice  the  effect  represented  by  each  one  of  the  terms  of 
the  series  in  equation  (i). 

Suppose  the  fixed  temperature  of  the  base  A^  instead  of 
being  equal  to  unity  at  every  point,  to  diminish  as  the  point 
of  the  line  A  becomes  more  remote  from  the  middle  point, 
being  proportional  to  the  cosine  of  that  distance;  in  this  case 
it  will  easily  be  seen  what  is  the  nature  of  the  curved  surface, 
whose  vertical  ordinate  expresses  the  temperature  v  or  ^  (a?,  y). 
If  this  surface  be  cut  at  the  origin  by  a  plane  perpendicular 
to  the  axis  of  a?,  the  curve  which  bounds  the  section  will  have 
for  its  equation  v  =  a  cos  y ;  the  values  of  the  coefficients  will 
be  the  following : 

a^a,  J=0,  c=0,  c?=0, 

and  so  on,  and  the  equation  of  the  curved  surface  will  be 

V  =  oe"*  cos  y. 

If  this  surface  be  cut  at  right  angles  to  the  axis  of  y,  the 

section  will  be  a  logarithmic  spiral  whose  convexity  is  turned 

towards  the  axis ;  if  it  be  cut  at  right  angles  to  the  axis  of  a?, 

the  section  will  be  a  trigonometric  curve   whose  concavity  is 

turned  towards  the  axis. 

^v 
It  follows  from  this  that  the  function  -^  is  always  positive, 

and  -T-g  is  always  negative.     Now  the  quantity  of  heat  which 

a  molecule  acquires  in  consequence  of  its  position  between  two 

others  in  the  direction  of  x  is  proportional  to  the  value  of  -j-^^ 

(Art.  123) :  it  follows  then  that  the  intermediate  molecule  receives 
from  that  which  precedes  it,  in  the  direction  of  a?,  more  heat  than 
it  communicates  to  that  which  follows  it.  But,  if  the  same  mole- 
cule be  considered  as  situated  between  two  others  in  the  direction 

of  y,  the  function   -^-^  being  negative,  it  appears  that  the  in- 
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termediate  molecule  communicates  to  that  which  follows  it  more 
heat  than  it  receives  from  that  which  precedes  it.  Thus  it 
follows  that  the  excess  of  the  heat  which  it  acquires  in  the  direc- 
tion of  a?,  is  exactly  compensated  by  that  which  it  loses  in  the 

direction  of  y,   as  the   equation    ^— ,  +  -f-^  =  0  denotes.     Thus 

then  the  route  followed  by  the  heat  which  escapes  from  the 
source  A  becomes  known.  It  is  propagated  in  the  direction 
of  a,  and  at  the  same  time  it  is  decomposed  into  two  parts, 
one  of  which  is  directed  towards  one  of  the  edges,  whilst  the 
other  part  continues  to  separate  from  the  origin,  to  be  decomposed 
like  the  preceding,  and  so  on  to  infinity.  The  surface  which 
we  are  considering  is  generated  by  the  trigonometric  curve  which 
correspoDds  to  the  base  A,  moved  with  its  plane  at  right  angles  to 
the  axis  of  x  along  that  axis,  each  one  of  its  ordinates  de- 
creasing  indefinitely  in  proportion  to  successive  powers  of  the 
same  fraction. 

Analogous  inferences  might  be  drawn,  if  the  fixed  tempera- 
tures of  the  base  A  were  expressed  by  the  term 

b  cos  Sy  or  c  cos  5y,  &c. ; 

and  in  this  manner  an  exact  idea  might  be  formed  of  the  move- 
ment of  heat  in  the  most  general  case ;  for  it  will  be  seen  by 
the  sequel  that  the  movement  is  always  compounded  of  a  multi- 
tude of  elementary  movements,  each  of  which  is  accomplished 
as  if  it  alone  existed. 


SECTION  II. 

First  example  of  the  use  of  trigonometric  series  in  the  theory 

of  heat. 

171.    Take  now  the  equation 

1  =  a  cos  y  +  6  cos  3y  +  c  cos  5y  +  d  cos  ^y  +  &c., 

in  which  the  coefficients  a,  6,  c,  rf,  &c.  are  to  be  determined. 
In  order  that  this  equation  may  exist,  the  constants  must  neces- 
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sarily  satisfy  the   equations  which  are  obtained  by  successive 
differentiations ;  whence  the  following  results, 

1  =  a  cos  y  +   J  cos  3y  +    c  cos  5y  +    d  cos  7y  +  &c., 

0  =  a  sin  y  +  3i  sin  3y  +  5c  sin  5y  -J-  Id  sin  7y  +  &c., 

0  =  a  cos  y  +  3'i  cos  3y  +  5'c  cos  5y  +  Td  cos  7y  +  &c., 

0  =  a  sin  y  +  3"6  sin  3y  +  5*c  sin  5y  +  T\d  sin  7y  +  &c., 
and  80  on  to  infinity. 

These  equations  necessarily  hold  when  y  =  0,  thus  we  have 

1  =  a+    J+    c+    d+    e+     /+      5f+...&c., 
0  =  a  +  3'6  +  5«c  +  7'd  +  9V  +  ir/+...&c., 

0  =  a  +  3*i  +  5*c  +  7V  +  9*e  +  . . .  &c., 
0  =  a  +  3*J  +  5'c  +  7y  +  ...  &c., 
0  =  a  +  3'6  +  5*c  +  ...&a, 

&C. 

The  number  of  these  equations  is  infinite  like  that  of  the 
unknowns  a,  h^  c,  d,  e, ...  &c.  The  problem  consists  in  eliminating 
all  the  unknowns,  except  one  only. 

172.  In  order  to  form  a  distinct  idea  of  the  result  of  these 
eliminations,  the  number  of  the  unknowns  a,  6,  c,  rf,  ...&c.,  will 
be  supposed  at  first  definite  and  equal  to  m.  We  shall  employ 
the  first  m  equations  only,  suppressing  all  the  terms  containing 
the  unknowns  which  follow  the  m  first.  If  in  succession  m 
be  made  equal  to  2,  3,  4,  5,  and  so  on,  the  values  of  the  un- 
knowns will  be  found  on  each  one  of  these  hypotheses.  The 
quantity  a,  for  example,  will  receive  one  value  for  the  case 
of  two  unknowns,  others  for  the  cases  of  three,  four,  or  successively 
a  greater  number  of  unknowns.  It  will  be  the  same  with  the 
unknown  6,  which  will  receive  as  many  different  values  as  there 
have  been  cases  of  elimination ;  each  one  of  the  other  unknowns 
is  in  like  manner  susceptible  of  an  infinity  of  different  values. 
Now  the  value  of  one  of  the  unknowns,  for  the  case  in  which 
their  number  is  infinite,  is  the  limit  towards  which  the  values 
which  it  receives  by  means  of  the  successive  eliminations  tend. 
It  is  required  then  to  examine  whether,  according  as  the  number 
of  unknowns  increases,  the  value  of  each  one  of  a,  b,  c,  d ...  &c. 
does  not  converge  to  a  finite  limit  which  it  continually  ap- 
proaches. 
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Suppose  the  six  following  equations  to  be  employed : 
l  =  a+  b+  c+  d+  e+  /  +  &c., 
0  =  a  +  3'J  +5'c  +Td  +9'e  +liy+&c., 
0  =  a  +  3*6+5*c+7'rf+9*6  +liy  +  &c., 
0  =  a  +  3*6  +5«c+7*rf  +9V  +liy +&c, 
0  =  a+3'J  +5"c  +r(i  +9'e  +liy +&c, 
0  =  a  +  3"6  +  5"<;  +  r'(i  +  9"6  +  liy+&c. 

The  five  equations  which  do  not  contain /are : 

ir=a(ir-.i*)+  j(ii"-3*)+  c(ir-5«)+  j(ir-r)+  ^ar-g"), 

0=a(ll"-l")+3*i(ll'-3*)+5'c(ir-5«)+rd(ir-r)+9'e(ir-9*), 
0=a(ll'-r)+3*J(ir-3')+5*c(ir-5«)+7y(ll*-7')+9*e{ll»-9*), 
0=a(ll«-l«)+3'6(ll"-3«)+5«c(H-5*)+rd(ll*-r)+9*e(ir-9'), 
0  =a  (ir-1')  +3'6  (ll"-3*)  +5*c  (ir-5^+rd  (ll'-r)  +9'«  (ll"-9«). 

Continuing  the  elimination  we  shall  obtain  the  final  equation 
in  a,  which  is : 

a(ll«-l^(9»-l«)(7'-l")(5«-l')(3"-l«)  =  llV9Vr.5'.3Ml 

173.  If  we  had  employed  a  number  of  equations  greater 
by  unity,  we  should  have  found,  to  determine  a,  an  equation 
analogous  to  the  preceding,  having  in  the  first  member  one 
factor  more,  namely,  13'  —  1",  and  in  the  second  member  13* 
for  the  new  factor.  The  law  to  which  these  different  values  of 
a  are  subject  is  evident,  and  it  follows  that  the  value  of  a  which 
corresponds  to  an  infinite  number  of  equations  is  expressed  thus  : 

-     3'  5'  7'  9*  IV       „ 

^  ""  3'  —  1*  *  5*  —  1' "  7*  —  1* '  9*  —  1* '  1  !•  —  1" '      *' 

3.3  5.5  7.7    9.9    11.11    . 
^^  ^  "  2.  4* 4.  6* 6.  8  8.  10' 10. 12 '^^ 

Now  the  last  expression  is  known  and,  in  accordance  with 

4 

Wallis'  Theorem,  we  conclude  that  a  =  — .     It  is  required  then 

TT 

only  to  ascertain  the  values  of  the  other  unknowns. 

174.  The  five  equations  which  remain  after  the  elimination 
of  /  may  be  compared  with  the  five  simpler  equations  which 
would  have  been  employed  if  there  had  been  only  five  unknowns. 


y 
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The  last  equations  differ  from  the  equations  of  Art.  172,  in 
that  in  them  e^  d,  c,  b,  a  are  found  to  be  multiplied  respec- 
tively by  the  factors 

ir-9'     IV -T     11' -5'     ir-3*     11'  -  V 
IV     '11*     '        11'    '        11»    '       IV    • 

It  follows  from   this  that  if  we  had  solved  the  five  linear 

equations  which  must  have  been  employed  in  the  case  of  five 

unknowns,  and  had   calculated   the  value  of  each  unknown,  it 

would  have  been  easy  to  derive  from   them   the   value   of  the 

unknowns  of  the  same  name  corresponding  to  the  case  in  which 

six  equations  should  have  been  employed.     It  would  suffice  to 

multiply  the  values  of  e,  d,  c,  b,  a,  found  in  the  first  case,  by  the 

known  factors.     It  will  be  easy  in  general  to  pass  from  the  value 

of  one  of  these  quantities,  taken  on  the  supposition  of  a  certain 

number  of  equations  and  unknowns,  to  the  value  of  the  same 

quantity,  taken  in   the   case  in  which  there  should  have  been 

one  unknown  and  one  equation  more.     For  example,  if  the  value 

of  e,  found  on  the  hypothesis  of  five  equations  and  five  unknowns, 

is  represented  by  E,  that  of  the  same  quantity,  taken  in  the  case 

11* 
of  one  unknown  more,   will  be  E—^ — ^.     The    same   value, 

taken  in  the  case  of  seven  unknowns,  will  be,  for  the  same  reason, 

jp     11'  13' 

ll'-9"U3'-9" 

and  in  the  case  of  eight  unknowns  it  will  be 

11'  13*  15' 


ir-9''  13*-9''*15'-9" 

and  so  on.  In  the  same  manner  it  will  suffice  to  know  the 
value  of  6,  corresponding  to  the  case  of  two  unknowns,  to  derive 
from  it  that  of  the  same  letter  which  corresponds  to  the  cases 
of  three,  four,  five  unknowns,  &c.  We  shall  only  have  to  multiply 
this  first  value  of  b  by 

5'  7'  9'  . 

5»-3'*r-3''9'-3'"^ 
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Similarly  if  we  knew  the  value  of  c  for  the  case  of  three 
unknowDS,  we  should  multiply  this  value  by  the  successive  factors 

T         9'  11' 

7«-5«-9«-5«lia_5«---®^- 

We  should  calculate  the  value  of  d  for  the  case  of  four  unknowns 
only,  and  multiply  this  value  by 

9»  11*  13» 


9'-T'lV-r'lS'-r 


•  •  •    OuCa 


The  calculation  of  the  value  of  a  is  subject  to  the  same  rule, 
for  if  its  value  be  taken  for  the  case  of  one  unknown,  and  multi- 
plied successively  by 

3'  5'  7*  9' 

3«-l«'   6*-l"'   7*-l"   9'-l" 

the  final  value  of  this  quantity  will  be  found. 

175.  The  problem  is  therefore  reduced  to  determining  the 
value  of  a  in  the  case  of  one  unknown,  the  value  of  6  in  the  case 
of  two  unknowns,  that  of  c  in  the  case  of  three  unknowns,  and  so 
on  for  the  other  unknowns. 

It  is  easy  to  conclude,  by  inspection  only  of  the  equations  and 
without  any  calculation,  that  the  results  of  these  successive  elimi- 
nations must  be 

a  =  l, 


c  = 


r-3" 

1'  3' 

1«^5«  •  3" -5*' 

1*  3»  5* 

1«_7«  •  2,*-r  '  5»-7*' 

1»  3'  5»  7* 


d  = 


176.  It  remains  only  to  multiply  tho  preceding  quantities  by 
the  series  of  products  which  ought  to  complete  them,  and  which 
we  have  given  (Art  174).    We  shall  have  consequently,  for  the 
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final  values  of  the  unknowns  a,  b,  e,  d,  e,  f,  &&,  the  following 
expressions : 

-1      _?!-  ^_      JTL  ^  11*     p. 

,  1*  6*        _r  J*^  11*    J, 

*'"l»_3«  •  6»_3»  •  7«_3*  •  9«_3'  •  ii»_3»**' 

1*  3*  7*  9*^  11*    ,, 

*  ~  l»-5*  •  3'-5*  •  7*^^'  •  9'-5*  •  ir-.V      ' 

.         1*  3*  5*  9*"  11*     ,, 

r-T*  ■  3'-7*  '  5^^^  •  9'-7*  ■  ll'-7»      ' 

1*  8*  6^  7*  11*  13*    ^ 

*"  l*-9*  •  3'-9*  *  5*-9*  ■  T-'d*  *  ll'-9*  '  13*-9''      ' 

/_      1*  3*         _5*_         7*  9*  13*      » 

/-  i»_n«  •  3*-ll*  *  o'-ll*  •  7*-ir  '  9*-ll'  ■  13'-11*      ' 

or, 

-     3_^     5.5     7.7„ 
""■•■^  ■  2.4  '4:6  •  6.8**'-' 

.         1.1     5^      7_^       9.9  . 
**"     2.'4  ■  2.8  •  4.10  •  6.12**^' 

_     l/l     3.3      7.7       9.9      11.11ft, 
''~'''4",6  '2.8  "2.12  •  4.14  •    6.16**''' 

-        1.1      8.3       5.5       9.9      11.11  „ 
"""6.8  •  4.10  '2.12  •  2. re  •  '4.18        ' 

1.1       8.8       6.5       7.7      11.11     13 .  13  . 

•  "  ■*"  8 .  10  •  6  .  12  •  4 .  14  •  2 .  16  •  2  .  20   *   4 .  22        ' 

_JL1        3.8       5.5       7.7       9.9      13^13     15.15 
^  ~     10.  i2  •  8 .  14  •  6 .  16  •  4 .  18  •  2  .  20  •  "2 .  24    '   4 .  26 

The  quantity  ^v  or  a  quarter  of  the  circumference  is  equiva- 
lent, according  to  Wallis'  Theorem,  to 

2_J     4_J     6J5     8^8     10.10     12.12     14.14^^ 
1.8  •  3.5  •  6.7  •  7.9  •   9.11      11.13 '13. 16 
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If  now  in  the  values  of  a,  6,  c,  <?,  &c.,  we  notice  what  are  the 
factors  which  must  be  joined  on  to  numerators  and  denominators 
to  complete  the  double  series  of  odd  and  even  numbers,  we  find 
that  the  factors  to  be  supplied  are : 


for  b 

3.3     I 
6    ' 

for  c 

6.5 
10  ' 

for  d 

7.7 
14  ' 

for  e 

9.9 

"18  ' 

for/ 

11.11 

22    'J 

whence  we  conclude 


a=      2  .  - 


b  =  -2.jP- 


c=      2.^ 


d=-2.=A 


6  =      2  .- 


/  =  -2. 


2 

IT 

2 

Sir' 

2 
Stt' 

2 

2 

97r' 

2 
llTr* 


177.     Thus  the  eliminations  have  been  completely  effected, 
and  the  coefficients  a,  6,  c,  d,  &c.|  determined  in  the  equation 

1  =  a  cos  y  +  i  cos  3y  +  c  cos  5y  +  (2  cos  7y  +  ^  cos  9y + &c. 
The  substitution  of  these  coefficients  gives  the  following  equa- 


tion: 

y  =  cos  y  —  Q  cos  3y  +  g  cos  5y — = cos  7y  +  Q  cos  9y  —  &c.' 

The  second  member  is  a  function  of  y,  which  does  not  change 
in  value  when  we  give  to  the  variable  y  a  value  included  between 
— ^Tr  and  +iir.  It  would  be.  easy  to  prove  that  this  series  is 
always  convergent,  that  is  to  say  that  writing  instead  of  y  any 
number  whatever,  and  following  the  calculation  of  the  coefficients, 
we  approach  more  and  more  to  a  fixed  value,  so  that  the  difference 
of  this  value  from  the  sum  of  the  calculated  terms  becomes  less 
than  any  assignable  magnitude.     Without  stopping  for  a  proof, 

1  It  is  a  little  better  to  deduce  the  yalae  of  &  in  a,  of  c  in  ft,  &o.    [B.  L.  £.] 
>  The  coefficients  a,  6,  c,  <fi;o.,  might  be  determined,  according  to  the  methods 
of  Section  yi.,  by  mtdtiplying  both  sides  of  the  first  equation  by  cosy,  cosSy, 

cos 5y,  Ac,  respeotiyely,   and  integrating  from  -^t\o  •\-^Vf  as  was  done  by 

D.  F.  Gregory,  Cambridge  Mathematieal  Journal,  Vol.  i.  p.  106.     [A.  F.] 
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which  the  reader  may  supply,  we  remark  that  the  fixed  value 
which  is  continually  approached  is  ^ir,  if  the  value  attributed 
to  y  is  included  between  0  and  ^ir,  but  that  it  is  —  J-n-,  if  y  is 
included  between  ^ir  and  f ^ ;  for,  in  this  second  interval,  each 
term  of  the  series  changes  in  sign.  In  general  the  limit  of  the 
series  is  alternately  positive  and  negative ;  in  other  respects,  the 
convergence  is  not  sufficiently  rapid  to  produce  an  easy  approxima- 
tion, but  it  suffices  for  the  truth  of  the  equation. 

178.    The  equation 

y  =  cos  a?  —  Q  cos  3a;  +  ^  cos  5x — ^  cos  7x  +  &c. 

belongs  to  a  line  which,  having  x  for  abscissa  and  y  for  ordinate,  is 
composed  of  separated  straight  lines,  each  of  which  is  parallel  to 
the  axis,  and  equal  to  the  circumference.  These  parallels  are 
situated  alternately  above  and  below  the  axis,  at  the  distance  ^tt, 
and  joined  by  perpendiculars  which  themselves  make  part  of  the 
line.  To  form  an  exact  idea  of  the  nature  of  this  line,  it  must  be 
supposed  that  the  number  of  terms  of  the  function 

1  1 

cos  a?  —  o  cos  3x  +  7  cos  5x  —  &c. 

o  5 

has  first  a  definite  value.    In  the  latter  case  the  equation 

1  1 

y  =  cos  a;  —  ^  cos  3^  +  ^  cos  5a?  —  &c. 
o  5 

belongs  to  a  curved  line  which  passes  alternately  above  and  below 
the  axis,  cutting  it  every  time  that  the  abscissa  x  becomes  equal 
to  one  of  the  quantities 

n    ^1        _l3       x^       p 

0,     +  gTT,     i^TT,    ±^7r,  &C. 

According  as  the  number  of  terms  of  the  equation  increases,  the 
curve  in  question  tends  more  and  more  to  coincidence  with  the 
preceding  line,  composed  of  parallel  straight  lines  and  of  perpen- 
dicular lines ;  so  that  this  line  is  the  limit  of  the  diflerent  curves 
which  would  be  obtained  by  increasing  successively  the  number  of 
terms. 


] 
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SECTION  III. 

Remarks  on  these  series. 

179.    We  may  look  at  the  same  equations  from  another  point 
of  view,  and  prove  directly  the  equation 

7  =a  cos  a?  —  s  cos  3a?  +  T  cos  5a?  —  ^  cos  7aj  +  5  cos  9x  —  &c. 

The  case  where  x  is  nothing  is  verified  by  Leibnitz'  series, 

4^^-"3  +  5""7  +  9-*^ 

We  shall  next  assume  that  the  number  of  terms  of  the  series 

111 

cos  a;  —  ^  COS  3a?  +  ^  COS  5aj  —  =  cos  7iB  +  &c. 

instead  of  being  infinite  is  finite  and  equal  to  m.  We  shall  con- 
sider the  value  of  the  finite  series  to  be  a  function  of  x  and  m. 
We  shall  express  this  function  by  a  series  arranged  according  to 
negative  powers  of  m;  and  it  will  be  found  that  the  value  of 
the  function  approaches  more  nearly  to  being  constant  and  inde- 
pendent of  X,  as  the  number  m  becomes  greater. 

Let  y  be  the  function  required,  which  is  given  by  the  equation 

y  =  cosa?— iiCOs3a5  +  -5'Cos5a?  — =  cos7a?+...— t; =■  cos  (2m  —  1)  a:, 

•^  3  o  7  2m— 1       ^  ' 

m,  the  number  of  terms,  being  supposed  even.    This  equation 

differentiated  with  respect  to  x  gives 

—  ^  =  sin  «?—  sin  3a?  +  sin  Sx—pin.  7a?  +  ... 

+  sin  (2m  —  3)  a?  —  sin  (2/n  —  1)  a; ; 
multiplying  by  2  sin  2a;,  we  have 

—  2^8in2a;=  2  sin  a?  sin  2a;  —  2  sin  3x  sin  2a?  +  2  sin  5a;  sin  2a; ... 

+  2  sin  (2m  —  3)  a;  sin  2a?  -  2  sin  (2m  —  1)  a;  sin  2a;. 

F.  H.  10 
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Each  term  of  the  second  member  beikig  teplaeed  by  the 
difference  of  two  cosines,  we  conclude  that 

—  2  ^^  81  n  2a:  =  cos  (—  a?)  —  cos  So? 

—  cos  0?  + cos  505 
+  cosSo;— cos7a> 

—  cos  5a?  +  cos  9x 


+  cos  (2m  —  5)  a?  -  cos  (2m  —  l)x 
—  cos  (2m  —  3a?)  +  cos  (2m  +  1)  x. 

The  second  member  reduces  to 

cos  (2m  +  l)a?— cos(2m  — l)a?,    of    -2 sin  Zmx^inx; 

sin  2mx\ 


hence  «  =  ^lldx 


-!/(■ 


— 


cos  a;  /  * 


180.    We  shall  integrate  the  second  member  by  parts,  dis-j 
tinguishing  in  the  integral  between  the  factor  sin  2ma;  {2a:  which 

must  be  intonated  successively,  and  the  factor  or  sec  x 

»  -^^  cosaj 

which  must  be  differentiated  successively;  denoting  the  results 

of  these  differentiations  by  sec' a?,  sec" ar,  sec'"ar,  ...&c.,  we  shall 

have 

2y  =  const.  —  5—  cos  2mx  sec  a:  +  ^;r~i  sin  2ma?  sec'  x 

1 

—  Tiz—i  COS  2wta:  sec"  x  +  &c. : 
2  m 

thus  the  value  of  y  or 
cosa?  — -oCos3a:  +  -cos5a:— ==cos7a:H- ...  —7; ^cos  (Zm  —  l^or, 

3  O  7  2771—1  ^  ' 

which  is  a  function  of  x  and  m,  becomes  expressed  by  an  infinite 
scries ;  and  it  is  evident  that  the  more  the  number  m  increases, 
the  more  the  value  of  y  tends  to  become  constant.  For  this 
reason,  when  the  number  m  is  infinite,  the  function  y  has  a 
definite  value  which  is  always  the  same,  whatever  be  the  positive 
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value  of  X,  less  than  |ir.    Now,  if  the  arc  a;  be  supposed  nothiug^ 
we  have 

,      1111. 

which  is  equal  to  Jtt.    Hence  generally  we  shall  have 

-  TT  B=  cos 0?  —  ^  cos  3aj  +  V  cos  5a;  —  =  cos  7x  +  ^.cos  9x  —  &c....(6). 

4j  o  O  7  V 

1   TT 

181.     If  in  this  equation  we  assume  a?  =  s  1" '  ^®  ^^^ 

•TT  -11111  1  l.« 


2^/2  3     5     7  •  9  '  11     13     15 

by  giving  to  the  arc  x  other  particular  values,  we  should  find 
other  series,  which  it  is  useless  to  set  down,  several  of  which 
have  been  already  published  in  the  works  of  Euler,  If  we 
multiply  equation  (J)  by  dx,  and  integrate  it,  we  have 

-V-  =  sin  a?  —  55  sin  5x+  z^  sin  5a?  —  =  sin  7x  +  &c. 
4  o  o  7  ■ 

Making  in  the  last  equation  a;  =  ^tt,  we  find 


TT 


9 


1  111 


a  series  already  known.  Particular  cases  might  be  enumerated 
to  infinity ;  but  it  agrees  better  with  the  object  of  this  work 
to  determine,  by  following  the  same  process,  the  values  of  the 
different  series  formed  of  the  sines  or  cosines  of  multiple  arcs. 

182.    Let 

y  =  sin  oj  —  5  sin  2x  +  r^  sin  3a?  —  ^  sin  4a? . . . 

H 7  sin  (m  —  1)  a?  —  sin  mx, 

m  being  any  even  number.    We  derive  from  this  equation 

^-  =  cos«  — cos  2a?  +  cos  3a?—  cos  4x...  +  cos(m—  1) a?  —  cos ttm: ; 

10—2 
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multiplying  by  ismx,  and  replacing  each  term  of  the  second 
member  by  the  difference  of  two  sinesi  we  shall  have 

2sina?^=sin  (aj  +  a?)— sin  («?-«) 

—  sin  (2a?  +  a?)  +  sin  (2x  —  a:) 
+  sin  (3a:  +  a?)  -  sin  (3a:  —  a?) 

+  sin  {(m  —  1)  a:  +  a:}  —  sin  {{m  +  1)  a?  —  a?} 

—  sin  (mx  +  a?)  +  sin  {mx  —  x) ; 
and,  on  reduction,  • 

2  sin  a?  -^-  =s  sin  a?  +  sin  mx  —  sin  (mx  +  x) : 

the  quantity  sin  mx  —  sin  (jnx  +  a?), 

or  sin  {mx  +  Ja?  —  \x)  —  sin  {jnx  +  Ja?  +  \x), 

is  equal  to  —  2sin^a;cos  (nia?+^a;); 

we  have  therefore 

dy     1     sinla:       ,       .  i    v 

-f  =  5 r-^-  C08(f?M:  +  Ja?), 

oa;     2      sm  a;        ^  *   '' 

dy     1     cos(ma;  +  ia;) 
dx     2         2  cos  ^a;      ' 

whence  we  conclude 

cos  (m^  +  ia?) 


y=  Jx-  \dx 


2  cos  \x 


If  we  integrate  this  by  parts,  distinguishing  between  the 
factor  — T--  or  sec  \x,  which  must  be  successively  differentiated, 

cos  "hX 

and  the  factor  cos(ma;  +  ia?),  which  is  to  be  integrated  several 
times  in  succession,  we  shall  form  a  series  in  which  the  powers 

of  m  +  Q  enter  into  the  denominators.    As  to  the  constant  it 

is  nothing,  since  the  value  of  y  begins  with  that  of  x. 
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It  follows  from  this  that  the  value  of  the  finite  series 

sin  0?  —  s  sin  2a?  +  o  sin  3a?  —  r  sin  5a?  +  c  sin  7a?  —  •. . sin  mx 

z  o  o  4  fn 

differs  vety  little  from  that  of  ^a?,  when  the  number  of  terms 
is  very  great ;  and  if  this  number  is  infinite^  we  have  the  known 
equation 

s  a;  s  sin  0?  -*  TT  sin  2a;  +  o  shi  3a?  —  7  sin  4a?  +  7  sin  5a?  —  &a 
2  2  3  4  5 

From  the  last  series,  that  which  has  been  given  above  for 
the  value  of  ^  v  might  also  be  derived. 

183.    Let  now 
y  =  5  cos  2d?  —  7  cos  4a?  +  g  cos  6a?  — . . . 

Differentiating,    multiplying    by   2  sin  2a;,   substituting    the 
differences  of  cosines,  and  reducing,  we  shall  have 

ax  oosa? 


or 


2y  =  c—  fc2rtana?  +  |^ — —\ 

^  J  J  coax 


integrating  by  parts  the  last  term  of  the  second  member,  and 
supposing  m  infinite,  we  have  ysc  +  ^logcosa?.  If  in  the 
equation 

V  « ;s  cos  2a?— 7  cos  4a?  +  t:  cos  6x  -  3  cos  8a?  +  ...  &a 
we  suppose  a?  nothing,  we  find 

1      1^1      1^        «  1|      o 

1  1 

therefore  y  —  » ^^S  ^  +  o  ^^S  cosor. 

Thus  we  meet  with  the  series  given  by  Euler, 

log  (2  cos  ix)  =  cos  05  -  ^  cos  2a:  +  ^  cos  3a?-  7  cos  4a?  +  &c. 
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184.  Applying  tlie  same  process  to  the  equation 

1   .  1   .  1   . 

y  =*.  sin  fl?  +  -  sin  3a?  +  ^  sin  5x  +  tj  sin  7x  +  &c., 

we  find  the  following  series,  which  has  not  been  noticed, 

2 TT  =  sin  a?  +  ^  sin  3a?  +  ^  sin  ox-\-  ;^  sin  7x  +  ^  sin  9x  +  &c,* 

It  must  be  observed  with  respect  to  all  these  series,  that 
the  equations  which  are  formed  by  them  do  not  hold  except 
when  the  variable  a:  is  included  between  certain  limits.  Thus 
the  function 

111 

cos  0?  —  ^  COS  3-c  +  V  cos  3a?  —  _  cos  7x  +  &c. 

o  o  '       7  ^ 

is  not  equal  to  ^tt,  except  when  the  variable  x  is  contained 
between  the  limits  which  we  have  assigned.  It  Ls  the  same 
with  the  series 

;  1.1.  1    .  1   . 

sin  a?  —  -  sin  2x  -h  -^  sin  3a?  —  t  sin  4a?  +  ^  sin  5a?  —  &c. 
2  3  4  D 

This  infinite  series,  which  is  always  convergent,  has  the  value 
^x  so  long  as  the  arc  x  is  greater  than  0  and  less  than  tt.  But 
it  is  not  equal  to  ^a?,  if  the  arc  exceeds  tt;  it  has  on  the  contrary 
values  very  different  from  ^x ;  for  it  is  evident  that  in  the  in- 
terval from  a?  =s  TT  to  a;  =  27r,  the  function  takes  with  the  contrary 
sign  all  the  values  which  it  had  in  the  preceding  interval  from 
0?  s=  0  to  a;  =  TT.  This  series  has  been  known  for  a  long  time, 
but  the  analysis  which  served  to  discover  it .  did  not  indicate 
why  the  result  ceases  to  hold  when  the  variable  exceeds  tt. 

The. method  which  we  are  about  to  employ  must  therefore 
be  examined  attentively,  and  the  origin  of  the  limitation  to  which 
each  of  the  trigonometrical  series  is  subject  must  be  sought. 

185.  To  arrive  at  it,  it  is  suf&cient  to  consider  that  the 
values  expressed  by  infinite  series  are  not  known  with  exact 
certainty  except  in  the  case  where  the  limits  of  the  sum  of  the 
terms  which  complete  them  can  be  assigned ;  it  must  therefore 
be  supposed  that  we'  employ  only  the  first  terms  of  these  series, 

1  This  may  be  derived  hj  integration  irom  0  to  t  as  in  Art.  223.    [B.  L.  E.] 
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and  the  limits  between  which  the  remainder  is  included  must 
be  found. 

We  will  apply  this  remark  to  the  equation 

111 

y  =  cos  a?  —  ;^  008  3«  +  V  cos  5a?  —  i^  cos  7a? ... 

O  0  4 

cos (2m  — 3) 3g     cos (2m--  Da; 
"*"       2m -3  2m-l       ' 

The  number  of  terms  is  even  and  is  represented  by  m ;  from  it 
is  derived  the  equation  -j    ■= 1  whence  we  may  infer  the 

€mC  cos  OS 

value  of  y,  by  integration  by  parts.  Now  the  integral  Juvdx 
may  be  resolved  into  a  series  composed  of  as  many  terms  as 
may  be  desired,  u  and  v  being  functions  of  x.  We  may  write,  for 
example, 

juvdx  s=c  +  ujvdx  —  'r-  \dxlvdx  +  -j-^ldxldxjvdx 

an  equation  which  is  verified  by  differentiation. 

Denoting  sin  2mx  by  t;  and  sec  x  by  u,  it  will  be  found  that 

1  1  .  1   -     ,, 

2jw  =  c  —  ^r—  sec  a?  cos  2iim?  -f  55- 1  sec'a:  sin  2mx  +  55— •  sec"a:  cos  2maj 
^  2m  iW  inv 


C  /   sec  X  \ 


186.     It  is  required  now  to  ascertain  the  limits  between  which 

the  integral  ^^— 1 1  {d  (sec"  a?)  cos  Zmx]  which  completes  the  series 

is  included.  To  form  this  integral  an  infinity  of  values  must 
be  given  to  the  arc  x,  from  0,  the  limit  at  which  the  integral 
begins,  up  to  x,  which  is  the  final  value  of  the  arc ;  for  each  one 
of  these  values  of  x  the  value  of  the  differential  d  (sec"'  x)  must 
be  determined,  and  that  of  the  factor  cos  2ma?,  and  all  the  partial 
products  must  be  added:  now  the  variable  factor  cos2ma?  is 
necessarily  a  positive  or  negative  fraction;  consequently  the 
integral  is  composed  of  the  sum  of  the  variable  values  of  the 
differential  d(sec"a:),  multiplied  respectively  by  these  fractions. 
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The  total  value  of  the  integral  is  then  less  than  the  sum  of  the 
differentials  d  (sec'' a;),  taken  from  a;  =  0  up  to  x,  and  it  is  greater 
than  this  sum  taken  negatively :  for  in  the  first  case  we  replace 
the  variable  factor  cos  27nx  by  the  constant  quantity  1,  and  in 
the  second  case  we  replace  this  factor  by  —  1 :  now  the  sum  of 
the  difiEerentials  d  (sec"  x),  or  which  is  the  same  thing,  the  integral 
/(f  (sec"  x),  taken  from  a?  =  0,  is  sec"  x  —  sec"  0 ;  sec"  a;  is  a  certain 
function  of  x,  and  sec'^O  is  the  value  of  this  function,  taken  on 
the  supposition  that  the  arc  « is  nothing. 

The  integral  required  is  therefore  included  between 
+  (sec"a?  -  sec"  0)  and  -  (sec"  x  -  sec"  0)  ; 

that  is  to  say,  representing  by  k  an  unknown  fraction  positive  or 
negative,  we  have  always 

/  {d  (sec"  x)  cos  2nix]  =  k  (sec"  x  —  sec"  0). 

Thus  we  obtain  the  equation 

2w  =s  0  —  -r-  soc  a:  cos  2mx  +  -z— i  seo'  x  sin  2mx  +  -rr— .  sec"^cos2mj; 

+  ^.(sec"a:-sec"0), 

k 
in  which  the  quantity  ^j— j(sec"a;  — sec"0)  expresses  exactly  the 

sum  of  all  the  last  terms  of  the  infinite  series. 

187.    If  we  had  investigated  two  terms  only  we  should  have 
had  the  equation 

2«/  =s  c  —  ^  —  sec  a:  cos  2mx  +  ^rj— ^  sec'  x  sin  2ma?  +  ^s— •  (sec'  a;— sec'O). 
^  2m  2inr  2fnr^  ' 

From  this  it  follows  that  we  can  develope  the  value  of  y  in  as 
many  terms  as  we  wish,  and  express  exactly  the  remainder  of 
the  series ;  we  thus  find  the  set  of  equations 

2f/  =  c  —  s—  sec  a?  cos  2mx^=— -  (sec  a?  —  sec  0), 

1  1  ,      .  k  ,  , 

2  v  =:  c  —  s—  sec  X  cos  2mx+  xr— =  sec'  x  sin  2ma?  +  rnr-i,  (sec'  x  —  sec'  0), 
if  2m  2  m'  2*i?r^  ' 

1  1  1         „ 

2;y  =  c  —  -r—  sec  X  COS  2mx+  irr-i  sec'  X  sin  2ma?  +  rr-i  sec"  x  cos  2ma? 
•^  2//1  2^m  2*m 

+  23^,(sec  x-scc  0). 
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The  number  k  which  enters  into  these  equations  is  not  the 
same  for  all,  and  it  represents  in  each  one  a  certain  quantity 
which  is  always  included  between  1  and  —  1 ;  m  is  equal  to  the 
number  of  terms  of  the  series 

cosa;  — s  cos  8aj  +  - cos  5a:— ...  —  -; =  cos  (2m  —  1)  a?, 

3  5  2m  —  1       ^  ' 

whose  sum  is  denoted  by  y. 

188.  These  equations  could  be  employed  if  the  number  m 

were  given,  and  however  great  that  number  might  be,  we  could 

determine  as  exactly  as  we  pleased  the  variable  part  of  the  value 

of  y.    If  the  number  m  be  infinite,  as  is  supposed,  we  consider 

the  first  equation  only;  and  it  is  evident  that  the  two  terms 

which  follow  the  constant  become  smaller  and  smaller;  so  that 

the  exact  value  of  2y  is  in  this  case  the  constant  c ;  this  constant 

is  determined  by  assuming  a?  s  0  in  the  value  ,of  y,  whence  we 

conclude 

1111 
V  =s  cosa?  -  K  cos  3a?  +  -  cos  5a?  —  =  co8  7a?  +  5  cos  9aj  —  &c. 

It  is  easy  to  see  now  that  the  result  necessarily  holds  if  the 

arc  X  is  less  than  ^.    In  fact,  attributing  to  this  arc  a  definite 

value  X  as  near  to  ^^  as  we  please,  we  can  always  give  to  m 

k 
a  value  so  great,  that  the  term  ^  (sec  a?  — sec  0),  which  completes 

the  series,  becomes  less  than  any  quantity  whatever;  but  the 
exactness  of  this  conclusion  is  based  on  the  fact  that  the  term 
sec  a?  acquires  no  value  which  exceeds  all  possible  limits,  whence 
it  follows  that  the  same  reasoning  cannot  apply  to  the  case  in 
which  the  arc  x  is  not  less  than  ^ir. 

The  same  analysis  could  be  applied  to  the  series  which  express 
the  values  of  |a;,  log  cos  a^,  and  by  this  means  we  can  assign 
the  limits  between  which  the  variable  must  be  included,  in  order 
that  the  result  of  analysis  may  be  free  from  all  uncertainty; 
moreover,  the  same  problems  may  be  treated  otherwise  by  a 
method  founded  on  other  principles  \ 

189.  The  expression  of  the  law  of  fixed  temperatures  in 
a  solid  plate  supposed  the  knowledge  of  the  equation 

1  Cf.  De  Morgan's  Djff.  and  Int.  Calculus,  pp.  605— 6C9.    [A.  F.] 
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-T  =s  cosa?  —  55  COS 3a;  +  T  COS  5a?  —  =  COS 7a7  +  jr  COS  9j;  -  &c. 
4  o  o  7  y 

A  simpler  method  of  obtaining  this  equation  is  as  follows : 

If  the  sum  of  two  arcs  is  equal  to  ^tt,  a  quarter  of  tho 
circumference,  the  product  of  their  tangent  is  1 ;  we  have  there- 
fore in  general 

.  ,  x7r  =  arc  tauM  +  arc  tan- (c); 

the  symbol  arc  tan  u  denotes  the  length  of  the  arc  whose  tangent 
is  u,  and  the  series  which  gives  the  value  of  that  arc  is  well 
known ;  whence  we  have  the  following  result: 


+  |(rf  +  J.)-&c. «. 


If  now  we  write  e*^^  instead  of  m  in  equation  {c\  and  in  equa* 
tion  {d)y  we  shall  have 

5ir  =  arc  tanc*^~^  +arc  tane"*^"^ 

■ 

and  7  IT  s=  cos  a;  —  ^  cos  3a?  +  -_  cos  5a?  —  =  cos  7j?  +  r;  cos  9x  —  &c. 
«  o  5  7  y 

The  series  of  equation  {d)  is  always  divergent,  and  tliat  of 
equation  {b)  (Art.  180)  is  always  convergent;  its  value  is  \ir 
or  —  Jit. 


SECTION  IV. 
General  solution. 

^  190.  We  can  now  form  the  complete  solution  of  the  problem 
which  we  have  proposed;  .for  the  coefScients  of  equation  (b) 
(Art.  169)  being  determined,  nothing  remains  but  to  substitute 
them,  and  we  have 

111 

-—  s=  e* cos  V  —  s  «'"  cos  3v  +  T  c"**  cos  5v  -  ^  c'^*  cos 7y  +  &c....(a). 

4  o  *>  i 
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This  value  of  v  satisfies  the  equation  -r-jj  +  -y-.  =  0 ;  it  becomes 

nothing  when  we  give  to  y  a  value  equal  to  Jtt  or  —  Jtt  ;  lastly, 
it  is  equal  to  unity  when  x  is  nothing  and  y  is  included  between 
—  \ir  and  +  \it.  •Thus  all  the  physical  conditions  of  the  problem 
are  exactly  fulfilled,  and  it  is  certain  that,  if  we  give  to  each 
point  of  the  plate  -the  temperature  which  equation  (a)  deter- 
mines, and  if  the  base  A  be  maintained  at  the  same  time  at  the 
temperature  1,  and  the  infinite  edges  B  and  G  at  the  tempera- 
ture 0,  it  would  be  impossible  for  auy  change  to  occur  in  the 
system  of  temperatures. 

191.  The  second  member  of  equation  (a)  having  the  form 
of  an  exceedingly  convergent  series,  it  is  always  easy  to  deter- 
mine numerically  the  temperature  of  a  point  whose  co-ordinates 
X  and  y  are  known.  The  solution  gives  rise  to  various  tesults 
which  it  is  necessary  to  remark,  since  they  belong  also  to  the 
general  theory. 

If  the  point  m,  whose  fixed  temperature  is  considered,  is  very 
distant  from  the  origin  A^  the  value  of  the  second  member  of 
the  equation  (a)  will  be  very  nearly  equal  to  e"*  cos  y  \  it  reduces 
to  this  term  if  x  is  infinite. 

4 

The  equation  »  =  -  c""*cosy  represents  also  a  state  of  the 

solid  which  would  bo  preserved  without  any  change,  if  it  were 

once  formed ;  the  same  would  be  the  case  with  the  state  repre- 

4 
sented  by  the  equation  t;=^6"*'cos3y,  and   in  general  each 

term  of  the  series  corresponds  to  a  particular  state  which  eiyoys 
the  same  property.  All  these  partial  systems  exist  at  once  in 
that  which  equation  (a)  represents;  they  are  superposed,  and 
the  movement  of  heat  takes  place  with  respect  to  each  of  them 
as  if  it  alone  existed.  In  the  state  which  corresponds  to  any 
one  of  Ithese  terms,  the  fixed  temperatures  of.  the  points  of  the 
base  A  differ  from  one  point  to  another,  and  this  is  the  only  con- 
dition of  the  problem  which  is  not  fulfilled ;  but  the  general  state 
which  results  from  the  sum  of  all  the  terms  satisfies  this  special 
condition. 

According  as  the  point  whose  temperature  is  considered  19 
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more  distant  from  the  origin,  the  moyement  of  heat  id  less  com- 
plex: for  if  the  distance  x  is  sufficiently  great,  each  term  of 
the  series  is  very  small  with  respect  to  that  which  precedes  it^ 
so  that  the  state  of  the  heated  plate  is  sensibly  represented  by 
the  first  three  terms,  or  by  the  first  two,  or  by  the  first  only, 
for  those  parts  of  the  plate  which  are  more  and  more  distant 
from  the  origin* 

The  curved  surface  whose  vertical  ordinate  measures  the 
fixed  temperature  v,  is  formed  by  adding  the  ordinates  of  a 
multitude  of  particular  surfaces  whose  equations  are 

".'— e    cosy,    -T^  =  —  J6^*  cos  3y,     -T^=s^co8  5y,  &a 

The  first  of  these  coincides  with  the  general  surface  when  x 
is  infinite^  and  they  have  a  common  asymptotic  sheet. 

If  the  difference  v^v^  of  their  ordinates  is  considered  to  be 
the  ordinate  of  a  curved  surface,  this  surface  will  coiucide,  when  x 
is  infinite,  with  that  whose  equation  is  \irv^^ ^ ^e^ co&Zy.  All 
the  other  terms  of  the  series  produce  similar  results. 

The  same  results  would  again  be  found  if  the  section  at  the 
origin,  instead  of  being  bounded  as  in  the  actual  hypothesis  by 
a  straight  line  parallel  to  the  axis  of  y,  had  any  figure  whatever 
formed  of  two  symmetrical  parts.  It  is  evident  therefore  that 
the  particular  values 

a«"^cosy,    Je"^co8  3y,    C6""**cos5y,  &c., 

have  their  origin  in  the  physical  problem  itself,  and  have  a 
necessary  relation  to  the  phenomena  of  heat.  Each  of  them 
expresses  a  simple  mode  according  to  which  heat  is  established 
and  propagated  in  a  rectangular  plate,  whose  infinite  sides  retain 
a  constant  temperature.  The  general  system  of  temperatures 
is  compounded  always  of  a  multitude  of  simple  systems,  and  the 
expression  for  their  sum  has  nothing  arbitrary  but  the  coeffi- 
cients a,  fr,  c,  d,  &c. 

192.  Equation  (o)  may  be  employed  to  determine  all  the 
circumstances  of  the  permanent  movement  of  heat  in  a  rect* 
angular  plate  heated  at  its  origin.  If  it  be  asked,  for  example, 
what  is  the  expenditure  of  the  source  of  heat,  that  is  to  say, 
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what  is  the  quantity  which^  during  a  given  time,  passes  across 

the  base  A  and  replaces  that  which  flows  into  the  cold  masses 

B  and  C;  we  must  consider  that  the  flow  perpendicular  to  the 

dv  .  . 

axis  of  y  is  expressed  by  —  iT  -j- .    The  quantity  which  during 

the  instant  dt  flows  across  a  part  dy  of  the  axis  is  therefore 

^K£di,dt; 

and,  as  the  temperatures  are  permanent,  the  amount  of  the  flow, 

dv 
during  unit  of  time,  is  ^K-^dy,     This  expression  must  be 

integrated  between  the  limits  y^^^ir  and  y  =  +  i^,  in  order 
to  ascertain  the  whole  quantity  which  passes  the  base,  or  which 
is  the  same  thing,  must  be  integrated  from  y  =  0  to  y^\ir^  and 

the  result  doubled.    The  quantity  ^  is  a  function  of  x  and  y, 

in  which  x  must  be  made  equal  to  0,  in  order  that  the  calculation 
may  refer  to  the  base  A^  which  coincides  with  the  axis  of  y.  The 
expression  for  the  expenditure  of  the  source  of  heat  is  there- 
fore 2  /(— iT  T- dy\ .    The  integral  must  be  taken  from  y  =  0  to 

y^\ir\  if,  in  the  function  ^>  «  is  not  supposed  equal  to  0, 

but  x^Xy  the  integral  will  be  a  function  of  x  which  will  denote 
the  quantity  of  heat  which  flows  in  unit  of  time  across  a  trans- 
verse edge  at  a  distance  x  from  the  origin. 

193.     If  we  wish  to  ascertain  the  quantity  of  heat  which, 

during  unit  of  time,  passes  across  a  line  drawn  on  the  plate 

//ft 
parallel  to  the  edges  B  and  C,  we  employ  the  expression  —  iT-T-  , 

and,  multiplying  it  by  the  element  dx  of  the  line  drawn,  integrate 
with  respect  to  x  between  the  given  boundaries  of  the  line ;  thus 

the  integral  |[  — iT -r-  da?j  shews  how  much  heat  flows  across  the 

whole  length  of  the  line ;  and  if  before  or  after  the  integration 
we  make  y  =  J^ir,  we  determine  the  quantity  of  heat  which,  during 
unit  of  time,  escapes  from  the  plate  across  the  infinite  edge  C. 
We  may  next  compare  the  latter  quantity  with  the  expenditure 
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of  the  source  of  heat ;  for  the  source  must  necessarily  supply 
continually  the  heat  which  flows  into  the  masses  B  and  C.  If 
this  compensation  did  not  exist  at  each  instant^  the  system  of 
temperatures  would  be  variable. 

194.     Equation  (a)  gives 

dv    4/r 

—  -K"^   =  —  (e"'  cosy  —  e^ cos Sf/  +  e'" cos oy  —  e^* cos 7y  +  &c.); 

multiplying  by  dtf,  and  integrating  from  y  =  0,  we  have 

—  (e**siny  — 5  e"^sin3y  +  ^e'**sin5y  — i=e"'*sin7y  +  &c.j  • 
If  y  be  made  «  J-tt,  and  the  integral  doubled,  we  obtain 


TT    \  O  O 


^fi-^'  +  Ac.) 


as  the  expression  for  the  quantity  of  heat  which,  during  unit  of 
time,  crosses  a  line  parallel  to  the  base,  and  at  a  distance  a  from 
that  base. 

From  equation  (a)  we  derive  also 
—  iT-j-  =:  —  {(f*  siny  —  6"**  sin3y +  6"**  sinSy  — c"**  sin7y  +  &c.): 

hence  the  integral  i—K [-t-\  dx,  taken  from  a;  =  0,  is 

^  {(1  -  e'')  siny  -  (1  -  O  sin  3y  +  (1  -  O  sin 5y 

-  (1  -  e'^x)  sin  7y  +  &c.}. 

If  this  quantity  be  subtracted  from  the  value  which  it  assumes 
when  X  is  made  infinite,  we  find 


—  ( e    sm 


in  y  -  -^  e""  sin  3y  +  ^  e^^'  sin  5y  -  &c.  j  ; 


and,  on  making  y^^Tr,  we  have  an  expression  for  the  whole 
quantity  of  heat  which  crosses  the  infinite  edge  (7,  from  the 
point  whose  distance  from  the  origin  is  x  up  to  the  end  of  the 
plate;  namely, 

t^ /,-«  +  !   -  +  ]«-«-!- 


TT     \ 


+  ^  e-"  +  &c.)  , 
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'which  is  evidently  equal  to  half  the  quantity  which  in  the  same 
time  passes  beyond  the  transverse  line  drawn  on  the  plate  at 
a  distance  x  from  the  origin.  We  have  already  remarked  that 
this  result  is  a  necessary  consequence  of  the  conditions  of  the 
problem;  if  it  did  not  hold,  the  part  of  the  plate  which  is 
situated  beyond  the  transverse  line  and  is  prolonged  to  infinity 
would  not  receive  through  its  base  a  quantity  of  heat  equal  to 
that  which  it  loses  through  its  two  edges ;  it  could  not  therefore 
preserve  its  state,  which  is  contrary  to  hypothesis. 

195.  As  to  the  expenditure  of  the  source  of  heat,  it  is  found 
by  supposing  a;  =  0  in  the  preceding  expression ;  hence  it  assumes 
an  infinite  value^  the  reason  ior  which  is  evident  if  it  be  remarked 
that,  according  to  hypothesis,  every  point  of  the  line  A  has  and 
retains  the  temperature  1:  parallel  lines  which  are  very  near 
to  this  base  have  also  a  temperature  very  little  different  from 
unity:  hence,  the  extremities  of  all  these  lines  contiguous  to 
the  cold  masses  B  and  G  communicate  to  them  a  quantity  of 
heat  incomparably  greater  than  if  the  decrease  of  temperature 
were  continuous  and  imperceptible.  In  the  first  part  of  the 
plate,  at  the  ends  near  to  B  or  C,  b,  cataract  of  heat,  or  an 
infinite  flow,  exists.  This  result  ceases  to  hold  when  the  distance 
X  becomes  appreciable. 

196.  The  length  of  the  base  has  been  denoted  by  ir.  If  we 
assign  to  it  any  value  21,  we  must  write  ^ttj  instead  of  y,  and 

multiplying  also  the  values  of  «  by   q^,   we   must  write  Jttv 

instead  of  a.    Denoting  by  A  the  constant  temperature  of  the 

base,  we  must  replace  t;  by  -j  .     These  substitutions  being  made 

in  the  equation  (a),  we  have 

4^  / -«?        irv      1    -~         «7rv      1    -fL":-?         ^  tt?/ 

V  =  (  e     2/  cos  ^  -  ;r  «      ^    cos  3  -^f  +  -  e      2l     COS  D -^^, 
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-^e"  Jt*  cos  7  ^  +  &c. j (/3). 


This  equation  represents  exactly  the  system  of  permanent 
temperature  in  an  infinite  rectangular  prism,  included  between 
two  masses  of  ice  B  and  G,  and  a  constant  source  of  heat. 
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197.  It  is  easy  to  see  either  by  means  of  this  equation,  or 
from  Art  171,  that  heat  is  propagated  in  this  solid,  by  sepa- 
rating more  and  more  from  the  origin,  at  the  same  time  that  it 
is  directed  towards  the  infinite  faces  B  and  C.  Each  section 
parallel  to  that  of  the  base  is  traversed  by  a  wave  of  heat  which 
is  renewed  at  each  instant  with  the  same  intensity:  the  intensity 
diminishes  as  the  section  becomes  more  distant  from  the  origin. 
Similar  movements  are  effected  with  respect  to  any  plane  parallel 
to  the  infinite  faces;  each  of  these  planes  is  traversed  by  a  con- 
stant wave  which  conveys  its  heat  to  the  lateral  masses. 

The  developments  contained  in  the  preceding  articles  would 
be  unnecessary,  if  we  had  not  to  explain  an  entirely  new  theory, 
whose  principles  it  is  requisite  to  fix.  With  that  view  we  add 
the  foUowing  remarks. 

198.  Each  of  the  terms  of  equation  (a)  corresponds  to  only 
one  particular  system  of  temperatures,  which  might  exist  in  a 
rectangular  plate  heated  at  its  end,  and  whose  infinite  edges  are 
maintained  at  a  constant  temperature.  Thus  the  equation 
v^e^co&y  represents  the  permanent  temperatures,  when  the 
points  of  the  base  A  are  subject  to  a  fixed  temperature,  denoted 
by  cosy.  We  may  now  imagine  the  heated  plate  to  be  part  of  a 
plane  which  is  prolonged  to  infinity  in  all  directions,  and  denoting 
the  co-ordinates  of  any  point  of  this  plane  by  x  and  y,.&>^d  the 
temperature  of  the  same  point  by  r,  we  may  apply  to  the  entire 
plane  the  equation  v  —  e~*  cos  y ;  by  this  means,  the  edges  B  and 
C  receive  the  constant  temperature  0 ;  but  it  is  not  the  same 
with  contiguous  parts  BB  and  CC\  they  receive  and  keep  lower 
temperatures.  The  base  A  has  at  every  point  the  permanent 
temperature  denoted  by  cos  y,  and  the  contiguous  parts  A  A  have 
higher  temperatures.  If  we  construct  the  curved  surface  whose 
vertical  ordinate  is  equal  to  the  permanent  temperature  at  each 
point  of  the  plane,  and  if  it  be  cut  by  a  vertical  plane  passing 
through  the  line  A  or  parallel  to  that  line,  the  form  of  the  section 
will  be  that  of  a  trigonometrical  line  whose  ordinate  represents 
the  infinite  and  periodic  series  of  cosines.  If  the  same  curved 
surface  be  cut  by  a  vertical  plane  parallel  to  the  axis  of  x,  the 
form  of  the  section  will  through  its  whole  length  be  that  of  a 
logarithmic  curve. 
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199.  By  this  it  may  be  seen  how  the  analysis  satisfies  the 
two  conditions  of  the  hypothesis,  which  subjected  the  base  to  a 
temperature  equal  to  cos  y,  and  the  two  sides  ,B  and  G  to  the 
temperature  0.  When  we  express  these  two  conditions  we  solve 
in  fact  the  following  problem:  If  the  heated  plate  formed  part  of 
an  infinite  plane,  what  must  be  the  temperatures  at  all  the  points 
of  the  plane,  in  order  that  the  system  may  be  self-permanent,  and 
that  the  fixed  temperatures  of  the  infinite  rectangle  may  be  those 
which  are  given  by  the  hypothesis  ? 

We  have  supposed  in  the  foregoing  part  that  some  external 
causes  maintained  the  faces  of  the  rectangular  solid,  one  at  the 
temperature  1,  and  the  two  others  at  the  temperature  0.  This 
effect  may  be  represented  in  different  manners;  but  the  hypo- 
thesis proper  to  the  investigation  consists  in  regarding  the  prism 
as  part  of  a  solid  all  of  whose  dimensions  are  infinite,  and  in  deter- 
mining the  temperatures  of  the  mass  which  surrounds  it,  so  that 
the  conditions  relative  to  the  surface  may  be  always  observed. 

200.  To  ascertain  the  system  of  permanent  temperatures  in 
a  rectangular  plate  whose  extremity  A  is  maintained  at  the  tem- 
perature 1,  and  the  two  infinite  edges  at  the  temperature  0,  we 
might  consider  the  changes  which  the  temperatures  undergo, 
from  the  initial  state  which  is  given,  to  the  fixed  state  which  is 
the  object  of  the  problem.  Thus  the  variable  state  of  the  solid 
would  be  determined  for  all  values  of  the  time,  and  it  might  then 
be  supposed  that  the  value  was  infinite. 

The  method  which  we  have  followed  is  different,  and  conducts 
more  directly  to  the  expression  of  the  final  state,  since  it  is 
founded  on  a  distinctive  property  of  that  state.  We  now  proceed 
to  shew  that  the  problem  admits  of  no  other  solution  than  that 
which  we  have  stated.  The  proof  follows  from  the  following 
propositions. 

201.  If  we  give  to  all  the  points  of  an  infinite  rectangular 
plate  temperatures  expressed  by  equation  (a),  and  if  at  the  two 
edges  B  and  C  we  maintain  the  fixed  temperature  0,  whilst  the 
end  -4  is  exposed  to  a  source  of  heat  which  keeps  all  points  of  the 
line  A  at  the  fixed  temperature  1;  no  change  can  happen  in  the 

state  of  the  solid.      In  fact,   the  equation  rj^  +  t-^  =  0   being 
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satisfied,  it  is  evident  (Art.  170)  that  the  quantity  of  heat  which 
determines  the  temperature  of  each  molecule  can  be  neither 
increased  nor  diminished. 

The  diflFerent  points  of  the  same  solid  having  received  the 
temperatures  expressed  by  equation  (a)  or  v  =  ^{x,y),  suppose 
that  instead  of  maintaining  the  edge  A  at  the  temperature  1,  the 
fixed  temperature  0  be  given  to  it  as  to  the  two  lines  B  and  C; 
the  heat  contained  in  the  plate  BAG  will  flow  across  the  three 
edges  Ay  B,  G,  and  by  hypothesis  it  will  not  be  replaced,  so  that 
the  temperatures  will  diminish  continually,  and  their  final  and 
common  value  will  be  zero.  This  result  is  evident  since  the 
points  infinitely  distant  from  the  origin  A  have  a  temperature 
infinitely  small  from  the  manner  in  which  equation  (a)  was 
formed. 

The  same  efiect  would  take  place  in  the  opposite  direction,  if 
the  system  of  temperatures  were  v  =  —  ^  (a?,  y),  instead  of  being 
v  =  (l}{x,  y);  that  is  to  say,  all  the  initial  negative  temperatures 
would  vary  continually,  and  would  tend  more  and  more  towards 
their  final  value  0,  whilst  the  three  edges  A,  B,  G  preserved  the 
temperature  0. 

202.  Let  v  =  ^{x,  y)  be  a  given  equation  which  expresses 
the  initial  temperature  of  points  in  the  plate  BA  (7,  whose  base  A 
is  maintained  at  the  temperature  1,  whilst  the  edges  B  and  G 
preserve  the  temperature  0. 

Let  v==F(x,  y)  be  another  given  equation  which  expresses 
the  initial  temperature  of  each  point  of  a  solid  plate  BAG  exactly 
the  same  as  the  preceding,  but  whose  three  edges  B,  A,  G  are 
maintained  at  the  temperature  0. 

Suppose  that  in  the  first  solid  the  variable  state  which  suc- 
ceeds to  the  final  state  is  determined  by  the  equation  v  =  ^(x^ y,  t), 
t  denoting  the  time  elapsed,  and  that  the  equation  v  =  ^\x,  y,  t) 
determines  the  variable  state  of  the  second  solid,  for  which  the 
initial  temperatures  ^re  F{x,  y). 

Lastly,  suppose  a  third  solid  like  each  of  the  two  preceding: 
let  V  =/(a;,  y)  +  F(x,  y)  be  the  equation  which  represents  its 
initial  state,  and  let  1  be  the  constant  temperature  of  the  base 
A,  0  and  0  those  of  the  two  edges  B  and  C. 
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We  proceed  to  shew  that  the  variable  state  of  the  third  solid 
is  determined  by  the  equation  v  =  ^(a?,  y,  t)  +  <I>(a?,  y,  t)* 

In  fact,  the  temperature  of  a  point  m  of  the  third  solid  varies, 
because  that  molecule,  whose  volume  is  denoted  by  Jf,  acquires 
or  loses  a  certain  quantity  of  heat  A.  The  increase  of  tempera- 
ture during  the  instant  dt  is 

cM 

the  coeflScient  c  denoting  the  specific  capacity  with  respect  to 
volume.     The  variation  of  the  temperature  of  the  same  point  in 

fj  T) 

the  first  solid   is   -y>  dt,  and  -T>d^  in  the   second,  the   letters 

CM  cM 

d  and  D  representing  the  quantity  of  heat  positive  or  negative 

which  the  molecule  acquires  by  virtue  of  the  action  of  all  the 

neighbouring  molecules.      Now  it  is   easy   to    perceive   that  A 

is  equal  to   d-^D,     For  proof  it   is  sufficient  to  consider  the 

quantity  of  heat  which  the  point  m  receives  from  another  point 

w!  belonging  to  the  interior  of  the  plate,  or  to  the  edges  which 

bound  it. 

The  point  m,,  whose  initial  temperature  is  denoted  by  f^^ 

transmits,  during  the  instant  dt,  to  the  molecule  m,  a  quantity  of 

heat  expressed  by  qj,f^  —f)dt^  the  factor  q^  representing  a  certain 

function  of  the  distance  between  the  two  molecules.     Thus  the 

whole  quantity  of  heat  acquired  by  m  is  ^qi(/i—f)dt,  the  sign 

2  expressing  the  sum  of  all  the  terms  which   would   be  found 

by  considering  the  other  points  iw,,  m^  m^  &c.  which  act  on  m ; 

that  is  to  say,  writing  g,,^  or  ?,,/,,  or  q^,  f^  and  so  on,  instead  of 

q^y  fy    In  the  same  manner  Xq^[F^  —  F)dt  will  be  found  to  be 

the  expression  of  the  whole  quantity  of  heat  acquired  by  the 

same  point  m  of  the  second  solid ;  and  the  factor  q^  is  the  same 

as  in  the  term  ^qS^f^  ^f)dt,  since  the  two  solids  are  formed  of 

the  same  matter,  and  the  position  of  the  points  is  the  same;  we 

have  then 

d  =  2yj(X  -f)dt  and  D  =  tq^{F^  -  F)dt 
For  the  same  reason  it  will  be  found  that 

A  -  tq,[f,  +  /;  -  (/+  F)]dt ; 

hence  A  =  rf  +  i)  and  -rt  =  — j>  +  ~rr  • 

cm      cm      CM 
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It  follows  from  this  that  the  molecule  m  of  the  third  solid 
acquires,  during  the  instant  dt,  an  increase  of  temperature  equal 
to  the  sum  of  the  two  increments  which  the  same  point  would 
have  gained  in  the  two  first  solids.  Hence  at  the  end  of  the 
first  instant,  the  original  hypothesis  will  again  bold,  since  any 
molecule  whatever  of  the  third  solid  has  a  temperature  equal 
to  the  sum  of  those  which  it  has  in  the  two  others.  Thus  the 
same  relation  exists  at  the  beginning  of  each  instant,  that  is  to 
say,  the  variable  state  of  the  third  solid  can  always  be  represented 
by  the  equation 

203.  The  preceding  proposition  is  applicable  to  all  problems 
r^lative  to  the  uniform  or  varied  movement  of  heat.  It  shews 
that  the  movement  can  always  be  decomposed  into  several  others, 
each  of  which  is  efiected  separately  as  if  it  alone  existed.  This 
superposition  of  simple  eflfects  is  one  of  the  fundamental  elements 
in  the  theory  of  heat.  It  Ls  expressed  in  the  investigation,  by 
the  very  nature  of  the  general  equations,  and  derives  its  origin 
from  the  principle  of  the  communication  of  heat 

Let  now  v  =  ^{x,  y)  be  the  equation  (a)  which  expresses  the 
permanent  state  of  the  solid  plate  BAC,  heated  at  its  end  A,  and 
whose  edges  B  and  C  preserve  the  temperature  1 ;  the  initial  state 
of  the  plate  is  such,  according  to  hypothesis,  that  all  its  points 
have  a  nul  temperature,  except  those  of  the  base  A,  whose  tem- 
perature is  1.  The  initial  state  can  then  be  considered  as  formed 
of  two  others,  namely :  a  first,  in  which  the  initial  temperatures  are 
—  (f>(x,  y),  the  three  edges  being  maintained  at  the  temperature  0, 
and  a  second  state,  in  which  the  initial  temperatures  are  +  ^(a?,y), 
the  two  edges  B  and  C  preserving  the  temperature  0,  and  the 
base -4  the  temperature  1;  the  superposition  of  these  two  states 
produces  the  initial  state  which  results  from  the  hypothesis.  It 
remains  then  only  to  examine  the  movement  of  heat  in  each  one 
of  the  two  partial  states.  Now,  in  the  second,  the  system  of  tem- 
peratures can  undergo  no  change;  and  in  the  first,  it  has  been 
remarked  in  Article  201  that  the  temperatures  vary  continually, 
and  end  with  being  nul.  Hence  the  final  state,  properly  so  called, 
is  that  which  is  represented  by  v  =  <^  (x,  y)  or  equation  (a). 
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If  this  state  were  formed  at  first  it  would  be  self-existent,  and 
it  is  this  property  which  has  served  to  determine  it  for  us.  If  the 
solid  plate  be  supposed  to  be  in  another  initial  state,  the  differ- 
ence between  the  latter  state  and  the  fixed  state  forms  a  partial 
state,  which  imperceptibly  disappears.  After  a  considerable  time, 
the  difference  has  nearly  vanished,  and  the  system  of  fixed  tem- 
peratures has  undergone  no  change.  Thus  the  variable  temper- 
atures converge  more  and  more  to  a  final  state,  independent  of 
the  primitive  heating. 

204.  We  perceive  by  this  that  the  final  state  is  unique;  for, 
if  a  second  state  were  conceived,  the  difference  between  the 
second  and  the  first  would  form  a  partial  state,  which  ought  to  be 
self-existent,  although  the  edges  A,  B,  0  were  maintained  at  the 
temperature  0.  Now  the  last  effect  cannot  occur;  similarly  if  we 
supposed  another  source  of  heat  independent  of  that  which  flows 
from  the  origin  A;  besides,  this  hypothesis  is  not  that  of  the 
problem  we  have  treated,  in  which  the  initial  temperatures  are 
nul.  It  is  evident  that  parts  very  distant  from  the  origin  can 
only  acquire  an  exceedingly  small  temperature. 

Since  the  final  state  which  must  be  determined  is  unique,  it 
follows  that  the  problem  proposed  admits  no  other  solution  than 
that  which  results  from  equation  (ol).  Another  form  may  be 
given  to  this  result^  but  the  solution  can  be  neither  extended  nor 
restricted  without  rendering  it  inexact. 

The  method  which  we  have  explained  in  this  chapter  consists 
in  forming  first  very  simple  particular  values,  which  agree  with 
the  problem,  and  in  rendering  the  solution  .more  general,  to  the 
intent  that  v  or  if>  {x,  y)  may  satisfy  three  conditions,  namely: 

5+^=^'  *('^'<>)=i'  ^(^^±i'r)=o. 

It  is  clear  that  the  contrary  order  might  be  followed,  and  the 
solution  obtained  would  necessarily  be  the  same  as  the  foregoing. 
We  shall  not  stop  over  the  details,  which  are  easily  supplied, 
when  once  the  solution  is  known.  We  shall  only  give  in  the  fol* 
lowing  section  a  remarkable  expression  for  the  function  0  [x,  y) 
whose  value  was  developed  in  a  convergent  series  in  equation  (a). 
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SECTION  V. 
Finite  expression  of  the  result  of  the  solution, 

205.    The  preceding  solution  might  be  deduced  from  the 

cPv     cTv 
integral  of  the  equation  -j-^  +  -r- j  =  0/  which  contains   imaginary 

quantities,  under  the  sign  of  the  arbitrary  functions.     We  shall 
confine  ourselves  here  to  the  remark  that  the  integral 

t;=  ^  (a? +y>/ -  1) +'^(a;-y>/ - 1), 
has  a  manifest  relation  to  the  value  of  v  given  by  the  equation 

-7-  =  e'^cosv  — ;^  e'^'cos  Sy  +-  6""  cos  5  v  —  &c. 

In  fact,  replacing  the  cosines  by  their  imaginary  expressions, 
we  have 

The  first  series  is  a  function  of  x—yj  —  l,  and  the  second 
series  is  the  same  fimction  of  «  +  yv  —  1. 

Comparing  these  series  with  the  known  development  of  arc  tan  s 
in  functions  of  z  its  tangent,  it  is  immediately  seen  that  the  first 

is   arc  tan  e"**^^^,    and  the    second    is    arc  tan  e^'^'^ ;    thus 
equation  (a)  takes  the  finite  form 

^  =  arctane-«'^^>  +  arctan«-<*^^' (B). 

In  this  mode  it  conforms  to  the  general  integral 

t;«^(a;  +  yV^)  +  V^(»-yy'^) {A), 

the  function  ^  {£)  is  arc  tan  e"',  and  similarly  the  function  '^  [z], 
1  D.  F.  Gregory  deriTed  the  solution  from  the  form 

»=oos^yjg^j^(aj)  +sin(yjj^f  (ac). 
Cawb,  Math.  Journal^  Vol.  i.  p.  105.     [A.  F.] 
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If  in  equation  (B)  we  denote  the  first  term  of  the  second  mem- 
ber by  p  and  the  second  by  q,  we  have 

|7rt;=i>  +  f,  tanp^c-^'**^^^  tan  j  «  c"t*"«'>^-*> ; 

,  X      /     .    \         ^^  P  +  ^^  Q       2c"*  cos  y      2  cos  V 

whence      tan  (p  +  q)  or  _ — -^ — -^  =  -= =^  =*  -- — ^ : 

\r     !£/       1-tanjptanj      1  —  e^      e'  —  e^* 

whence  we  deduce  the  equation  ^''n;  =arc  tan  (  ^«^^~[) (C). 

This  is  the  simplest  form  under  which  the  solution  of  the 
problem  can  be  presented. 

206.    This  value  of  t?  or  ^  (x,  y)  satisfies  the  conditions  relative 
to  the  ends  of  the  solid,  namely,  ^  (a?,  ±  \ir)  =  0,  and  ^  (0,  y)  =  1 ; 

it  satisfies  also  the  general  equation  -r-^  +  ^,  =  0,  since  equa- 
tion ((7)  is  a  transformation  of  equation  {B).  Hence  it  represents 
exactly  the  system  of  permanent  temperatures ;  and  since  that 
state  is  unique,  it  is  impossible  that  there  should  be  any  other 
solution,  either  more  general  or  more  restricted. 

The  equation  ((7)  furnishes,  by  means  of  tables,  the  value  of 

one  of  the  three  unknowns  v,  x,  y,  when  two  of  them  are  given;  it 

very  clearly  indicates  the  nature  of  the  surface  whose  vertical 

ordinate  is  the  permanent  temperature  of  a  given  point  of  the 

solid  plate.    Finally,  we  deduce  from  the  same  equation  the  values 

dv  3f0 

of  the  differential  coefficients  -j-  and  j-  which  measure  the  velo- 

dx         dy 

city  with  which  heat  flows  in  the  two  orthogonal  directions ;  and 

we  consequently  know  the  value  of  the  flow  in  any  other  direction. 

These  coefficients  are  expressed  thus, 

dv  _  f         e*  +  e"*         \ 

^ ^^^^y\,6*'+2cos2y  +  e-»'/' 

dv  _  .      (  e*-e"^  \ 

^^--zsmy^^^2cos2y +  «"•*;• 

It  may  be  remarked  that  in  Article  194  the  value  of  -i- ,  and 
that  of  T-  are  given  by  infinite  series,  whose  sums  may  be  easily 
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found,  by  replacing  the  trigonometrical  quantities  by  imaginary 

dv  dv 

exponentials.     We  thus  obtain  the  values  of  -^  and  -=-  which 

ax  ay 

we  have  just  stated. 

The  problem  which  we  have  now  dealt  with  is  the  first  which 
we  have  solved  in  the  theory  of  heat,  or  rather  in  that  part  of 
the  theory  which  requires  the  employment  of  analysis.  It 
furnishes  very  easy  numerical  applications,  whether  we  make 
use  of  the  trigonometrical  tables  or  convergent  series,  and  it 
represents  exactly  all  the  circumstances  of  the  movement  of 
heat.     We  pass  on  now  to  more  general  considerations. 


SECTION  VI. 

Development  of  an  arbitrary  function  in  trigonometric  aeries. 

207.     The  problem  of  the  propagation  of   heat  in  a  rect- 

angular  solid  has  led  to  the  equation  -r-^  +  -r-^  =  0 ;  and  if  it 

be  supposed  that  all  the  points  of  one  of  the  faces  of  the  solid 
have  a  common  temperature,  the  coefficients  a,  J,  c,  e?,  etc.  of 
the  series 

a  cos  a;  +  J  cos  3j?  +  c  cos  Sa?  +  rf  cos  7x  +  ...  &c., 

must  be  determined  so  that  the  value  of  this  function  may  be 
equal  to  a  constant  whenever  the  arc  x  is  included  between  —  Jtt 
and  +  ^TT.  The  value  of  these  coefficients  has  just  been  assigned; 
but  herein  we  have  dealt  with  a  single  case  only  of  a  more  general 
problem,  which  consists  in  developing  any  function  whatever  in 
an  infinite  series  of  sines  or  cosines  of  multiple  arcs.  This 
problem  is  connected  with  the  theory  of  partial  differential 
equations,  and  has  been  attacked  since  the  origin  of  that  analysis. 
It  was  necessaiy  to  solve  it,  in  order  to  integrate  suitably  the 
equations  of  the  propagation  of  heat;  we  proceed  to  explain 
the  solution. 

We  shall  examine,  in  the  first  place,  the  case  in  which  it  is 
required  to  reduce  into  a  series  of  sines  of  multiple  arcs,  a 
function   whose   development  contains  only   odd  powers   of  the 
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variable.    Denoting  such  a  function  by  <f>  {x),   we  arrange .  the 
equation 

il>{x)  =  a  sin  x  +  b  sin  2a;  +  c  sin  3^  +  ^  sin 4a:]+  ...  &c., 

in  which  it  is  required  to  determine  the  value  of  the  coefficients 
a,  b,  c,  d,  &c.     First  we  write  the  equation 

0(^)=arf(O)  +  ^f'(O)  +  *3^"'(O)+^0"(O)  +  |^'(O)  +  ...&c., 

in  which  f  (0),  ^^(0),  ^"'(07,  ^"(0),  &c.  denote  the  values  taken 
by  the  coefficients 

d^{x)       d*<t>{x)       d*4>{a!)       d*^  (x) 


dx    '         do?     '         daf     '        dx* 


,  &c., 


when  we  suppose  a;  =  0  in  them.    Thus,  representing  the  develop- 
ment according  to  powers  of  x  by  the  equation 

4,(x)  =  Ax-B^  +  C'^-D^  +  E^-&o., 

we  have  ^(0)=0,  and    ^'{0)=A, 

f'(0)  =  0.  <f>"'(0)  =  B. 

^''(0)  =  0,  ^'(0)  =  C, 

^''(0)  =  0,  r(0)  =  A 

&c.  &c. 

If  now  we  compare  the  preceding  equation  with  the  equation 

<f>{x)  =  a  sina?+i  sin2a?  +  c  sin 3a?  +  rf sin 4a?  +  e  sin5a?  +  &c., 

developing  the  second  member  with  respect  to  powers  of  x,  we 
have  the  equations 

^  =  o  +  2i  +  3(5  +  4d  +  56  +  &c., 

B  =  a  +  2"6  +  3'c  +  4i*d  +  5'e  +  &c., 

C  =  a  +  2*6  +  3'c  +  4y  +  6"c  +  &c. , 

D=  a  +  2'6  +  3'c  +  4>'d  +  5'e  +  &c., 

^==a  +  2*6  +  3*c+4'd  +  5*6  +  &c («). 

These  equations  serve  to  find  the  coefficients  a,  b,  c,  d,  e, 
&c.,  whose  number  is  infinite.  To  determine  them,  we  first  re- 
gard the  number  of  unknowns  as  finite  and  equal  to  m ;  thus 
we  suppress  all  the  equations  which  follow  the  first  m  equations, 


170  THEOEV  OF  HEAT.  [CHAP.  III. 

and  we  omit  from  each  equation  all  the  terms  of  the  second 
member  which  follow  the  first  m  terms  which  we  retain.  The 
whole  number  m  being  given,  the  coefl&cients  a,  b,  c,  d,  e,  &c.  have 
fixed  values  which  may  be  found  by  elimination.  Diiferent 
values  would  be  obtained  for  the  same  quantities,  if  the  number 
of  the  equations  and  that  of  the  unknowns  were  greater  by  one 
unit.  Thus  the  value  of  the  coefiicients  varies  as  we  increase 
the  number  of  the  coefficients  and  of  the  equations  which  ought 
to  determine  them.  It  is  required  to  find  what  the  limits  are 
towards  which  the  values  of  the  unknowns  converge  continually 
as  the  number  of  equations  increases.  These  limits  are  the  true 
values  of  the  unknowns  which  satisfy  the  preceding  equations 
when  their  number  is  infinite. 

208.  We  consider  then  in  succession  the  cases  in  which  we 
should  have  to  determine  one  unknown  by  one  equation,  two 
unknowns  by  two  equations,  three  unknowns  by  three  equations, 
and  so  on  to  infinity. 

Suppose  that  we  denote  as  follows  different  systems  of  equa- 
tions analogous  to  those  from  which  the  values  of  the  coefficients 
must  be  derived : 

a.  +  2»6,  =  5„         a,  +  2'J,  +  3'c,  =  J33, 

a,  +  2^b,  +  d\^C,, 
a,  +  2i^  +3c,  +4d^  =A^, 
a,  +  2»J,  +  3'c,  +  4W,  =  5„ 
a,  +  2«J,  +  3*c,  +  4»rf,  =  (7„ 
a,  +  2^6,  +  3'c,  +  4^d,  =  2>„ 
a,  +  2b,  +3c,  +4^3  -hSe,  =  J„ 

a,+  2'6,  +  3V,  +  4y.  +  5»^,=  C;, 

&c.  &c (i). 
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If  now  we  eliminate  the  last  unknown  e^  by  means  of  the 
five  equations  which  contain  A^,  B^,  C^,  D^,  E^,  &c.,  we  find 

a,  (5*  -V)  +  26.  (5'  -  2')  +  3o,  (5»  -  3«)  +  H  (5*  -  4')  =  5*^.  -  B„ 
a.  (5«  - 1»)  +  2»ft.  (5*  -  2*)  +  3\  (5*  -  3')  +  4^  (5'  -  4^  =  5«5,  -  (7. , 
a.  (5«  - 1*)  +  2*i.  (5'  -2')  +  3'c,  (5»  -  3*)  +  4*d.  (5'  -  4*)  =  5«(7.  -  A. 
«.  (5«  -  r)  +  2\  (5*  -  2»)  +  3V,  (5»  -  3')  +  4W.  (5«  -  *•)  =  6»Z>.  -  j;. 

We  could  have  deduced  these  four  equations  from  the  four 
which  form  the  preceding  system,  by  substituting  in  the  latter 
instead  of 

a,.     (5'-l')a., 

b,.     (5»-2')6., 

c,.     (5*-3')c„ 
d,.     (5«-4')(/.; 

and  instead  of  A^,    S^A^^B^, 

By  similar  substitutions  we  could  always  pass  from  the  case 
which  corresponds  to  a  number  m  of  unknowns  to  that  which 
corresponds  to  the  number  m+1*  Writing  in  order  all  the 
relations  between  the  quantities  which  correspond  to  one  of  the 
cases  and  those  which  correspond  to  the  following  case,  we  shall 
have 

o.  =  a,(2'-l), 

a.=fl,(8*-l),  6,=6,(3'-20, 

•,-a.(4*-l),  6,  =  6,(4»-2»),  c,  =  c.  (4»  -  3«), 

o,  =  o.(5»-l),  J.  =  i.(5»-2«),  c.  =  c.(5*-3*),  d,  =  d.  (5*  -  4'), 

o.=a.(6*-l),  6.  =  6.(6*-2»),  c.  =  c,(6*-3'),  rf.  =  rf,  (6«  -  4*), 

<'.  =  «.(6*-5'). 
&c.  &c (c). 
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We  have  also 
^,  =  2^.-5,, 

&c.  &c (d). 

From  equations  (c)  we  conclude  that  on  representing  the  un- 
knowns^ whose  number  is  infinite,  by  a,  6,  c,  d,  e,  &c.,  we  must 
have 

«i 

^""  (2-'-l)  (3«-l)(4'-l)(6*-l)../ 

5. 


6  = 


(3"-  2«)  (4'-  2*)  (5«-  2*)  (6'-.  2*) ... ' 


c= * 


(4«  -  3*)  (5«  -  3»)  (6'  -  3')  (7"  -  3») . . . ' 


d=7^  "^^ 


(5«  -  4*)  (6*  -  4')  (7"  -  4')  (8*  -  4«) ... ' 

&c.  &c (e). 

•  209.  It  remains  then  to  determine  the  values  of  a^,  6,,  c,, 
^4>  ^6 J  &c. ;  the  first  is  given  by  one  equation,  in  which  A^  enters; 
the  second  is  given  by  two  equations  into  which  A^^  enter;  the 
third  is  given  by  three  equations,  into  which  AfiJO^  enter ;  and 
so  on.     It  follows  from  this  that  if  we  knew  the  values  of 

A,,    Afi^,    A,B^C^,    A,B,G,D,...,  &c., 

we  could  easily  find  a^  by  solving  one  equation,  ajb^  by  solving 
two  equations,  ajb^c^  by  solving  three  equations,  and  so  on :  after 
which  we  could  determine  a,  b,  c,  d,  e,  &c.  It  is  required  then 
to  calculate  the  vulues  of 

A,,    A,B,,    A^B^C,,    Afi.CJ),,    AJBfiJ),E,...,  &c., 

by  means  of  equations  (d).  1st,  we  find  the  value  of  A^  in 
terms  of  A^  and  B^\  2nd,  by  two  substitutions  we  find  this  value 
oi  A^  in  terms  of  A^B^G^\  3rd,  by  three  substitutions  we  find  the 
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same  value  of  A^  in  terms  of  AfifiJ)^^  and  so  on.  The  successive 
values  of  ^^  are 

A,  =  A;7^.  3*  -  B,  (2'  +  3*)  +  C„ 

A,  =  A,^.  3*.  4»  -  B,  (2*.  3»  +  2*.  4*  +  3».  4*)  +  C,  (2»  +  3*  +  4»)  -  2)„ 
^,  =  ^,2*.  3».  4».  6'  -  5,  (2».  3».  4^  +  2V  3».  6*  +  2».  4».  5'  +  3'.  4».  5») 

+  (7,  (2».  3«  +  2».4*  + 2».5*  +  3».4»+ 3'.5*  + 4».5') 
-  2),  (2*  +  3' +  4»  +  5*)  +  ^„  Ac, 

the  law  of  which  is  readily  noticed.  The  last  of  these  values, 
which  is  that  which  we  wish  to  determine,  contains  the  quantities 
A,  B,  G,  D,  E,  &c.,  with  an  infinite  index,  and  these  quantities 
are  known ;  they  are  the  same  as  those  which  enter  into  equa- 
tions (a). 

Dividing  the  ultimate  value  of  A^  by  the  infinite  product 

2».3».4*.5».6V..&c., 
we  have 

^  -  ^  (^' +  y  +  4*  +  5*  +  **'•)  "*■  ^  (l^rr*  +  2«.  4' +  3^4*  +  **'•) 

~  -^  U.  3*.  4"  ■*"  2».  3».  5*  "•"  3'.  4».  5»  "*■  ^j 

•^  ^  (2*.  3'.  4'.  5«  •*•  2^3*74*76*  +  ^)  +  *''• 

The  numerical  coefficients  are  the  sums  of  the  products  which 
could  be  formed  by  different  combinations  of  the  fractions 

1       1       i       i       1      ^ 

after   having   removed    the  first  fraction  ^,    If  we  represent 

the  respective  sums  of  products  by  Pj,  Qj,  R^,  /Sj,  T,, ...  &c.,  and 
if  we  employ  the  first  of  equations  {e)  and  the  first  of  equa* 
tions  (5),  we  have,  to  express  the  value  of  the  first  coefficient  a, 
the  equation 

a(2«-l)(3'- 1)(4'-1)(5'-1)... 

2^3^4^5^.. 
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now  the  quantities  P^,  Q^,  R^,  5,,  T^...  &c.  may  be  easily  deter- 
mined, as  we  shall  see  lower  down ;  hence  the  first  coefficient  a 
becomes  entirely  known, 

210.  We  must  pass  on  now  to  the  investigation  of  the  follow- 
ing coefficients  b,  c,  d,  e,  &c.,  which  from  equations  (e)  depend  on 
the  quantities  6,,  c^,  c?^,  e^,  &c.  For  this  purpose  we  take  up 
equations  (6),  the  first  has  already  been  employed  to  find  the 
value  of  Oj,  the  two  following  give  the  value  of  6,,  the  three 
following  the  value  of  Cg,  the  four  following  the  value  of  d^,  and 
so  on. 

On  completing  the  calculation,  we  find  by  simple  inspection 
of  the  equations  the  following  results  for  the  values  of  6,,  c,,  d^, 
&c. 

3c3(P-3')(2^-3')  =  J3r.2'-53(r  +  2*)  +  C3, 
4rf,(l«-4*)(2*-4«)(3*-4*) 

=  AX.  2\  y -  B,  (IV  2»  + 1».  3'  +  2'. 3')  +  G,  {V  +  2»  +  3')  -  2>,. 
&c. 

It  is  easy  to  perceive  the  law  which  these  equations  follow ; 
it   remains   only    to    determine    the    quantities  A^B^,  A^B^C^, 

Now  the  quantities  Afi^  can  be  expressed  in  terms  of  Afi^G^^ 
the  latter  in  terms  of  AfifiJ)^,  For  this  purpose  it  suffices  to 
effect  the  substitutions  indicated  by  equations  (d) ;  the  successive 
changes  reduce  the  second  members  of  the  preceding  equations 
so  as  to  contain  only  the  ABCD,  &c.  with  an  infinite  suffix, 
that  is  to  say,  the  known  quantities  ABCD,  &c.  which  enter  into 
equations  (a) ;  the  coefficients  become  the  different  products 
which  can  be  made  by  combining  the  squares  of  the  numbers 
1*2*3'4'5*  to  infinity.  It  need  only  be  remarked  that  the  first 
of  these  squares  1'  will  not  enter  into  the  coefficients  of  the 
value  of  a, ;  that  the  second  2'  will  not  enter  into  the  coefficients 
of  the  value  of  6, ;  that  the  third  square  3*  will  be  omitted  only 
from  those  which  serve  to  form  the  coefficients  of  the  value  of  c  ; 
and  so  of  the  rest  to  infinity.     We  have  then  for  the  values  of 
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JjCgrf/g,  &c,,  and  consequently  for  those  of  bcde,  &c.,  results  entirely 
analogous  to  that  which  we  have  found  above  for  the  value  of 
the  first  coefficient  a^. 

211.    If  now  we  represent  by  Pg,  Q,,  7?^,  S^y  &c.,  the  quantities 

1     1     1     Ij. 

1»  "^  3" "*"  4* "*■  6"      •*•  ' 


IV  3*  "^  V.  4»  "^  1».'5*  "^  3\  4*  ■*"  3\  6*  "*"  -  ' 


r.3V4*"^r.3'.5*'*"3».4*.5*"^*- 

r.3*.4".5*^r.4«.5*.6*^  •••' 

&c., 
which  are  formed  by  combinations  of  the  fractions  r^ ,   ^5 ,   ^  , 

X  iU  t> 

11  .    .       1 

ji ,    rS  •  •  •  <^<^'  ^o  infinity,  omitting  ^  the  second  of  these  fractions 

we  have,  to  determine  the  value  of  i^,  the  equation 

Representing  in  general   by  P^Q^R^S^..,   the  sums   of  the 
products   which   can  be  made  by   combining  all   the  fractions 

^>oi>Qi>Zi>^*"*o  infinity,  after  omitting  the  fraction  -g 

only;  we  have  in  general  to  determine  the  quantities  a,,  6,,  c., 
d^,  «,...,  &c.,  the  following  equations: 

A-BP,+  GQ,-DR,  +  ES,-&c.=  o.^  3.  |.  ^     , 
A -BP,  +  CQ, - DR,  +  ^-Sf. - &c.  =  25. p-§'~^2'... ' 
A-BP,^r  CQ,  -  DB,  +  E8,  -  &c.  =  3c,  jf^^l  ^  ~f ^  , 
A-BP,  +  CQ,-DB,  +  ES,-&c.  =  id,^^^^^l^^^^tff^, 
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212.     If  we  consider  now  equations  (e)  which,  give  the  values 
of  the  coefficients  a,  6,  c,  d,  &c.,  we  have  the  following  results : 

(2'  -  1')  (3'  -  I')  (4'  •-  1')  (5' -  I') ... 

^  2^3^4^5^.. 

(V  -2')(3«-2')(4*-2«)(5»-2«)... 


26 


3c 


1«.3*.4V5*... 

(1'  -.  3')  (2'  -  3')  (4'  -  3')  (5'  -  3*) ... 
1".2».4\5«... 


4d 


{V  ^  4*)  (2*  -  V)  (3'  -  4')  (5'  -  4') ... 

=  ^  -  5P,  +  CQ,  -  DR,  +  E8^  -  &c., 
&c. 

Remarking  the  factors  which  are  wanting  to  the  numerators 
and  denominators  to  complete  the  double  series  of  natural 
numbers,  we  see  that  the  fraction  is  reduced,  in  the  first  equation 

to  Y  •  9  >  ill  t^®  second  to  -  s  •  t  ;  in  the  third  to  ^  •  ^  5  iii  the 

4    4 
fourth  to  —  T  •  o ;  so  that  the  products  which  multiply  a,  2J,  3c, 

4d,  &c.,  are  alternately  ^  ^^^  —  « •     It  is  only  required  then  to 
find  the  values  o{  P^Q^R^S,,  P^Q^R^'  ^sQ^^A^  &c. 

To  obtain  them  we  may  remark  that  we  can  make  these 
values  depend  upon  the  values  of  the  quantities  PQR8T,  &c., 
which  represent  the   different   products   which  may  be  formed 

111111 

with  the  fractions   y5>    92*    q5>   ts*    ri>    ^>  ^^'>  without  omit- 
ting any. 

With  respect  to  the  latter  products,  their  values  are  given 
by  the  series  for  the  developments  of  the  sine.  We  represent 
then  the  series 
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r  ■•■  |5  "^  ^  ■•■  i*  ■*■  6*  ■*■  **'' 

r.  2»  ^  1».  3*  ^  1*.  4*  ^  2*.  3»  ^  2'.  4*  ^  8*.  4*  ^ 

1        .        I        .        1        .        1        .  ^ 
1*.  2*.  3*  "•"  IV  2V  4'  "^  V.  3*.  4*  '*'  2\  3\  *'  '*'  ^' 

111 


r.2'.3».4»^2».3\4'.5«  '  r.2*.3'.6 
by  r,  Q,  B,8,&c 

The  series        8in«  =  aj— tk  +  tc '-■is  +  &c. 

1^   l£   IZ 

furnishes  the  values  of  the  quantities  P,  Q,  B,  8,  &c    In  fact,  the 
▼alue  of  the  sine  being  expressed  by  the  equation 

we  have 

a?     a^     x^      . 

=  (>-^)(>-^)('-»4)('-:^)*' 

Whence  we  conclude  at  once  that 

tt'  tt*  w*  w' 

•^"]3'     ^"j6'     ^^|7'    ^=j9'*^- 

213.    Suppose  now  that  P^,  Q^,  fl^,  5,,  &c.,  represent  the 
sums  of  the  different  products  which  can  be  made  with  the 

fractions   ^,   5=,   53,  xtj*  fi*  ^^-j  fr^i*^  which  the  fraction  -s 
1      i      o      4      5  n* 

has  been  removed,  n  being  any  integer  whatever ;  it  is  required 

to  determine  P»,  Q^,  R^,  8^,  &c.,  by  means  of  P,  Q,  R,  8,  &c.    If 

we  denote  by 

1  -  jP.  +  2*Q.  -  ^B,  +  q%  -  &C., 

the  products  of  the  factors 

P.  H.  12 
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among  which  the  factor  ( 1  —  -^j  only  has  been  omitted ;  it  follows 
that  on  multiplying  by  f  1  —  -^j  the  quantity 

we  obtain  1  -  jP  +  j'  ^  -  2*5  +  j*S  -  &c. 

This  comparison  gives  the  following  relations : 

•     w 


&c.; 


or  P,=^P^^^, 


n  n 

*  n  n  rv 

*  n  n  tr         n" 
&c. 

Employing  the  known  values  of  P,  Q,  iJ,  fi^,  and  making  n 
equal  to  1,  2,  3,  '4,  5,  &c.  successively,  we  shall  have  the  values  of 
P,Q,RA»  &c. ;  those  of  PJ^^RAf  &<5- ;  ^^<>^  ^^  P»QA^8»  &c. 

214.  From  the  foregoing  theory  it  follows  that  the  values 
of  a,  b,  c,  d,  e,  &c.,  derived  from  the  equations 

a  +  26  +  3c  +  4d  +66  +  &c.  =  ^, 
a  +  2"6  +  3'c  +  4^  +  5*6  +  &c.  =  B, 
a  +  2»ft  +  3'c  +  4»d  +  6*e  +  &c.  =  C, 
a  +  2'6  +  3V  +  4'd  +  5'c  +  &c.  =  Z>, 
a  +  2'i  +  3*c  +  4*i+  5»e  +  &c.  =  E, 
&c., 
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are  thus  expressed, 

^-Ml-r)-«(|"-pff^r) 

^[^  i'l5+rj3"w 

V17     2"  |6  +  2*  |3     2*/ 

■^ -^  l|^  "  ?  jY  "^  i?  ]^  ~  i»]3  +  p;  "  **• ' 

215.    Knowing  the  values  of  a,  h,  c,  d,  e,  &&,  we  can  substitute 
them  in  the  proposed  equation 

^(<B)sa  sina!  +  i^  8in2«  +  o  eiaSx  +  d  sinix+e  sin5«  +  &c., 

and  writing  also  instead  of  the  quantities  A,  B,  0,  D,  E,  &c.,  their 

12—2 
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values  ^'(0),  f  "(0),  ^"(0),  ^^(0),  ^'*(0),  Ac,  we  have  the  general 
equation 

We  may  make  use  of  the  preceding  series  to  reduce  into 
a  series  of  sines  of  multiple  arcs  anj  pro{)osed  function  whose 
development  contains  only  odd  powers  of  the  variable. 

216.  The  first  ease  which  presents  itself  is  that  in  which 
^  (fl?)  =  0? ;  we  find  then  <!>  (0)  =  1,  0'"  (0)  =  0,  ^'(0)  =  0,  Ac,  and  so 
for  the  rest.    We  have  therefore  the  series 

5  « sa  sin  a  —  5  sin  2jj  +  ^  sin  3a:  —  T  sill  4dp+ &c., 

which  has  been  given  by  Euler. 

If  we  suppose  the  proposed  function  to  be  a^,  we  shall  have 
*'  (Oj  «  0,  f  "(0)  =  [3,    ^^(0)  =  0,  i>^{0)  =  0,  &a, 

which  gives  the  equation 

^a:^=^7r*--^j  sin  aj  -  ^w^  -  Q  ^  sin  2*  +  Ttt*  - -Lj  ^  sin  Sx-^&c. 

(A). 
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We  should  arrive  at  the  same  result,  starting  from  the  pre- 
ceding equation, 

5  J?  =  sin  a?  —  o  si*^  2«  +  «  sin  3«  -  T  sin  4»  +  &a 

In  fact^  multiplying  each  member  by  dx,  and  integrating,  we 
have 

(7——  =  cos  a:—  SI  cos  2a?  +  ^  cos  3a5  —  ^  cos  4«  +  &a ; 
the  value  of  the  constant  C7  is  • 

2"     3"     4*^  5"  ' 

1  w" 
a  series  whose  sum  is  known  to  be  ^  tq  •   Multiplying  by  dx  the 

two  members  of  the  equation 

li^     a?  1  1 

575— "T-sscosfl?  —  5iC08  2a?  +  «iC083aj  —  &c., 

and  integrating  we  have 

Iw'ajla?'  l.-,l.o        fl 

2l3'""2|3'"'*^^"'2^®"^"^^^^^ 

If  now  we  write  instead  of  x  its  value  derived  from  the 
equation 

1  1  .  1  .  1    . 

sa?  =  sina5  — sSii^2a?  +  ;5  sinSa?  — -j  sinlaj  +  ftc., 

2  2  o  4 

we  shall  obtain  the  same  equation  as  above,  namely, 

la?       .       /7r»     1\      1    .    «    /TT^      1\      1    .    «    /7i^     1\      , 
2l8'=^'^l|8"rJ-r^^([3-2*j  +  3^'^^(l3-yj 

We  could  arrive  in  the  same  manner  at  the  development  in 
series  of  multiple  arcs  of  the  powers  a^,  cf,  a^,  &c.,  and  in  general 
every  function  whose  development  contains  only  odd  powers  of 
the  variable. 

217.  Equation  (A),  (Art  216),  can  be  put  under  a  simpler 
form,  which  we  may  now  indicate.  We  remark  firsts  that  part  of 
the  coefficient  of  sin  x  is  the  series 

f  (0)  +  ^  f  "(0)  +  j^  ^:(0)  + 1^  r  (0)  +  &c, 
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which  represents  the  quantity  -  ^(^}.     In  fieM^t,  we  have,  in 
general, 

^(«)=^(0)+a^'(0)  +  ^f'(0)  +  ^f"(0)+^^-(0) 

+  &C. 


Now,  the  fdpction  ^(a;)  containing  by  hypothesis  only  odd 
powers,  we  must  have  ^(0)  ==  0,  ^"(0)  =  0,  ^*^(0)  =  0,  and  so  on. 
Hence 

^<«)=a^'(0)  +  |f"(0)+|^''(0)  +  &c; 

a  second  part  of  the  coefficient  of  sin  a?  is  found  by  multiplying 
by  —  5  the  series 

f "(0)  + 1  ^^0)  +  ]^  r  (0)  +  ^  r  (0)  +  &c., 

whose  value  is  -  ^"M.    We  can  determine  in  this  manner  the 

different  parts  of  the  coefficient  of  sin  a;,  and  the  components  of 
the  coefficients  of  sin  2«,  sin  3^,  sin  4r,  &c.  We  may  employ  for 
this  purpose  the  equations : 

f  (0)  +  j^f"(0)  +  gV'(0)  +&c.  =  i^(,r); 

*'(0)  + 1^  r  (0)  +  ^^"(0)  +  &c  =  ^  ^-(tt); 
r  (0)  +  ^  ^-^  (0) +^*  ^-(0)  +  &c  =  i  ^- (,r). 


1  . 
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By  means  of  these  reductions  equation  (A)  takes  the  following 
form: 

r 

|,r^(^)  =  8ina:{^W-lf>)+l^V)-l^'»(7r)  +  &c.} 
-i8in2aj|^(Tr)-if'W  +  i^«^W-i^»  +  &c.} 

-^8in4x|^(7r)-lf'(7r)  +  ^^"W-:J<A>)  +  &cj 

+  &a  (B); 

or  this, 

5  7r^(a?)  —  4>{ir)  -jsin  05  —  -5-  sin 2aj  +  -^  sin  3a5  —  &c.  h 

—  ^"(tt)  -jsin  aj  —  ^  sin  2a;  +  Ki  sin  3a5  —  &c.  >• 
+  ^"'(^)  -jsin  a?  —  35  sin  2a?  +  ss  sin  3a?  —  &a  j- 

—  ^'"(tt)  -jsin  a:  —  ^  sin  2a?  +  ^  sin  3a?  —  &c.  !• 

+  &C.  (C). 

218.  We  can  apply  one  or  other  of  these  formulae  as  often  as 
we  have  to  develope  a  proposed  function  in  a  series  of  sines  of 
multiple  arcs.  If,  for  example,  the  proposed  function  is  6^  —  e^, 
whose  development  contains  only  odd  powers  of  x,  we  shall  have 

TT =  I  sin  a?  —  77  sin  2a?  +  -=■  sin  3a?  —  &c.  ) 

2     e'  —  e~'     V  2  3  / 

—  (sin  a?  —  ^  sin  2a?  +  ^ sin  3a5  —  &c.  j 
+  [sina? -^  sin 2aj  +  ss  sin  3a?  —  &c.  j 

—  (sin  a?  —  ^  sin  2a;  +  ^  sin  3a?  —  &c.  j 
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Collecting  the  coefficients  of  sin  x,  sin  2xy  sin  3a;,  sin  4^,  &c,, 

and  writing,  instead  of i  +  -i — f  +  etc,  its  value -i — nwe 

have 

1      (fi^— e"*)      sin  a:      sin  2a;     sin  3d?      « 

We  might  multiply  these  applications  and  derive  from  them 
several  remarkably  series.  We  have  chosen  the  preceding  example 
because  it  appears  in  several  problems  relative  to  the  propagation 
of  heat 

219.    Up  to  this  point  we  have  supposed  that  the  function 

whose  development  is  required  in  a  series  of  sines  of  multiple 

arcs  can  be  developed  in  a  series  arranged  according  to  powers 

of  the  variable  x,  and  that   only  odd  powers   enter  into  that 

yseries.     We  can  extend  the  same  results  to  any  functions,  even 

,'  to  those  which  are  discontinuous  and  entirely  arbitrary.    To  esta- 

/  bUsh  clearly  the  truth  of  this  proposition,  we  must  follow  the 

/  analysis  which  furnishes  the  foregoing  equation  (B),  and  examine 

what  is  the  nature  of  the  coefficients   which    multiply   sin  a;, 

sin  2x,  sin  tkc,  &c.    Denoting  by  -  the  quantity  which  multiplies 

ft 

-sin no;  in  this  equation  when  n  is  odd.  and  — smnx  when  n  is 

even,  we  have 

Considering  «  as  a  function  of  tt,  differentiating  twice,  and 

1  d^8 
comparing  the  results,  we  find  aH — %-j-i^4>Ml  &i^  equation 

which  the  foregoing  value  of  8  must  satisfy. 

I  (Ps     ' 
Now  the  integral  of  the  equation  «  H — $  ^-^  =  <f>  (a?),  in  which  8 

is  considered  to  be  a  function  of  x,  is 
8^acoanx  +  b  sianx 

+  nBinnx  lcoBnxil>{x)dx  ^ncoanx  Iminx <f> (x) dx. 
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If  n  is  an  integer,  and  the  value  of  x  is  equal  to  tt,  we  have 

8^±n\^{x) sin nxdx.    Th^  sign  +  must  be  chosen  when  n  is 

odd,  and  the  sign  —  when  that  number  is  even.  We  must  make 
X  equal  to  the  semi-circumference  tt,  after  the  integration*  in- 
dicated;   the  result  may  be  verified  by  developing  the  term 

\  4>[x)  sin  fu;  dx,  by  means  of  integration  by  parts,  remarking 

that  the  function  ^{x)  contains  only  odd  powers  of  the  vari- 
able Xy  and  taking  the  integral  from  a; »  0  to  ic  =  tt. 

We  conclude  at  once  that  the  term  is  equal  to 

If  we  substitute  this  value  of  -  in  equation  (B),  taking  the 

sign  +  when  the  term  of  this  equation  is  of  odd  order,  and  the 

sign  —  when  n  is  even,  we  shall  have  in  general  I  ^(x)  sin  nxdao 

for  the  coefficient  of  sin  n^ ;  in  this  manner  we  arrive  at  a  very 
remarkable  result  expressed  by  the  following  equation : 

^  ir^(as)  s  sinx  I  sin  x^(x^  (2d?  +  sin  2a?  /sin  ix<^  (x)  dx-h&c. 

+  sinM5isinM5^(a?)ciB  +  &c (D), 

■ 

the  second  member  will  always  give  the  development  required 
for  the  function  ^(x),  if  we  integrate  from  a:  =  0  to  «  =  tt/ 

^  Lagrange  had  already  shewn    (Mi$eellanea  TaurinemiOf  Tom.  m.,  1766, 
pp.  260 — 1)  that  the  fnneiion  y  given  by  the  equation 


y=2(2  r,.8inZf.rAZ)  8inanr  +  2  (2  Ff. sin 2X.r AZ) sin Sanr 


+8(2  rf.sin8Z,.rA2C)Bin8«r+...+2(2  Y^annX^AX)wina8w 
reoeiyefl  the  TalneB  7,,  F,,  F,...  T^  ooxresponding  to  the  Talnes  X^,  X„  X^...X^  of 

X,  where  ^r=;rTl'  ^^  ^^iT+'l ' 

Lagrange  howerer  abstained  from  the  transition  from  this  snmmation-lormiilA 
io  the  integration-formula  given  by  Fourier. 

Gf.  Biemann's  Quammelte  Mathematiselie  Werke,  Leipzig,  1876|  pp.  218—220 
of  his  historical  oritieism,  Ueber  die  Darttellbarkeit  einer  Function  dutch  cine 
Trigcnometriiche  Bcihe.    [A.  F.] 
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220.    We  see  by  this  that  the  coefficients  a,  b,  c,  d,  e^fi  &c., 
which  enter  into  the  equation 

^''^^i?^^^  sind;  +  i^  sin2a;  +  c  sin3a?  +  (2  sin4a;  +  &c,^ 

and  which  we  found  formerly  by  way  of  successive  eliminations, 
are  the  values  of  definite  integrals  expressed  by  the  general  term 

I  sin  tb  ^  {x)  dx,  %  being  the  number  of  the  term  whose  coefficient 

is  required.  This  remark  is  important,  because  it  shews  how  even 
entirely  arbitrary  functions  may  be  developed  in  series  of  sines 
of  multiple  arcs.  In  fact,  if  the  function  ^  {x)  be  represented 
by  the  variable  ordinate  of  any  curve  whatever  whose  abscissa 
extends  from  x^O  to  x^ir,  and  if  on  the  same  part  of  the  axis 
the  known  trigonometric  curve,  whose  ordinate  is  y^^siax,  be 
.  constructed,  it  is  easy  to  represent  the  value  of  any  integral 
term.  We  must  suppose  that  for  each  abscissa  x,  to  which  cor- 
responds one  value  of  ^(x),  and  one  value  of  sin  a?,  we  multiply 
the  latter  value  by  the  first,  and  at  the  same  point  of  the  axis 
raise  an  ordinate  equal  to  the  product  (l>(x)siax.  By  this  con- 
tinuous operation  a  third  curve  is  formed,  whose  ordinates  are 
those  of  the  trigonometric  curve,  reduced  in  proportion  to  the 
ordinates  of  the  arbitary  curve  which  represents  ({^(x).  This 
y  done^  the  area  of  the  reduced  curve  taken  from  x  =  0  to  x^w 
Ch\iO<^  gives  the  exact  value  of  the  coefficient  of  sin  a?;  and  whatever 
the  given  curve  may  be  which  corresponds  to  ^  {x),  whether  we 
can  assign  to  it  an  analytical  equation,  or  whether  it  depends  on 
no  regular  law,  it  is  evident  that  it  always  serves  to  reduce 
in  any  manner  whatever  the  trigonometric  curve;  so  that  the 
area  of  the  reduced  curve  has,  in  all  possible  cases,  a  definite 
value,  which  is  the  value  of  the  coefficient  of  sin  d?  in  the  develop- 
ment of  the  function.    The  same  is  the  case  with  the  following 

coefficient  5,  or  f  ^  (x)  sin  ixdx. 


/' 


In  general,  to  construct  the  values  of  the  coefficients  a,  6,  c,  d,  &c., 
we  must  imagine  that  the  curves,  whose  equations  are 

y  =  sina?,    y  =  sin2aj,    y  =  sin3a?,    y  =  8in4«i?,  &c., 

have  been  traced  for  the  same  interval  on  the  axis  of  x,  from 
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a;  =  0  to  x^ir;  and  then  that  we  have  changed  theee  curves  by 
multiplying  all  their  ordinates  by  the  corresponding  ordinates  of 
a  curve  whose  equation  is  y  =  ^  (a?).  The  equations  of  the  re- 
duced curves  are 

y  =  smx<l>(x),    ysssm2x^{x),    y  =  sin  So;  ^  (a;),    &c. 

The  areas  of  the  latter  curves,  taken  from  x=:0  to  x^sir, 
are  the  values  of  the  coefficients  a,  b,  c,  d,  &c.,  in  the  equation 

1 

o7r^(a?)=5a  sinaj  + J  8in2aj  +  c  sin 3a?  +  c? sin 4i?  +  &c. 

221.  We  can  verify  the  foregoing  equation  (D),  (Art/  820); 
by  determining  directly  the  quantities  a^,  a^,  a,, ...  a^,  &c.,  in  the 
equation 

i^{x)^a^  sind;  +  a,  sin2a;  +  a,  Bin3a?+...ay  sinja?  +  &c^ 

for  this  purpose,  we  multiply  each  member  of  the  latter  equation 
by  miixdx,  i  being  an  integer,  and  take  the  integral  from  0^  =  0 
to  x^TTy  whence  we  have 

/^(.)  8iBi.(i«  =  ajsin*  sin  &cir  +  a./8in2xBin«,<fa,+&c. 


a^jsinjo;  An%xdx+ ...  &c. 


Now  it  can  easily  be  proved,  1st,  that  all  the  integrals,  which 
enter  into  the  second  member,  have  a  nul  value,  except  only  the 

term  aj sin tb  sin  ia;(2a? ;  2nd,  that  the  value  of  jmiixmiixdx  is 

^ir ;  whence  we  derive  the  value  of  a^,  namely 


-  l<f>{x)  einixdx. 


The  whole  problem  is  reduced  to  considering  the  value  of  the 
integrals  which  enter  into  the  second  member,  and  to  demon- 
strating the  two  preceding  propositions.    The  integral 


2  /sin  jx  sin  tx  dx, 
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taken  from  x^  0  to  x^ir,  in  which  t  and  j  are  integers,  is 

T— .sin  (»-j)a?- J—-,  sin  (i+j)  a? +  (7. 

Since  the  integral  must  begia  when  a;  =  0  the  constant  C  is 
nothing,  and  the  numbers  t  and  j  being  integers,  the  value  of  the 
integral  will  become  nothing  when  x  =  7r;  it  follows  that  each 
of  the  terms,  such  as 

aj  sin  a;  sin  ia;  (2a?,    a^jam2xsiiiixda,     aJmnSxAnixdx,  &c., 

vanishes,  and  that  this  will  occur  as  often  as  the  numbers  %  and  j 
are  different    The  same  is  not  the  case  when  the  numbers  %  B,ndj 

are  equal,  for  the  term  -. — •.  sin  (t  —  j)  a  to  which  the  integral  re- 
duces,  becomes  ^r,  and  its  value  is  tt.    Consequently  we  have 

2  f  sin  %x  sin  ixda  ^^ir; 

thus  we  obtain,  in  a  very  brief  manner,  the  values  of  a^,  a^,  a,, ... 
Oi,  &c.,  namely, 

a^^  -  l^(a)  siaxdx,  a,=  -  /^(a?)  smixdx, 

a,«  -  I^(a0  sinSajda?,  ^1=*- j^(«)  siniccia?. 

Substituting  these  we  have 

}7r^(a;)»  sina;|^(a;)  sin  a; cZa;  +sin2a;  |^(a;)sin2a;c£2;  +  &a 

+  sin  {x\^{x)  sin  ixdx  +  &c. 

222.  The  simplest  case  is  that  in  which  the  given  function 
has  a  constant  vsdue  for  all  values  of  the  variable  x  included 

between  0  and  ir ;  in  this  case  the  integral  I  sin  ixdx  is  equal  to 

2 

-r,  if  the  number  %  is  odd,  and  equal  to  0  if  the  number  i  is  even. 


SECT.  VI.]  LIMITS  OF  THE  DEVELOPMENTS.  189 

Hence  we  deduce  the  equation 

(A 3      sTT «  sina?  +  ^  sin  3fl?  +  ^  sin  5«  +  =  sin  7«  +  &c., 
which  has  been  found  before. 

It  must  be  remarked  that  when  a  function  ^{x)  has  been  de- 
veloped in  a  series  of  sines  of  multiple  arcs,  the  value  of  the  series 

asina;  +  &sin2A;  +  csin3a;  +  c78in4iX  +  &c. 

« 
is  the  sa.me  as  that  of  the  function  ^(x)  so  long  as  the  variable  a> 

is  included  between  0  and  ir ;  but  this  equality  ceases  in  general 

to  hold  good  when  the  value  of  ^  exceeds  the  number  tt. 

Suppose  the  function  whose  development  is  required  to  be  a?, 
we  shall  have>  by  the  preceding  theorem, 

^irxss  sin  a;  I  x  sin  xdx  +  sixLixlxAuZxdx 

+  Bia^l  x8mSxdx-\- &c. 

The  integral  I   xsmixdx  is  equal  to  ±-. ;  the  indices  0  and  ir, 

Jo  * 

which  are  connected  with  the  sign  | ,  shew  the  limits  of  the  inte- 
gral ;  the  sign  +  must  be  chosen  when  %  is  odd,  and  the  sign  — 
when  «  is  even.    We  have  then  the  following  equation, 

5^?  =  sin  aj  —  5  sin  2a?  +  s  sin  3a?  — T  sin  4r  +  ^  sin  6a?  —  &C. 
2  2  3  4  5 

223.  We  can  develope  also  in  a  series  of  sines  of  multiple 
arcs  functions  different  from  those  in  which  only  odd  powers  of 
the  variable  enter.  To  instance  by  an  example  which  leaves  no 
doubt  as  to  the  possibility  of  this  deVelopment,  we  select  the 
function  cos  a;,  which  contains  only  even  powers  of  a?,  and  which 
may  be  developed  under  the  following  form : 

a  sin  a?  +  6  sin  2a;  +  c  sin  3a?  +  c2  sin  4a?  +  6  sin  5x  +  &c., 

although  in  this  series  only  odd  powers  of  the  variable  enter. 
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We  have,  in  fact,  by  the  preceding  theorem, 
^ircoBo;  =  sinA^I  co&xBinxdx  +  Bin2sv  f  cosxmn2oBdx 

+  sin  3^  I  cos  a;  gin  3d?  (Zd?  +  &c. 

The  integral  1  cos  a;  sin  ia?  {2a?  is  equal  to  zero  when  i  is  an 


odd  number,  and  to  -^ — =-  when  i  is  an  even  number.    Supposing 
successively  *  =  2,  4,  6,  8,  etc.,  we  have  the  always  convergent 


series 


or, 

cos 


1  2     .  4     .  6 

-Tircoax  =  :r— 5sin2a?+ir-Fsin4a?  +  -=— j^  sin6fl?  +  &c.; 

4  1 .o  o. o  5.7 

'"'IKi+S  ^  ^•*' (l"^l) '^**"^  S"^^)  ^''^'"+M  • 

This  result  is  remarkable  in  this  respect,  that  it  exhibits  the 
development  of  the  cosine  in  a  series  of  functions,  each  one  of 
which  contains  only  odd  powers.  If  in  the  preceding  equation  w 
be  made  equal  to  ^tt,  we  find 

l9r_l/l      1      1     1^1       1        .\ 
571""2ll  +  3"5"?  +  9  +  iT"*^-J- 

This  series  is  known  (Introd.  ad  ancUysm.  infinit  cap.  x.). 

224.  A  similar  analysis  may  be  employed  for  the  development 
of  any  function  whatever  in  a  series  of  cosines  of  multiple  arcs. 

Let  ^(a?)  be  the  function  whose  development  is  required,  we 
may  write 

^{x)  =  aaCosOa;  +  ajCOsa?4-aj|COs2a5  +  a3Cos3aj  +  &c. 

+  a,  cosiaj  +  &c (m). 

If  the  two  members  of  this  equation  be  multiplied  by  cos  j'o?, 
and  each  of  the  terms  of  the  second  member  integrated  from 
aj=0to«  =  7r;itis  easily  seen  that  the  value  of  the  integral 
will  be  nothing,  save  only  for  the  term  which  already  contains 
coajx.  This  remark  gives  immediately  the  coefficient  o^;  it  is 
sufficient  in  general  to  consider  the  value  of  the  integral 


jcoajx  cos  ix  dx, 
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taken  from  x  =  0  to  ai=^ir,  supposing  j  and  %  to  be  integers.  We 
have 

/I  1 

cos  jaj  cos  i»  (faj  ==  g-^j;^  sin  ( j  + 

This  integral,  taken  from  x  =  0  to  x^ir,  evidently  vanishes 
whenever  j  and  i  are  two  different  numbers.  The  same  is  not 
the  case  when  the  two  numbers  are  equal.    The  last  term 

1 

-^r-7-. ;r  siu  (j  -  i)  OJ 

2  0-0   . 

becomes  ^,  and  its  value  is  ^,  when  the  arc  a;  is  equal  to  tt. 

If  then  we  multiply  the  two  terms  of  the  preceding  equation  (m) 
by  cosio;,  and  integrate  it  from  0  to  tt,  we  have 

1<I>  (x)  coQ%xdx=^  i^rai, 

an  equation  which  exhibits  the  value  of  the  coefficient  Oi. 

To  find  the  first  coefficient  a^,  it  may  be  remarked  that  in 
the  integral 

if  J  rs  0  and  t  ==  0  each  of  the  terms  becomes  ^ ,  and  the  value 

of  each  term  is  ^tt;  thus  the  integral  I  oob jx  cos  ixdx  taken 

from  a?  =  0  to  a?  =  TT  is  nothing  when  the  two  integers  j  and  i 
are  different :  it  is  ^ir  when  the  two  numbers  j  and  i  are  equal 
but  different  from  zero ;  it  is  equal  to  tt  when  J  and  i  are  each 
equal  to  zero ;  thus  we  obtain  the  following  equation, 

i7r^(aj)  =  5l  <l>(x)dx-\'CO&x  I  <f>(x)coQxdx'\-co&2x\  if>{x)cos2xdx 

+  cos3ajl  <l>{x)cos3xdx'\'&c.      {n)\ 
Jo 

^  The  process  analogous  to  (il)  in  Art.  222  fails  here ;  yet  we  see,  Art.  177>  that 
an  analogous  result  exists.    [B.  HE.] 
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This  and  the  preceding  theorem  suit  all  possible  functions, 
whether  their  character  can  be  expressed  by  known  methods  of 
analysis,  or  whether  they  correspond  to  curves  traced  arbitrarily. 

225.  If  the  proposed  function  whose  development  is  required 
in  cosines  of  multiple  arcs  is  the  variable  x  itself;  we  may  write 
down  the  equation 

^TTX  =  a^j  +  ttj  cos  a?  +  a,  cos  2a5  +  a,  cos  3a:+ ...  +  a,  cos  iaj  +  &c., 

and  we  have,  to  determine  any  coefficient  whatever  a^  the  equa- 
tion a^^j  X  cos  ixdx.    This  integral  has  a  nul  value  when  %  is 

2 
an  even  number,  and  is  equal  to  — -^  when  i  is  odd.    We  have  at 

the  same  time  a©  ==i''^'    ^®  ^^^^  ^"^^^  ^®  following  series, 
1         .  cos  X      ,  cos  3a?       .  cos  5a?      .  cos  7a5     p 

We  may  here  remark  that  we  have  arrived  at  three  different 
developments  for  x,  namely, 

-a?  =  8infl?  —  5sin2a5  +  ;rsin3a?— 7-8in4a?4"'?sin5a;  —  &c., 
z  z  o  ^  o 

1         2   .  2     .  2     . 

-35  =  -  sin  a?  —  55—  sin  Sx  +  -tt—  sin  5aj  —  &c.  (Art.  181), 

KXT=^-j7r  —  cos  a?  —  =r—  cos  3x  —  ==—  cos  6a?  —  &c. 

It  must  be  remarked  that  these  three  values  of  ^a?  ought  not 
to  be  considered  as  equal;  with  reference  to  all  possible  values  of 
x,  the  three  preceding  developments  have  a  common  value  only 
when  the  variable  a?  is  included  between  0  and  Jtt.  The  con- 
struction of  the  values  of  these  three  series,  and  the  comparison  of 
the  lines  whose  ordinates  are  expressed  by  them,  render  sensible 
the  alternate  coincidence  and  divergence  of  values  of  these 
functions. 

To  give  a  second  example  of  the  development  of  a  function  in 
a  series  of  cosines  of  multiple  arcs,  we  choose  the  function  sin  a?^ 
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which  contains  only  odd  powers  of  the  variable,  and  we  may  sup- 
pose it  to  be  developed  in  the  form 

a  +  b  cos x  +  cco92x  +  d cos 3a5  +  &a 

Applying  the  general  equation  to  this  particular  case,  we  find, 
as  the  equation  required, 

1       .  1     cos  2x     cos  4^     cos  6^      . 

^^sm«  =  2- YTg--- 375--- 5^-&c. 

Thus  we  arrive  at  the  development  of  a  function  which  con- 
tains only  odd  powers  in  a  series  of  cosines  in  which  only  even 
powers  of  the  variable  enter.  If  we  give  to  x  the  particular  value 
Jtt,  we  find 

1         11         11  1     .  p 

Now,  from  the  known  equation, 


1  1      1.^1      1^1       1_lA 


we  derive 


and  also 


8"^      1.3^5.7^9.11^13.15^      ' 


1     _1__L__    lip 
8^'^2     3.5     7.9     11.13 


Adding  these  two  results  we  have,  as  above, 

4'^"2'^1.3     3.5'^5.7     7.9"^9.11        '^' 

226.  The  foregoing  analysis  giving  the  means  of  developing 
any  function  whatever  in  a  series  of  sines  or  cosines  of  multiple 
arcs,  we  can  easily  apply  it  to  the  case  in  which  the  function  to  be 
developed  has  definite  values  when  the  variable  is  included 
between  certain  limits  and  has  real  values,  or  when  the  variable  is 
included  between  other  limits.  We  stop  to  examine  this  particular 
case,  since  it  is  presented  in  physical  questions  which  depend  on 
partial  differential  equations,  and  was  proposed  formerly  as  an  ex- 
ample of  functions  which  cannot  be  developed  in  sines  or  cosines 

F.  H.  13 
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of  multiple  arcs.  Suppose  then  that  we  have  reduced  to  a  series  of 
this  form  a  function  whose  value  is  constant^  when  x  is  included 
between  0  and  a,  and  all  of  whose  values  are  nul  when  x  is  in- 
cluded between  a  and  tt.  We  shall  employ  the  general  equation 
(D),  in  which  the  integrals  must  be  taken  from  x  =  0  to  a;  =  w. 
The  values  of  <f>(x)  which  enter  under  the  integral  sign  being 
nothing  from  aj  =  a  to  a?  =  tt,  it  is  sufficient  to  integrate  from  a:  =  0 
to  a;  =  a.  This  done,  we  find,  for  the  series  required,  denoting  by 
h  the  constant  value  of  the  function, 

1    ^/  N      i  f/1             \   •        .  1 -cos 2a  .    o 
a'^'YK^j  =  /t  -j  (1  —  COS  a)  sm  a?  H 5 sm  2x 

+  s sin  3a?  +  &c.  r . 

If  we  make  A^^tt,  and  represent  the  versed  sine  of  the  arc  x 
by  versin  x,  we  have 

^  (x)  =  versin  a  sin  a?  +  5  versin  2a  sin  2aj  +  «  versin  3a  sin  3a?  +  &c.* 

This  series,  always  convergent,  is  such  that  if  we  give  to  x  any 
value  whatever  included  between  0  and  a,  the  sum  of  its  terms 
will  be  ^Tr ;  but  if  we  give  to  x  any  value  whatever  greater  than 
a  and  less  than  ^ir,  the  sum  of  the  terms  will  be  nothing. 

In  the  following  example,  which  is  not  less  remarkable,  the 

values  of  ^  {x)  are  equal  to  sin  —  for  all  values  of  x  included 

between  0  and  a,  and  nul  for  values  of  x  between  a  and  tt.  To 
find  what  series  satisfies  this  condition,  we  shall  employ  equa- 
tion {D). 

The  integrals  must  be  taken  from  a:  =  0  to  a?  =  tt  ;  but  it  is 
sufficient,  in  the  case  in  question,  to  take  these  integrals  from*^ 
x=sO  to  x^a,  since  the  values  of  ^(a;)  axe  supposed  nul  in  the 
rest  of  the  interval.    Hence  we  find 

...        •    fsin  a  sin  a;  .  sin  2a  sin  2a;  .  sin  3a  sin  3aj  .   ^    ) 

^  In  what  oases  a  fnnction,  arbitrary  between  certain  limits,  can  be  developed 
in  a  series  of  cosines,  and  in  what  cases  in  a  series  of  sines,  has  been  shewn  by 
Sir  W.  Thomson,  Camb.  Math.  Journal,  Vol.  n.  pp.  258—262,  in  an  article 
signed  P.  Q.  R.,  On  Fourier'' $  Expansions  of  Functions  in  Trigonometrical  Series. 

[A.  F.] 
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If  a  be  supposed  equal  to  ir,  all  the  terms  of  the  series  vanish, 
except  the  first,  which  becomes  jr ,  and  whose  value  is  sin  x ;  we 
have  then  ^(x)  »  sin  a;. 

227.  The  same  analysis  could  be  extended  to  the  case  in 
which  the  ordinate  represented  by  <f>{x)  was  that  of  a  line  com- 
posed of  different  parts,  some  of  which  might  be  arcs  of  curves 
and  others  straight  lines.  For  example,  let  the  value  of  the  func-^ 
tion,  whose  development  is  required  in  a  series  of  cosines  of 

multiple  arcs,  be  f  ^)  —  a^,  from  a?  =  0  to  a:  =  J'7r,  and  be  nothing 

from  aj==j7rtoa;  =  7r.    We  shall  employ  the  general  equation  (n), 
and  effecting  the  integrations  within  the  given  limits,  we  find 

that  the  general  term^  1 1  (9 )  ""^^  n^®  ixdx  is  equal  to  -;,  when  * 

is  even,  to  —  -=  when  i  is  the  double  of  an  odd  number,  and  to 

t 

—  -;5  when  %  is  four  times  an  odd  number.     On  the  other  hand,  we 
% 

1  TT*  If 

find  ^  Si  for  the  value  of  the  first  term  ^  l<l>(x)dx.  We  have  then 
the  following  development : 

cos2g     cos  4a?     cos  6a?     « 

The  second  member  is  represented  by  a  line  composed  of  para- 
bolic arcs  and  straight  lines. 

228.  In  the  same  manner  we  can  find  the  development  of  a 
function  of  x  which  expresses  the  ordinate  of  the  contour  of  a 
trapezium.  Suppose  if>(x)  to  be  equal  to  x  from  x  =  0  to  a?  =  a, 
that  the  fiinction  is  equal  to  a  from  x  =  a  to  x^ir-  a,  and  lastly 
equal  to  tt  —  a?,  from  a?  =  tt  —  a  to  a;  =  tt.     To  reduce  it  to  a  series 


3 

[R.  L.  E.] 

1:3—2 
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of  sines  of  multiple  arcs/  we  employ  the  general  equation  (2>). 

The  general  term  i^  {x)  sin  tx  dx  is  composed  of  three  different 

2 

parts,  and  we  have,  after  the  reductions,  -^^sin  ia  for  the  coefficient 

* 

of  sin  ix,  when  i  is  an  odd  number ;  but  the  coefficient  vanishes 
when  t  is  an  even  number.    Thus  we  arrive  at  the  equation 

1  f  .  1  1    . 

^7r0  (x)  «  2  jflin  a  sin  0?  +  ^i  sin  3a  sin  3a;  +  ^  sin  5a  sin  5x 

+  j=i  sin  7a  sin  7x  +  Ac.  >    (X).* 

If  we  supposed  a  »  ^,  the  trapezium  would  coincide  with  an 
isosceles  triangle,  and  we  should  have,  as  above,  for  the  equa- 
tion of  the  contour  of  this  triangle, 

5ir^(fl?)  — 2[sina5  — ^f8in3a?  +  ^  sin  5a?  —  =  sin  7aJ  +  &cK" 

a  series  which  is  always  convergent  whatever  be  the  value  of  x^ 
In  general,  the  trigonometric  series  at  which  we  have  arrived, 
in  developing  different  functions  are  always  convergent,  but  it 
has  not  appeared  to  us  necessary  to  demonstrate  this  here ;  for  the 
terms  which  compose  these  series  are  only  the  coefficients  of  terms 
of  series  which  give  the  values  of  the  temperature;  and  these 
coefficients  are  affected  by  certain  exponential  quantities  which 
decrease  very  rapidly,  so  that  the  final  series  are  very  convergent. 
With  regard  to  those  in  which  only  the  sines  and  cosines  of 
multiple  arcs  enter,  it  is  equally  easy  to  prove  that  they  are 
convergent,  although  they  represent  the  ordinates  of  discontinuous 
lines.  This  does  not  result  solely  from  the  fact  that  the  values 
of  the  terms  diminish  continually;  for  this  condition  is  not 
sufficient  to  establish  the  convergence  of  a  series.  It  is  necessary 
that  the  values  at  which  we  arrive  on  increasing  continually  the 
number  of  terms,  should  approach  more  and  more  a  fixed  limit, 

>  The  AfCmmcy  of  ibis  and  otber  series  giTen  by  Fourier  is  nuuntained  by 
Sir  W.  Thomson  in  the  article  quoted  in  the  note,  p.  19i. 
*  Expressed  in  cosines  between  the  limits  0  and  r, 

}«>^(x)=  J  -  reosSa;+  -^eosSx  +  ^ooslQK  +  fte.  j  . 

Cf.  De  Morgan's  Dif,  and  Int,  Calc,  p.  622.    [A.  F.] 


k 
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and  should  differ  from  it  only  by  a  quantity  which  becomes  less 
than  any  given  magnitude:  this  limit  is  the  value  of  the  series. 
Now  we  may  prove  rigorously  that  the  series  in  question  satisfy 
the  last  condition. 

229.  Take  the  preceding  equation  (\)  in  which  we  can  give 
to  X  any  value  whatever;  we  shall  consider  this  quantity  as  a 
new  ordinate^  which  gives  rise  to  the  following  construction. 

Fig.  8. 


Having  traced  on  the  plane  of  x  and  y  (see  fig.  8)  a  rectangle 
whose  base  Oir  is  equal  to  the  semi-circumference,  and  whose 
height  is  ^ ;  on  the  middle  point  m  of  the  side  parallel  to  the 
base,  let  us  raise  perpendicularly  to  the  plane  of  the  rectangle 
a  line  equal  to  ^ir,  and  from  the  upper  end  of  this  line  draw 
straight  lines  to  the  four  comers  of  the  rectangle.  Thus  will  be 
formed  a  quadrangular  pyramid.  If  we  now  measure  from  the 
point  0  on  the  shorter  side  of  the  rectangle,  any  line  equal  to  a, 
and  through  the  end  of  this  line  draw  a  plane  parallel  to  the  base 
Oir,  and  perpendicular  to  the  plane  of  the  rectangle,  the  section 
common  to  this  plane  and  to  the  solid  will  be  the  trapezium  whose 
height  is  equal  to  a.  The  variable  ordinate  of  the  contour  of 
this  trapezium  is  equal,  as  we  have  just  seen,  to 

—  [sin  a  sin  a;  +  oi  sin  3a  sin  Sx  +  ^  sin  5a  sin  5x  +  &c. ]  . 

It  follows  from  this  that  calling  x,  y,  z  the  co-ordinates  of  any 
point  whatever  of  the  upper  surface  of  the  quadrangular  pyramid 
which  we  have  formed,  we  have  for  the  equation  of  the  surface 
of  the  polyhedron,  between  the  limits 

1  sin  X  sin  y     sin  3a;  sin  3y  .  sin  5x  sin  5  v      ^ 
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This  convergent  series  gives  always  the  value  of  the  ordinate 
z  or  the  distance  of  any  point  whatever  of  the  surface  from  the 
plane  of  x  and  y. 

The  series  formed  of  sines  or  cosines  of  multiple  arcs  are 
therefore  adapted  to  represent^  between  definite  limits,  all  possible 
functions,  and  the  ordinates  of  lines  or  surfaces  whose  form  is 
discontinuous.  Not  only  has  the  possibility  of  these  develop- 
ments been  demonstrated,  but  it  is  easy  to  calculate  the  terms 
of  the  series;  the  value  of  any  coeflScient  whatever  in  the 
equation 

(f>  (x)  =  a^  sin  a?  +  a,  sin  2a?  +  a,  sin  3a;  +  . . .  +  a*  sin  ix  +  etc., 

is  that  of  a  definite  integral,  namely. 


-  j^(a:)sini 


ixdx. 


Whatever  be  the  function  ^  (a:),  or  the  form  of  the  curve 
which  it  represents,  the  integral  has  a  definite  value  which  may 
be  introduced  into  the  formula.    The  values  of  these  definite 

integrals  are  analogous  to  that  of  the  whole  area  \^{x)dx  in- 
cluded between  the  curve  and  the  axis  in  a  given  interval,  or  to 
the  values  of  mechanical  quantities,  such  as  the  ordinates  of  the 
centre  of  gravity  of  this  area  or  of  any  solid  whatever.  It  is 
evident  that  all  these  quantities  have  assignable  values,  whether 
the  figure  of  the  bodies  be  regular,  or  whether  we  give  to  them 
an  entirely  arbitrary  form. 

230.  If  we  apply  these  principles  to  the  problem  of  the  motion 
of  vibrating  strings,  we  can  solve  difficulties  which  first  appeared 
in  the  researches  of  Daniel  Bernoulli.  The  solution  given  by  this 
geometrician  assumes  that  any  function  whatever  may  always  be 
developed  in  a  series  of  sines  or  cosines  of  multiple  arcs.  Now 
the  most  complete  of  all  the  proofs  of  this  proposition  is  that 
which  consists  in  actually  resolving  a  given  function  into  such  a 
series  with  determined  coefficients. 

In  researches  to  which  paHial  differential  equations  are  ap- 
plied, it  is  often  easy  to  find  solutions  whose  sum  composes  a 
more  general  integral;  but  the  employment  of  these  integrals 
requires  us  to  determine  their  extent,  and  to  be  able  to  dis- 
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tiDguish  clearly  the  cases  in  which  they  represent  the  general 
integral  from  those  in  which  they  include  only  a  part.  It  is 
necessary  above  all  to  assign  the  values  of  the  constants^  and 
the  difficulty  of  the  application  consists  in  the  discovery  of  the 
coefficients.  It  is  remarkable  that  we  can  express  by  convergent 
series,  and,  as  we  shall  see  in  the  sequel,  by  definite  integrals, 
the  ordinates  of  lines  and  surfaces  which  are  not  subject  to  a 
continuous  law\  We  see  by  this  that  we  must  admit  into  analysis 
functions  which  have  equal  values,  whenever  the  variable  receives 
any  values  whatever  included  between  two  given  limits,  even 
though  on  substituting  in  these  two  functions,  instead  of  the 
variable,  a  number  included  in  another  interval,  the  results  of 
the  two  substitutions  are  not  the  same.  The  functions  which 
enjoy  this  property  are  represented  by  di£Ferent  lines,  which 
coincide  in  a  definite  portion  only  of  their  course,  and  offer  a 
singular  species  of  finite  osculation.  These  considerations  arise 
in  the  calculus  of  partial  differential  equations;  they  throw  a  new 
light  on  this  calculus,  and  serve  to  facilitate  its  employment  in 
physical  theories. 

231.  The  two  general  equations  which  express  the  develop* 
ment  of  any  function  whatever,  in  cosines  or  sines  of  multiple 
arcs,  give  rise  to  several  remarks  which  explain  the  true  meaning 
of  these  theorems,  and  direct  the  application  of  them. 

If  in  the  series 

a  +  6  cos  a  +  c  cos  2a5  +  c?  cos  3a?  +  c  cos  4a?  +  &c., 

we  make  the  value  of  x  negative,  the  series  remains  the  same ;  it 
also  preserves  its  value  if  we  augment  the  variable  by  any  multiple 
whatever  of  the  circumference  27r.    Thus  in  the  equation 

^TT^  (a?)  =  9  /^  (25)  (£»+  cosa;  /^  (a?)  cosofdx 

+  cos  2a?  I(f>  (a?)  cos  2xdx  +  cos  3a?  /^  (a?)  cos  3a?cZa?  +  &a...(i/), 

the  function  <f)  is  periodic,  and  is  represented  by  a  curve  composed 
of  a  multitude  of  equal  arcs,  each  of  which  corresponds  to  an 

1  Demonstraiionfl  haye  been  snpplied  by  PoisBon,  Deflers,  Dixioblet,  Dirksen, 
Bessel,  Hamilton,  Boole,  De  Morgan,  Stokee.    Bee  note,  pp.  208, 209.    [A.  F.] 
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interval  equal  to  2t  on  tbe  axis  of  the  abscissae.  Further,  each  of 
these  arcs  is  composed  of  two  symmetrical  branches,  which  cor- 
respond to  the  halves  of  the  interval  equal  to  2?r. 

Suppose  then  that  we  trace  a  line  of  any  form  whatever  0^a 
(see  fig.  9.},  which  corresponds  to  an  interval  equal  to  it. 

Fig. ». 


If  a  series  be  required  of  the  form 

a  +  Jcosaj  +  ccoB  2a?+rfcos3a?  +  &c., 

such  that,  substituting  for  x  any  value  whatever  X  included  be- 
tween 0  and  ir^  we  find  for  the  value  of  the  series  that  of  the 
ordinate  X^,  it  is  easy  to  solve  the  problem :  for  the  coefficient-s 
given  by  the  equation  (v)  are 

-l^{x)dx,     -li^{x)  cos  2xdx,    -  j^{x)oos9xdx,   &c. 

These  integrals,  which  are  taken  from  x  =  0  to  x=^ir,  having 
always  measurable  values  like  that  of  the  area  O^itt,  and  the 
series  formed  by  these  coefficients  being  always  convergent,  there 
is  no  form  of  the  line  <f><f>2,  for  which  the  ordinate  X<l>  is  not 
exactly  represented  by  the  development 

a  +  5  cos  a?  +  c  cos  2a?  +  rf  cos  3a?  +  e  cos  4a?  +  &a 

The  arc  ^xfa  is  entirely  arbitrary ;  but  the  same  is  not  the  case 
with  other  parts  of  the  line,  they  are,  on  the  contrary,  determinate; 
thus  the  arc  <f>2  which  corresponds  to  the  interval  from  0  to  —  n-  is 
the  same  as  the  arc  ^ ;  and  the  whole  arc  aiJM  is  repeated  on 
consecutive  parts  of  the  axis,  whose  length  is  27r. 

We  may  vary  the  limits  of  the  integrals  in  equation  (p).  If 
they  are  taken  from  x^^ir  to  x^^'jt  Uie  result  will  be  doubled : 
it  would  also  be  doubled  if  the  limits  of  the  integrals  were 
0  and  27r,  instead  of  being  0  and  tt.    We  denote  in  general  by  the 
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sign  I    an  integral  which  begins  when  the  variable  is  equal  to  a, 

and  is  completed  when  the  variable  is  equal  to  5. ;  and  we  write 
equation  (n)  under  the  following  form : 

o7r0(a;)  =  5j   ft>{x)dx+cosxj  ^(x)coQxdx+coB2xl   if>{x)coQ2xdx 

+  cos3j;I   ^(a:)cos&rdaj  +  etc (i/). 

Jo 

Instead  of  taking  the  integrals  from  x  =  0  to  a  =^ir,  we  might 
take  them  from  a?a=  0  to  a;  =  2ir,  or  from  .t  =  —  ^  to  a5  =  7r;  but  in 
each  of  these  two  cases,  tt^  (x)  must  be  written  instead  of  ^^  (x) 
in  the  first  member  of  the  equation. 

232.  In  the  equation  which  gives  the  development  of  any 
function  whatever  in  sines  of  multiple  arcs,  the  series  changes 
sign  and  retains  the  same  absolute  value  when  the  variable  x 
becomes  negative;  it  retains  its  value  and  its  sign  when  the 
variable  is  increased  or  diminished  by  any  multiple  whatever  of 

Fig.  10. 


-If 


JTT 


the  circumference  27r.  The  arc  ^^a  (see  fig.  10),  which  cor- 
responds to  the  interval  from  0  to  ^  is  arbitrary;  all  the  other 
parts  of  the  line  are  determinate.  The  arc  ^xf>a,  which  corresponds 
to  the  interval  from  0  to  —  tt,  has  the  same  form  as  the  given  arc 
<f>4xi;  but  it  is  in  the  opposite  position.  The  whole  arc  a(f>^xfxf>a  is 
repeated  in  the  interval  from  tt  to  Sir,  and  in  all  similar  intervals* 
We  write  this  equation  as  follows : 

^  Tr<f>  (x)  =  sin  a;  /   ^  (x)  sin  xdx  +  sin  2a;  (   ^  {x)  sin  2xdx 

Z  JO  Jo 


+  sin3aj/   ^  (a;)  sin  3axZa?  +  &c (/it). 
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We  might  change  the  limits  of  the  integrals  and  write 

I     or  I     instead  of  I    ; 

but  in  each  of  these  two  cases  it  would  be  necessary  to  substitute 
in  the  first  member  tt^  (a?)  for  Jtt^  (x). 

233.    The  function  ^  {x)  developed  in  cosines  of  multiple  arcs, 
is  represented  by  a  line  formed  of  two  equal  arcs  placed  sym- 

Fig.  11. 


metrically  on  each  side  of  the  axis  of  y,  in  the  interval  from 
—  TT  to  +7r  (see  fig.  11) ;  this  condition  is  expressed  thus, 

The  line  which  represents  the  function  y^  {x)  is,  on  the  contrary, 
formed  in  the  same  interval  of  two  opposed  arcs,  which  is  what  is 
expressed  by  the  equation 

Any  function  whatever  F(x)y  represented  by  a  line  traced 
arbitrarily  in  the  interval  firom  —  w  to  +  tt,  may  always  be  divided 
into  two  functions  such  as  ^  (w)  and  y^  (d?).  In  fact,  if  the  line 
F'F'mFF  represents  the  function  F(x)y  and  we  raise  at  the  point 
0  the  ordinate  om,  we  can  draw  through  the  point  m  to  the  right 
of  the  axis  om  the  arc  mff  similar  to  the  arc  mFF  of  the  given 
curve,  and  to  the  left  of  the  same  axis  we  may  trace  the  arc  mff 
similar  to  the  arc  mFF;  we  must  then  draw  through  the  point  m 
a  line  if)(f>'m^<p  which  shall  divide  into  two  equal  parts  the  differ- 
ence between  each  ordinate  xF  or  x'f  and  the  corresponding 


SECT.  VI.]  GEOMETRICAL  DEMONSTRATION.  203 

ordinate  xf  or  oiF.  We  must  draw  also  the  line  -^'-^'0^^,  whose 
ordinate  measures  the  half-difference  between  the  ordinate  of 
F'F'mFF  and  that  of  f'fmff.  This  done  the  ordinate  of  the 
lines  FFmFFy  and  f'f'mff  being  denoted  by  F  {x)  and  f(x) 
respectively,  we  evidently  have  f(x)  =  J^(—  a?) ;  denoting  also  the 
ordinate  of  ^'^'tw^^  by  <f)  {x),  and  that  of  •^'-^'O^r^  by  ^jr  (a?), 
we  have 

F{x)  =  (f>  {x)  +  -1^  {x)  and  f{x)  =  <^  (a?)  -  -^  {x)  =  J^(-  x), 
hence 

^  (ar)  =  I  F(x)  +  If(-  x)  and  f  (<c)  =  ^  F  {x)  -  \  F{-  x), 

whence  we  conclude  that 

^(a?)  =  ^(— a?)  and  -^(a;)  =a-'^(— a?), 

which  the  construction  makes  otherwise  evident 

Thus  the  two  functions  ^  {x)  and  -^  (a?),  whose  sum  is  equal  to 
F  (a?)  may  be  developed,  one  in  cosines  of  multiple  arcs,  and  the 
other  in  sines. 

If  to  the  first  function  we  apply  equation  (i/),  and  to  the  second 
the  equation  (/it),  taking  the  integrals  in  each  case  from  x^  —  ir 
to  a;  =  TT,  and  adding  the  two  results,  we  have 

ir\it> (a?)  +  '^{x)'\  «  irF{x) 
=  2  l^(x)dx  +cosaj /^(a:)  cos  a?  ia?  +  cos  2aj  /^(a?)  cos2a?(&  +  &c. 

+  sin  a;  l'^(x)  sin  a;  cZx  +  sin  2a;  l'^(x)  sin  2xdx-i-  &c. 

The  integrals  must  be  taken  from  a;  =  —  7rtoa?  =  7r.    It  may  now 

be  remarked,  that  in  the   integral  I     it>{x)  cos xdx  we  could, 

without  changing  its  value,  write  ^(x)  •{■  yfr{x)  instead  of  ^(a?): 
for  the  function  cos  a:  being  composed,  to  right  and  left  of  the 
axis  of  a?,  of  two  similar  parts,  and  the  function  '^{x)  being,  on  the 

contrary,  formed  of  two  opposite  parts,  the  integral  I     '^{x)  cos  xdx 

vanishes.  The  same  would  be  the  case  if  we  wrote  cos  2aj  or 
cos  3a?,  and  in  general  cos  tx  instead  of  cos  x,  %  being  any  integer 
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from  0  to  infinity.  Thus  the  integral  I  ^{x)coaixdxis  the  same 
as  the  integral 

I     [y^(x)  +  ^^{xy]  COB ixdx,   or   I     F{x)ooaixdx. 

It  is  evident  also  that  the  integral  I    '^{x)  Hmixdx  is  equal 

to  the  integral  I     F{x)  sin  ix  dx^  since  the  integral  I    ^  (a;)  sin  ixdx 

vanishes.  Thus  we  obtain  the  following  equation  (p),  which  serves 
to  develope  any  function  whatever  in  a  series  formed  of  sines  and 
cosines  of  multiple  arcs : 

irF{x)^\^F{x)dx  (p) 

+  cosa:  \F{x)  QOBxdx-\-co&^\F{x)  cos2xd5K  +  &c. 
+  sin  X  \F{x)  sin  a;  do;  +  sin  2x  \F{7i)  sin  2jj  cir  +  &c. 

234.  The  function  F{x),  which  enters  into  this  equation,  is 
represented  by  a  line  F'FFF^  of  any  form  whatever.  The  arc 
F'F'FF^  which  corresponds  to  the  interval  from  —  tt  to  +7r,  is 
arbitrary ;  all  the  other  parts  of  the  line  are  determinate,  and  the 
arc  F'F'FF  is  repeated  in  each  consecutive  interval  whose  length 
is  27r.  We  shall  make  frequent  applications  of  this  theorem,  and 
of  the  preceding  equations  {ji)  and  {v). 

If  it  be  supposed  that  the  function  F{x)  in  equation  (p)  is  re- 
presented, in  the  interval  from  —  7r  to  +  7r,  by  a  line  composed  of 
two  equal  arcs  symmetrically  placed,  all  the  terms  which  contain 
sines  vanish,  and  we  find  equation  {y)\  If,  on  the  contrary,  the 
line  which  represents  the  given  function  F{x)  is  formed  of  two 
equal  arcs  opposed  in  position,  all  the  terms  which  do  not  contain 
sines  disappear,  and  we  find  equation  (/bt).  Submitting  the  func- 
tion Fifl)  to  other  conditions,  we  find  other  results. 

If  in  the  general  equation  (p)  we  write,  instead  of  the  variable 

x,  the  quantity  — ,  x  denoting  another  variable,  and  2r  the  length 
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of  the  interval  which  includes  the  arc  which  represents  F[x) ; 
the  function  becomes  F  i  —  J ,  which  we  may  denote  by  f{x). 

The  limits  a:  =  — w  and  x^ir  become    —  =  — tt,  —  =7r;   we 

r  r 

have  therefore,  after  the  substitution, 

+  cos  TT  -  \f[x)  cos  —  CM?  -f  COS l/w  COS OX  f  etc. 

+  sm  TT  -  I  f{x)  sm  —  cwj  +  sin l/W  s"* »«?  +  etc. 

All  the  integrals  must  be  taken  like  the  first  from  d;  =  — r  to 
a;  3=  4  r.  If  the  same  substitution  be  made  in  the  equations  {v) 
and  {ji),  we  have 

2^/1^3:)  =  2j^/(fl?)cfo  +  cos^J/(a?)cos^c£» 

+  C06 //(«)  COS cfa?  +  &c (N), 

and 

2r/(fl?)  =  sin^j^/(a:)sin^da?     . 

+  sin //(a?)  siJi dx-\-&c (M). 

In  the  first  equation  (P)  the  integrals  might  be  taken  from 
from  a?  =  0  to  a;  =  2r,  and  representing  by  x  the  whole  iuterval  2r, 
we  should  have  ^ 

1  It  has  been  shewn  by  Mr  J.  0*Einealj  that  if  the  yalaes  of  the  arbitrary 
fanotion/(«)  be  imagined  to  reenr  for  eyery  range  of  x  over  snocessiye  interrals  \ 
we  haye  the  Bymbolical  equation 


>i 


and  the  roots  of  the  aniiliary  equation  being 


±,i?f  v^,  „=0,  1,  2,  8 ...  oD ,  [rttffi  over. 

A 
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lxjlx)  =  \jf{x)dx  (Jl) 

+  cos  -y-  \f\x)  cos  -^  ax  +  cos  -y-  //(a?)  cos  -^  CM?  +  &c. 

+  sin  -y-  1/ W  sin  -j^  ax  +  sin  -^    l/w  sm  -y-  dx  +  &c. 

235.  It  follows  from  that  which  has  been  proved  in  this  sec- 
tion, concerning  the  development  of  functions  in  trigonometrical 
series,  that  if  a  function  f(x)  be  proposed,  whose  value  in  a  de- 
finite interval  from  aj  =  Otoa?  =  Xis  represented  by  the  ordinate 
of  a  curved  line  arbitrarily  drawn ;  we  can  always  develope  this 
function  in  a  series  which  contains  only  sines  or  only  cosines,  or 
the  sines  and  cosines  of  multiple  arcs,  or  the  cosines  only  of  odd 
multiples.  To  ascertain  the  terms  of  these  series  we  must  employ 
equations  (M),  (N),  (P). 

The  fundamental  problems  of  the  theory  of  heat  cannot  be 
completely  solved,  without  reducing  to  this  form  the  functions 
which  represent  the  initial  state  of  the  temperatures. 

These  trigonometric  series,  arranged  according  to  cosines  or 
sines  of  multiples  of  arcs,  belong  to  elementary  analysis,  like  the 
series  whose  terms  contain  the  successive  powers  of  the  variable. 
The  coefficients  of  the  trigonometric  series  are  definite  areas,  and 
those  of  the  series  of  powers  are  functions  given  by  differentiation, 
in  which,  moreover,  we  assign  to  the  variable  a  definite  value.  We 
could  have  added  several  remarks  concerning  the  use  and  pro- 
perties of  trigonometrical  series ;  but  we  shall  limit  ourselves  to 
enunciating  briefly  those  which  have  the  most  direct  relation  to 
the  theory  with  which  we  are  concerned. 

it  follows  that 

/(»)«ig  +  /liOoa  — +  J,cob2-y-  +-^8*^8^  -r-+*c. 

The  coeffioientB  being  determinod  in  Fourier's  manner  by  mnltiplying  both 

COB     2?r«c 
Bides  by    .    n  -r—  and  integrating  from  0  to  X.    {Philosophical  Magazine,  August 

1874,  pp.  96,  96).     [A.  F.] 
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l8t.  The  series  arranged  according  to  sines  or  cosines  of  mul- 
tiple arcs  are  always  convergent ;  that  is  to  say,  on  giving  to  the 
variable  any  value  whatever  that  is  not  imaginary,  the  sum  of  the 
terms  converges  more  and  more  to  a  single  fixed  limit,  which  is 
the  value  of  the  developed  function. 

2nd.  If  we  have  the  expression  of  a  function  f{x)  which  cor- 
responds to  a  given  series 

a  +  6  cos  a;  +  0  cos  2a;  +  (2  cos  3a;  +  6  cos  4j?  -h  &c., 

and  that  of  another  function  ^  (a:),  whose  given  development  is 

a  +  /8  cos  ^  +  7  cos  2a;  +  S  cos  3a;  +  €  cos  4a;  +  &c., 

it  is  easy  to  find  in  real  terms  the  sum  of  the  compound  series 

aa  + 6/8  +  07  +  rf5  + ec  +  &c.,* 
and  more  generally  that  of  the  series 

oa  +  6)8  cos  fl?  +  07  cos  2a?  +  cK  cos  3a?  +  €6  cos  4a;  +  &c., 
which  is  formed  by  comparing  term  by  term  the  two  given  series. 
This  remark  applies  to  any  number  of  series. 

3rd.  The  series  (P)  (Art.  234)  which  gives  the  development 
of  a  function  F{x)  in  a  series  of  sines  and  cosines  of  multiple  arcs, 
may  be  arranged  under  the  form 

-h  COS  a;  I  F{a)  cos  ada  +  cos  2a;  I  ^  (a)  cos  io^di  +  &c. 

-h  sin  a;  I  -F  (a)  sin  adoL  +  sin  2x\F  (a)  sin  23rrfa  +  &c. 

a  being  a  new  variable  which  disappears  after  the  integrations. 
We  have  then 

irF {x)  ^  f_^F {a)  d<i^ 

+  COS  0?  COS  a  +  COS  2a;  COS  2a  +  cos  3a;co8  3a  +  &c. 

+  sin  a;  sin  a  +  sin  2a;  sin.2a  +  sin  3a;  sin  3a  +  &c.  L 

1  Wo  shall  have 


TT 


/. 


^(rr)0(x)da;=aaT  +  iT{6^+<;7+...}.  [R.  L.  E.] 

0  "• 
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or 

jP  (a?)  =  ~  j     i^(ot)  ria  L  +  cos  (a?  -  a)  +  cos  2  (a;  -  o)  +  &c.| . 

Hence,  denoting  the  sum  of  the  preceding  series  by 

2  cost  (a?  — a) 
taken  from  t  =  1  to  i  =  oo ,  we  have 

The  expression  ^  +  2  cos  i  {x  —  a)  represents  a  function  of  x 

and  a,  such  that  if  it  be  multiplied  by  any  function  whatever  F{a), 
and  integrated  with  respect  to  a  between  the  limits  a  =  —  tt  and 
a^TT,  the  proposed  function  F(a)  becomes  changed  into  a  like 
function  of  x  multiplied  by  the  semi-circumference  ir.  It  wiU  be 
seen  in  the  sequel  what  is  the  nature  of  the  quantities,  such  as 

5  +  2cosi(a?  — a),  which  enjoy  the  property  we  have  just  enun- 

ciated. 

4th.  If  in  the  equations  (M),  (N),  and  (P)  (Art  234),  which 
on  being  divided  by  r  give  the  development  of  a  function  /(a?), 
we  suppose  the  interval  r  to  become  infinitely  large,  each  term  of 
the  series  is  an  infinitely  small  element  of  an  integral;  the  sum  of 
the  series  is  then  represented  by  a  definite  integral.  When  the 
bodies  have  determinate  dimensions,  the  arbitrary  functions  which 
represent  the  initial  temperatures,  and  which  enter  into  the  in- 
tegrals of  the  partial  differential  equations,  ought  to  be  developed 
in  series  analogous  to  those  of  the  equations  (M),  (N),  (P)  ;  but 
these  functions  take  the  form  of  definite  integrals,  when  the 
dimensions  of  the  bodies  are  not  determinate,  as  will  be  ex- 
plained in  the  course  of  this  work,  in  treating  of  the  free  diffusion 
of  heat  (Chapter  ix.). 

Note  on  Section  FT.  On  the  subject  of  the  deyelopment  of  a  function  whose 
yalnes  are  arbitrarilj  assigned  between  certain  limits,  in  series  of  sines  and 
cosines  of  multiple  arcs,  and  on  questions  connected  with  the  values  of  such 
series  at  the  limits,  on  the  conyergency  of  the  series,  and  on  the  discontinuity 
of  their  values,  the  principal  authorities  are 

Poisson,  ThSorie  mathSmatique  de  la  Chaleur,  Paris,  1835,  Chap.  yii.  Arts. 
92 — 102,  Sur  la  manih'e  d^cxprimer  lee  fonctions  arbitraires  par  des  Uriee  de 
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quantitSs  piriodiques.  Or /more  briefly,  in  his  Traits  de  Micanique,  Arts.  325—328. 
Pois8on*8  origiiud  memoirs  on  the  subject  were  published  in  the  Journal  de  VEcole 
Pohjteehnique,  Gahier  18,  pp.  417—489,  year  1820,  and  Cahier  19,  pp.  404—509, 
year  1823. 

De  Morgan,  Differential  and  Integral  Calculus.  London,  1842,  pp.  609 — 617. 
The  proofs  of  the  deyelopments  appear  to  be  originaL  .  In  the  Terifioation  of  the 
developments  the  author  follows  Poisson's  methods. 

Stokes,  Cambridge  Philosophical  Transactions,  1847,  Vol.  yiii.  pp.  538 — 556. 
On  the  Critical  values  of  the  sums  of  Periodic  Series.  Section  I.  Mode  of  ascertain- 
ing the  nature  of  the  discontinuity  of  a  function  ichieh  is  expanded  in  a  series 
of  sines  or  cosines,  and  of  obtaining .  tJte  developments  of  the  derived  functions. 
Graphically  illustrated. 

Thomson  and  Tait,  Natural  Philosophy,  Oxford,  1867,  Vol.  x.  Arts.  16—77. 
Donkin,  Acoustics,  Oxford,  1870,  Arts.  72 — 79,  and  Appendix  to  Chap.  xv. 
Ifatthieu,  Cours  de  Physique  MathSmatique,  Paris,  1873,  pp.  88 — 86. 
Entirely  different  methods  of  discussion,  not  inyolying  the .  introduction  of 
arbitrary  multipliers  to  the  Buceessive  terms  of  the  series  were  originated  by 

Dirichlet,  Crelle*s  Journal,  Berlin,  1829,  Band  it.  pp.  157 — 169.  Sur  la  con* 
vergence  des  sSries  trigonomStriques  qui  servent  h  reprSsenter  une  fonction  arbitraire 
entre  les  limites  donnSes.  The  methods  of  this  memoir  thoroughly  deserve  at- 
tentive study,  but  are  not  yet  to  be  found  in  English  text-books.  Another  memoir, 
of  greater  length,  by  the  same  author  appeared  in  Doye*s  Repertorium  der  Physik, 
Berlin,  1837,  Band  i.  pp.  152 — 174.  Uebet  die  DarsteUung  gam  sDillkiihrlicher 
Functionen  durch  Sinus-  und  Cosinusreihen.  Von  G.  Lejeune  Dirichlet. 
Other  methods  are  given  by 

Dirksen,  CreUe's  Journal,  1829,  Band  iv.  pp.  170 — 178.  Veber  die  Convergenz 
einer  nach  den  Sinussen  und  Cosinussen  der  Vielfachen  eines  Winhels  fofUchreiten- 
den  Reihe. 

Bessel,  Astronomische  Nachrichten,  Altona,  1839,  pp.  230—238.      Ueber  den 

Ausdruck  einer  Function  ^  (ar)  durch  Cosinusse  und  Sinusse  der  Vielfachen  von  x. 

The  writings  of  the  last  three  authors  are  criticised  by  Riemann,  Gesammelte 

Mathematische  Werke,  Leipzig,  1876,  pp.  221 — ^225.    U^ber  die  DarsteUbarkeii  einer 

Function  durch  eine  THgonometrische  Reihe. 

On  Fluctuating  Functions  and  their  properties,  a  memoir  was  published  by 
Sir  W.  B.  Hamilton,  Transactioru  of  the  Royal  Irish  Academy,  1843,  Yol.  xix.  pp. 
264 — 321.  The  introductory  and  concluding  remarks  may  at  this  stage  be  studied. 
The  writings  of  Deflers,  Boole,  and  others,  on  the  subject  of  the  expansion 
of  an  arbitrary  function  by  means  of  a  double  integral  {Fourier*s  Theorem)  will 
be  alluded  to  in  the  notes  on  Chap.  IX.  Arts.  861,  862.    [A.  F.] 


SECTION  VII. 

Application  to  the  actual  problem. 

236.  We  can  now  solve  in  a  general  manner  the  problem  of 
the  propagation  of  heat  in  a  rectangular  plate  BAG,  whose  end  A 
is  constantly  heated,  whilst  its  two  infinite  edges  B  and  C  are 
maintained  at  the  temperature  0. 

F.  H.  14 
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Suppose  the  initial  temperature  at  all  points  of  the  slab  BAG 
to  be  nothing,  but  that  the  temperature  at  each  point  m  of  the 
edge  A  is  preserved  by  some  external  cause,  and  that  its  fixed 
value  is  a  function  f(x)  of  the  distance  of  the  point  m  from  the 
end  0  of  the  edge  A  whose  whole  length  is  2r;  let  v  be  the 
constant  temperature  of  the  point  m  whose  co-ordinates  are  a  and 
y,  it  is  required  to  determine  t;  as  a  function  of  x  and  y. 

The  value  v  =  ae^ sin mx  satisfies  the  equation 

a  and  m  being  any  quantities  whatever.    If  we  take  m  =  i-  , 

%  being  an  integer^  the  value  ae     ^  sin  —  vanishes,  when  a:  =  r, 

whatever  the  value  of  y  may  be.    We  shall  therefore  assume,  as  a 
more  general  value  of  v, 

-irif   .    irx  .        -*r?    .     27r^  -8»?   .     2irx  .   ^ 

V  »  a,6    «•  sm 1-  a,e      ^  sin h  a,6     ^  sm h  &c. 

*  ?*  V  ?* 

If  y  be  supposed  nothing,  the  value  of  v  will  by  hypothesis 
be  equal  to  the  known  function  f{x).    We  then  have 

/./  \           .    TTX  .        .    ^irx  .        .    ^irx  .   o 
j\x)  =  a^  sm ha,  sm h  a,  sm h  &c. 

The  coefficients  a^  a„  a„  &c.  can  be  determined  by  means  of 
equation  (M),  and  on  substituting  them  in  the  value  of  v  we  have 

1            -»|    .    wa?  r  -,  V   .    irx  J    .     -u^-  ,    Z'TTX  f  J,,  .  .    2-^-0?, 
^rv  =  e    "^  sm  —  i/(a?)sm  —  dx  +  e      '  sm |/(fl?)sm ax 

+  6    '*■  sin //(^)  sin dx  +  &c. 

237.  Assuming  r  =  w  in  the  preceding  equation,  we  have  the 
solution  under  a  more  simple  form,  namely 

^irv^e^emx  lf{x)  sin xdx  +  e^  sin  2a?  jf(x)  sin 2xdx 


+  «"•"  sin  Sar  //(a?)  sin  Sxdx  +  &c (a). 
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or 

If 

5  TTV  ==  /  /(3t)rfa  {e^  sin  ^  sin  a  +  e^  sin  2x  sin  2a 

+  e^^  sin  Sx  sin  Sa  +  &c.) 
a  is  a  new  variable,  which  disappears  after  integration. 

If  the  sum  of  the  series  be  determined^  and  if  it  be  substituted 
in  the  last  equation,  we  have  the  value  of  v  in  a  finite  form.  The 
double  of  the  series  is  equal  to 

e^  [cos  (a:  —  a)  —  cos  (x  +  a)]  +  e^  [cos  2  (a:  —  a)  -  cos  2  (a?  +  o)] 

+  e*''[cos3(a?-a)-cos3(a?+a)]  +  &c.; 

denoting  by  F  (t/,p)  the  sum  of  the  infinite  series 

e^  cosp  +  e^  cos  2p  +  e'*'  cos  3p  +  &a, 
we  find 

=  rf{oL)da{F(y,x^a)-'F(tf,x  +  a)]. 
Jo 

We  have  also 


irv 

0 


2i^(y,p)  =  {'^ 


g-  (y*i»  V-i)  g-  tir-p  V^) 


rr:  + 


j  _  g-lir^|»V-l)        2  —  e"^'^'^'^^  * 


rr/       X  cos  p  —  e"* 

"'  ^(^'^^  =  ^-2cos;>4.e-'  • 

whence 


TTV 

or 


_  f' -.  V  ,    f     cos  (a?  —  g)  —  g"^  cos  (a;  +  g)  —  g"^      ) 

- jy  Wa« |^^2cos(a;-g)+e-''""e^-2 cos (a:  +  g)  +  e^} ' 

—  r  f(  ^iJ  J 2  (e*^  —  e"^)  sin  a;  sin  a ' 

"Jo'^^''^      ([«"-  2cos  (a;-g)  +  e""]  [e^-  2  cos  (a?  +  g)  +  e-^]' 

or,  decomposing  the  coefficient  into  two  fractions, 

'^^  2      }/^^^^[e'-2cos(x^a)-he-''     ^-2cos\x-{-a)  +  e-"^  ' 

14—2 
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This  equation  contains,  in  real  terms  under  a  finite  form,  the 

integral  of  the  equation -j-j  +  -t-t=0,  applied  to  the  problem  of 

the  uniform  movement  of  heat  in  a  rectangular  solid,  exposed  at 
its  extremity  to  the  constant  action  of  a  single  source  of  heat. 

It  is  easy  to  ascertain  the  relations  of  this  integral  to  the 
general  integral,  which  has  two  arbitrary  functions ;  these  func- 
tions are  by  the  very  nature  of  the  problem  determinate,  and 
nothing  arbitrary  remains  but  the  function  /(a),  considered 
between  the  limits  a^O  and  a^ir.  Equation  (a)  represents, 
under  a  simple  form,  suitable  for  numerical  applications,  the  same 
value  of  V  reduced  to  a  convergent  series. 

If  we  wished  to  determine  the  quantity  of  heat  which  the  solid 
contains  when  it  has  arrived  at  its  permanent  state,  we  should 
take  the  integral  jdxjdy  v  from  x^O  to  x^Wy  and  from  y  =  0  to 
y  =  00 ;  the  result  would  be  proportianal  to  the  quantity  required. 
In  general  there  is  no  property  of  the  uniform  movement  of  heat 
in  a  rectangular  plate,  which  is  not  exactly  represented  by  this 
solution. 

We  shall  next  regard  problems  of  this  kind  from  another  point 
of  view,  and  determine  the  varied  movement  of  heat  in  different 
bodies. 


i 


CHAPTER   IV. 

OF  THE  LINEAR  AND  VARIED  MOVEMENT  OF  HEAT  IN  A  RING. 

SECTION    I. 

Oenerai  solviUan  of  the  problem, 

238.    The  equation  which  expresses  the  movement  of  heat 
in  a  ring  has  been  stated  in  Article  105 ;  it  is 

di"  CD  da?^~CDB^ ^^' 

The  problem  is  now  to  integrate  this  equation:    we  may 
write  it  simply 

dv     J  d^v     J 

wherein  k  represents  ^^,  and  h  represents  -fTfTQ*  ^  denotes  the 

length  of  the  arc  included  between  a  point  m  of  the  ring  and  the 
origin  0,  and  v  is  the  temperature  which  would  be  observed  at 
the  point  m  after  a  given  time  t    We  first  assume  v^e'^u, 

u  being  a  new  unknown,  whence  we  deduce  ^  =  ^  j-ji !  ROW  this 

equation  belongs  to  the  case  in  which  the  radiation  is  nul  at 
the  surface,  since  it  may  be  derived  from  the  preceding  equa* 
tion  by  making  A»0:  we  conclude  from  it  that  the  different 
points  of  the  ring  are  cooled  successively,  by  the  action  of  the 
medium,  without  this  circumstance  disturbing  in  any  manner  the 
law  of  the  distribution  of  the  heat. 

In  fact  on  integrating  the  equation  771  =  ^  j3*»  "w®  should 
find  the  values  of  u  which  correspond  to  different  points  of  the 
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ring  at  the  same  instant,  and  we  should  ascertain  what  the  state 
of  the  solid  would  be  if  heat  were  propagated  in  it  without  any 
loss  at  the  surface ;  to  determine  then  what  would  be  the  state 
of  the  solid  at  the  same  instant  if  this  loss  had  occurred,  it  will 
be  suflficient  to  multiply  all  the  values  of  u  taken  at  different 
points,  at  the  same  instant,  by  the  same  fraction  e"**.  Thus  the 
cooling  which  is  effected  at  the  surface  does  not  change  the  law 
of  the  distribution  of  heat ;  the  only  result  is  that  the  tempera- 
ture of  each  point  is  less  than  it  would  have  been  without  this 
circumstance,  and  the  temperature  diminishes  from  this  cause 
according  to  the  successive  powers  of  the  fraction  e~^. 

239.    The  problem  being  reduced  to  the  integration  of  the 

di£  d  u 
equation  77-  =  ^  j~i  >  w©  shall,  in  the  first  place,  select  the  sim- 
plest particular  values  which  can  be  attributed  to  the  variable 
u;  from  them  we  shall  then  compose  a  general  value,  and  we 
shall  prove  that  this  value  is  as  extensive  as  the  integral,  which 
contains  an  arbitrary  function  of  ar,  or  rather  that  it  is  this 
integral  itself,  arranged  under  the  form  which  the  problem  re- 
quires, so  that  there  cannot  be  any  different  solution. 

It  may  be  remarked  first,  that  the  equation  is  satisfied  if  we 
give  to  u  the  particular  value  ae^  sin  nx,  m  and  n  being  subject 
to  the  condition  m  =  —  }cn\  Take  then  as  a  particular  value  of 
u  the  function  e"^'*  sin  nx. 

In  order  that  this  value  may  belong  to  the  problem,  it  must 
not  change  when  the  distance  x  is  increased  by  the  quantity  27rr, 

r  denoting  the  mean  radius  of  the  ring.     Hence  27rnr  must  be  a 

* 

multiple  i  of  the  circumference  27r ;  which  gives  n  =  - . 

We  may  take  i  to  be  any  integer;  we  suppose  it  to  be 
always  positive,  since,  if  it  were  negative,  it  would  suffice  to 
change  the  sign  of  the   coefficient  a  in  the  value  ac"*^'^  sin  tw. 

-  A  —   .    ix 
The  particular  value  ae      ^  sin  —  could  not  satisfy  the  problem 

proposed  unless  it  represented  the  initial  state  of  the  solid.     Now 

on   making   <  =  0,    wo   find   u  =  a  sin  — :    suppose  then  that  the 
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initial  values  of  u  are  actually  expressed  by  a  sin-;  that  is  to 

say,  that  the  primitive  temperatures  at  the  different  points  are 
proportional  to  the  sines  of  angles  included  between  the  radii 
which  pass  through  those  points  and  that  which  passes  through 
the  origin,  the  movement  of  heat  in  the  interior  of  the  ring  will 

be  exactly  represented  by  the  equation  u^ae  ''sin-,  and  if 
we  take  account  of  the  loss  of  heat  through  the  surface,  we  find 

«  s  o^   V     r*/   sin  - . 

r 

In  the  case  in  question,  which  is  the  simplest  of  all  those  which 
we  can  imagine,  the  variable  temperatures  preserve  their  primi-^ 
tive  ratios,  and  the  temperature  at.  any  point  diminishes  accord- 
ing to  the  successive  powers  of  a  fraction  which  is  the  same  for 
every  point. 

The  same  properties  would  be  noticed  if  we  supposed  the 
initial  temperatures  to  be  proportional  to  the  sines  of  the  double 

of  the  arc  - ;  and  in  general  the  same  happens  when  the  given 

temperatures  are  represented  by  asin— ,  t  being  any  integer 

whatever. 

We  should  arrive  at  the  same  results   on  taking  for  the 

particular  value  of  u  the  quantity  ae'"***^cos  nx :  here  also  we  have 

. 

2avnr  =  2iir,  and  n  =  -  ;  hence  the  equation 

r 

w  =  ae     •^  cos  — 

r 

expresses  the  movement  of  heat  in  the  interior  of  the  ring  if  the 
initial  temperatures  are  represented  by  cos  —  . 

In  all  these  cases,  where  the  given  temperatures  are  proper- 

tional  to  the  sines  or  to  the  cosines  of  a  multiple  of  the  arc  -  , 

the  ratios  established  between  these  temperatures  exist  con- 
tinually during  the  infinite  time  of  the  cooling.     The  same  would 


r 
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be  the  case  if  the  initial  temperatures  were  represented  by  the 
function  a  gm  -  +  6  cos  — ,  i  being  any  integer,  a  and  b  any  co- 
efficients whatever. 

240.  Let  us  pass  now  to  the  general  case  in  which  the  initial 
temperatures  have  not  the  relations  which  we  have  just  supposed, 
but  are  represented  by  any  function  whatever  F(ai),     Let  us  give 

to  this  function  the  form  ^  (- j ,  so  that  we  have  F(fl?)=^f- j ,  and 

imagine  the  function  ^(-)  to  be  decomposed  into  a  series  of 

sines  or  cosines  of  multiple  arcs  affected  by  suitable  coefficients. 
We  write  down  the  equation 


*©- 


a,  sin  [0  -  )  +  o,  sin  ( 1  -  j  +  o, sin  f  2  - j  +  &c. 
+  6,cos(o  -)  +  b,  cos  ^1  ^)  +  J, cos  ^2  ^j  +  &c. 


W. 


The  numbers  a^,  a^  a, ...,  6<j,  b^,  6, ...  are  regarded  as  known 
and  calculated  beforehand.  It  is  evident  that  the  value  of  u  will 
then  be  represented  by  the  equation 


X 


a^sm 


w-ft«-h 


b,  cos  - 


a,  sin  2 


X 


t  cos  2  - 
*  r 


e 


+  &C. 


In  fact,  1st,  this  value  of  u  satisfies  the  equation  "j;  =  ^  j— t> 

since  it  is  the  sum  of  several  particular  values ;  2nd,  it  does  not 
change  when  we  increase  the  distance  x  by  any  multiple  whatever 
of  the  circumference  of  the  ring ;  3rd,  it  satisfies  the  initial  state, 
since  on  makiDg  ^  =  0,  we  find  the  equation  (c).  Hence  all  the 
conditions  of  the  problem  are  fulfilled,  and  it  remains  only  to 
multiply  the  value  of  u  by  e'^K 

241.  As  the  time  increases,  each  of  the  terms  which  compose 
the  value  of  u  becomes  smaller  and  smaller ;  the  system  of  tem- 
peratures tends  therefore  continually  towards  the  regular  and  con- 
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stant  st^te  in  which  the  difference  of  the  temperature  u  from  the 
constant  b^  is  represented  by 

kt 


I  a  sin  - 


+  6  cos  -)  «  ^ 


3 


Thus  the  particular  values  which  we  have  previously  considered, 
and  from  which  we  have  composed  the  general  value,  derive  their 
origin  from  the  problem  itself.  Each  of  them  represents  an 
elementary  state  which  could  exist  of  itself  as  soon  as  it  is  sup* 
posed  to  be  formed ;  these  values  have  a  natural  and  necessary 
relation  with  the  physical  properties  of  heat» 

To  determine  the  coefficients  a^,  a^,  a,,  &c.,  6^,  6^,  5^,  &c.,  we 
must  employ  equation  (11),  Art.  234,  which  was  proved  in  the 
last  section  of  the  previous  Chapter. 

Let  the  whole  abscissa  denoted  by  X  in  this  equation  be  27rr, 
let  X  be  the  variable  abscissa,  and  let  /(^)  represent  the  initial 
state  of  the  ring,  the  integrals  must  be  taken  from  a;  =  0  to 
X  =  2irr ;  we  have  then 


'^f{^)^^]f{^)^ 


+  COS 


+  sin 


(^)/cos(g/(a:)(te  +  coB(2^)|cos(2^)/(^)(& 

in  (?)  [sin  Q/(aj)  c&  +  sin  ^2  ^)  [sin  (2^) /(a?)  dx  +  &c. 

Knowing  in  this  manner  the  values  of  a^,  a^,  a,,  &c., 
6^,  6j,  Jj,  &c.,  if  they  be  substituted  in  the  equation  we  have 
the  following  equation,  which  contains  the  complete  solution  of 
the  problem : 


irrv 


8m*jrBin^/(a!)da;j 

COS  -  I  [cos  -f{x)  dx  J 
sin  2  -  /  [sin  — f{x)  dx  J 

cos  2  -  I  [cos  — /(a?)  dx  J 


a 


+ 


2* 


e 


+  &C.I 


; 


(E). 
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All  the  integrals  must  be  taken  from  a;  =  0  to  a?  =  27rr. 

The  first  term  -5 —  |/(»)  ^^»  which  serves  to  form  the  value  of 

t?,  is  evidently  the  mean  initial  temperature,  that  is  to  say,  that 
which  each  point  would  have  if  all  the  initial  heat  were  distri- 
buted equally  throughout 

242.  The  preceding  equation  (E)  may  be  applied,  whatever 
the  form  of  the  given  function  f{x)  may  be.  We  shall  consider 
two  particular  cases,  namely:  1st,  that  which  occurs  when  the 
ring  having  been  raised  by  the  action  of  a  source  of  heat  to  its 
permanent  temperatures,  the  source  is  suddenly  suppressed ;  2nd, 
the  case  in  which  half  the  ring,  having  been  equally  heated 
throughout,  is  suddenly  joined  to  the  other  half,  throughout  which 
the  initial  temperature  is  0. 

We  have  seen  previously  that  the  petmanent  temperatures 
of  the  ring  are  expressed  by  the  equation   v  =  aa*  +  ia"';  the 

value  of  quantity  a  being  e  ^^,  where  I  is  the  perimeter  of  the 
generating  section,  and  S  the  area  of  that  section. 

If  it  be  supposed  that  there  is  but  a  single  source  of  heat,  the 
equation  ;7''=^  must  necessarily  hold  at  the  point  opposite  to 

that  which  is  occupied  by  the  source.  The  condition  cuf—  &a"*=  0 
will  therefore  be  satisfied  at  this  point.  For  convenience  of  calcu- 
lation let  us  consider  the  fraction  ^^  to  be  equal  to  unity,  and  let 

us  take  the  radius  r  of  the  ring  to  be  the  radius  of  the  trigono- 
metrical tables,  we  shall  then  have  v  =  ae*+  Je"*;  hence  the  initial 
state  of  the  ring  is  represented  by  the  equation 

It  remains  only  to  apply  the  general  equation  (E),  and  de- 
noting by  Mthe  mean  initial  heat  (Art.  241),  we  shall  have 

o  -A/  ]L#  A      cos  a?      J.  ^  cos  2a?     -tt.     cos  3x    ^^j.  .   p    \ 

This  equation  expresses  the  variable  state  of  a  solid  ring,  which 
having  been  heated  at  one  of  its  points  and  raised  to  stationary 
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temperatures^  cools  in  air  after  the  suppression  of  the  source  of 
heat. 

243.  In  order  to  make  a  second  application  of  the  general 
equation  (E),  we  shall  suppose  the  initial  heat  to  be  so  distributed 
that  half  the  ring  included  between  a;  =  0  and  a?  =  tt  has  through- 
out the  temperature  1,  the  other  half  having  the  temperature  0. 
It  is  required  to  determine  the  state  of  the  ring  after  the  lapse  of 
a  time  t 

The  function  f{x),  which  represents  the  initial  state,  is  in  this 
case  such  that  its  value  is  1  so  long  as  the  variable  is  included 
between  0  and  tt.  It  follows  from  this  that  we  must  suppose 
f(ps)  =  l,  and  take  the  integrals  only  from  x^O  to  w^ir,  the 
other  parts  of  the  integrals  being  nothing  by  hypothesis.  We 
obtain  first  the  following  equation,  which  gives  the  development 
of  the  function  proposed,  whose  value  is  1  from  a;  =  0  to  a:  =  7r  and 
nothing  from  a;  =  tt  to  a?  =  2w, 

f{x)  =  -  +  —  fsin  a?  +  H  sin  3j:  +  ^  sin  5aj  +  =  sin  7a?  +  &c.  j . 

If  now  we  substitute  in  the  general  equation  the  values  which 
we  have  just  found  for  the  constant  coefficients,  we  shall  have  the 
equation 

6'^ (l ^  +  ^^^  a:6"**  +  5  sin  3a?6-^**  +  v  sin  5xe''^^  +  &c.  j, 

which  expresses  the  law  according  to  which  the  temperature  at 
each  point  of  the  ring  varies,  and  indicates  its  state  after  any 
given  time :  we  shall  limit  ourselves  to  the  two  preceding  applica- 
tions, and  add  only  some  observations  on  the  general  solution 
expressed  by  the  equation  (E). 

244.  1st.  If  k  is  supposed  infinite,  the  state  of  the  ring  is 

expressed  thus,   tttv  =  e~^  „  Ifi^)  ^>    ^^f    denoting  by   M  the 

mean  initial  temperature  (Art.  241),  v  —  C^M.  The  temperature 
at  every  point  becomes  suddenly  equal  to  the  mean  temperature, 
and  all  the  diflferent  points  retain  always  equal  temperatures, 
which  is  a  necessary  consequence  of  the  hypothesis  in  which  we 
admit  infinite  conducibility.  * 


2"^" 
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2Qd.  We  should  have  the  same  result  if  the  radius  of  the  ring 
were  infinitely  small. 

3rd.    To  find  the  mean  temperature  of  the  ring  after  a  time  t 

we  must  take  the  integral  lf(x)dx  from  aj=sO  to  a?=27rr,  and 

divide  by  27rr.  Integrating  between  these  limits  the  different 
parts  of  the  value  of  t^  and  then  supposing  a!  =  2irr,  we  find  the 
total  values  of  the  integrals  to  be  nothing  except  for  the  first 
term ;  the  value  of  the  mean  temperature  is  therefore,  after  the 
time  t,  the  quantity  e''^M.  Thus  the  mean  temperature  of  the 
ring  decreases  in  the  same  manner  as  if  its  conducibility  were  in- 
finite ;  the  variations  occasioned  by  the  propagation  of  heat  in  the 
solid  have  no  influence  on  the  value  of  this  temperature. 

In  the  three  cases  which  we  have  just  considered,  the  tem- 
perature decreases  in  proportion  to  the  powers  of  the  fraction  e'\ 
or,  which  is  the  same  thing,  to  the  ordinate  of  a  logarithmic 
curve,  the  abscissa  being  equal  to  the  time  which  has  elapsed. 
Thi^  law  has  been  known  for  a  long  time,  but  it  must  be  remarked 
that  it  does  not  generally  hold  unless  the  bodies  are  of  small 
dimensions.  The  previous  analysis  tells  us  that  if  the  diameter  of 
a  ring  is  not  very  small,  the  cooling  at  a  definite  point  would  not 
be  at  first  subject  to  that  law ;  the  same  would  not  be  the  case 
with  the  mean  temperature,  which  decreases  always  in  proportion 
to  the  ordinates  of  a  logarithmic  curve.  For  the  rest,  it  must  not 
be  forgotten  that  the  generating  section  of  the  ring  is  supposed  to 
have  dimensions  so  small  that  different  points  of  the  same  section 
do  not  differ  sensibly  in  temperature. 

4th.  If  we  wished  to  ascertain  the  quantity  of  heat  which 
escapes  in  a  given  time  through  the  surface  of  a  given  portion  of 

the  ring,  the  integral  hlldt  jvdx  must  be  employed,  and  must 

be  taken  between  limits  relative  to  the  time.  For  example, 
if  we  took  0  and  2^  to  be  the  limits  of  x,  and  0,  oo ,  to  be  the 
limits  of  t ;  that  is  to  say,  if  we  wished  to  determine  the  whole 
quantity  of  heat  which  escapes  from  the  entire  surface,  during  the 
complete  course  of  the  cooling,  we  ought  to  find  after  the  integra- 
tions a  result  equal  to  the  whole  quantity  of  the  initial  heat,  or 
27rrM,  M  being  the  mean  initial  temperature. 
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5th.  If  we  wish  to  ascertain  how  much  heat  flows  in  a  given 
time,  across  a  definite  section  of  the  ring,  we  must  employ  the 

integral  -  KS  /  ^  ^ .  writing  for  -p  the  value  of  that  function, 

taken  at  the  point  in  question. 

245.  Heat  tends  to  be  distributed  in  the  ring  ftccording  to 
a  law  which  ought  to  be  noticed.  The  more  the  time  which 
has  elapsed  increases  the  smaller  do  the  terms  which  compose 
the  value  of  v  in  equation  (E)  become  with  respect  to  those 
which  precede  them.  There  is  therefore  a  certain  value  of  t  for 
which  the  movement  of  heat  begins  to  be  represented  sensibly 
by  the  equation 

a^  sin  -  +  ftj  cos  - 1  e  »•. 

The  same  relation  continues  to  exist  during  the  infinite  time 
of  the  cooling.  In  this  state,  if  we  choose  two  points  of  the  ring 
situated  at  the  ends  of  the  same  diameter,  and  represent  their 
respective  distances  from  the  origin  by  x^  and  x^,  and  their  cor- 
responding temperatures  at  the  time  t  by  v^  and  v^ ;  we  shall  have 

^1  =  ]^o+  («i  sin  ^  +  ^  cos  ^j  «"  •* [  ^ '**» 


'.'=|«o+(«i»«^7  +  ^<50«7)«"^ 


e'K 


X  X 

The  sines  of  the  two  arcs  ~  and  -*  differ  only  in  sign ;    the 
same  is  the  case  with  the  quantities  cos  -^  and  cos  -^ ;  hence 

thus  the  half-sum  of  the  temperatures  at  opposite  points  gives 
a  quantity  a^e'^y  which  would  remain  the  same  if  we  chose  two 
points  situated  at  the  ends  of  another  diameter.  The  quantity 
a^"^,  as  we  have  seen  above,  is  the  value  of  the  mean  tempera* 
ture  after  the  time  t  Hence  the  half-sum  of  the  temperature 
at  any  two  opposite  points  decreases  continually  with  the  mean 
temperature  of  the  ring,  and  represents  its  value  without  sensible 
error,  after  the  cooling  has  lasted  for  a  certain  time.    Let  us 
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examine  more  particularly  in  what  the  final  state  consists  which 
is  expressed  by  the  equation 

t;=  ^^0+ ftfj  8in-  + fej  cos-J  e   f*y  e'K 

If  first  we  seek  the  point  of  the  ring  at  which  we  have  the 
condition 

a.  sin  -  +  6-  cos  -  =  0,  or  -  =  —  arc  tan  ( -^ ) , 
*        r       *        r  r  \aj 

we  see  that  the  temperature  at  this  point  is  at  every  instant 
the  mean  temperature  of  the  ring:  the  same  is  the  case  with 
the  point  diametrically  opposite ;  for  the  abscissa  x  of  the  latter 
point  will  also  satisfy  the  above  equation 


X  X      /     fr 

-  =  arc  tan 
r 


i-^y 


Let  us  denote  by  X  the  distance  at  which  the  first  of  these 
points  is  situated,  and  we  shall  have 

.    X 


sin  — 
0,^  —  a. 


cos  — 

r 


and  substituting  this  value  of  b^,  we  have 

■        cos—        ^  I 


COS  — 

r 


If  we  now  take  as  origin  of  abscissae  the  point  which  corre- 
sponds to  the  abscissa  X,  and  if  we  denote  by  u  the  new  abscissa 
a;  —  X,  we  shall  have 


v  —  C^la^  +  b  Bin-e'f^j. 


At  the  origin,  where  the  abscissa  u  is  0,  and  at  the  opposite 
point,  the  temperature  v  is  always  equal  to  the  mean  tempera- 
ture; these  two  points  divide  the  circumference  of  the  ring  into 
two  parts  whose  state  is  similar,  but  of  opposite  sign ;  each  point 
of  one  of  these  parts  has  a  temperature  which  exceeds  the  mean 
temperature,  and  the  amount  of  that  excess  is  proportional  to 
the  sine  of  the  distance  from  the  origin.     Each  point  of  the 
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other  part  has  a  temperature  less  than  the  mean  temperature, 
and  the  defect  is  the  same  as  the  excess  at  the  opposite  point. 
This  symmetrical  distribution  of  heat  exists  throughout  the  whole 
duration  of  the  cooling.  At  the  two  ends  of  the  heated  half, 
two  flows  of  heat  are  established  in  direction  towards  the  cooled 
half,  and  their  effect  is  continually  to  bring  each  half  of  the 
ring  towards  the  mean  temperature. 

246.    We  may  now  remark  that  in  the  general  equation  which 
gives  the  value  of  v,  each  of  the  terms  is  of  the  form 


(.    .a?  .  ,         .x\    -<8*? 
a^  Bini  -  +  b^  coa  I  -  j  e     •*, 


We  can  therefore  derive,  with  respect  to  each  term,  consequences 
analogous  to  the  foregoing.  In  fact  denoting  by  X  the  distance 
for  which  the  coefficient 

a.  sm  t  -  +  0.  cos  t  - 
•  r       '  r 

.  X 

is  nothing,  we  have  the  equation  6,=  — a,  tant  — ,  and  this  sub- 

T 

stitution  gives,  as  the  value  of  the  coefficient, 

.    .fx  —  X^ 


a  being  a  constant.  It  follows  from  this  that  taking  the  point 
whose  abscissa  is  X  as  the  origin  of  co-ordinates,  and  denoting 
by  u  the  new  abscissa  a;  —  X,  we  have,  as  the  expression  of  the 
changes  of  this  part  of  the  value  of  %  the  function 

ae"*^  sin  t  -  e"  **. 
r 

If  this  particular  part  of  the  value  of  v  existed  alone,  so  as  to 
make  the  coefficients  of  all  the  other  parts  nul,  the  state  of  the 
ring  would  be  represented  by  the  function 

ae'^e     f*  sin 


Hsin(i^), 


and  the  temperature  at  each  point  would  be  proportional  to  the 
sine  of  the  multiple  i  of  the  distance. of  this  point  from  the  origin. 
This  state  is  analogous  to  that  which  we  have  already  described: 
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it  differs  from  it  in  that  the  number  of  points  ^hich  have  always 
the  same  temperature  equal  to  the  mean  temperature  of  the  ring 
is  not  2  only,  but  in  general  equal  to  2t.  Each  of  these  points  or 
nodes  separates  two  adjacent  portions  of  the  ring  which  are  in 
a  similar  state,  but  opposite  in  sign.  The  circumference  is  thus 
found  to  be  divided  into  several  equal  parts  whose  state  is  alter- 
nately positive  and  negative.  The  flow  of  heat  is  the  greatest 
possible  in  the  nodes,  and  is  directed  towards  that  portion  which 
is  in  the  negative  state,  and  it  is  nothing  at  the  points  which  are 
equidistant  from  two  consecutive  nodes.  The  ratios  which  exist 
then  between  the  temperatures  are  preserved  during  the  whole  of 
the  cooling,  and  the  temperatures  vary  together  very  rapidly  in 
proportion  to  the  successive  powers  of  the  fraction 

k 

If  we  give  successively  to  %  the  values  0,  1,  2,  3,  &c.,  we  shall 
ascertain  all  the  regular  and  elementary  states  which  heat  can 
assume  whilst  it  is  propagated  in  a  solid  ring.  When  one  of  these 
simple  modes  is  once  established,  it  is  maintained  of  itself,  and  the 
ratios  which  exist  between  the  temperatures  do  not  change;  but 
whatever  the  primitive  ratios  may  be,  and  in  whatever  manner 
the  ring  may  have  been  heated,  the  movement  of  heat  can  be  de- 
composed into  several  simple  movements,  similar  to  those  which 
we  have  just  described,  and  which  are  accomplished  all  together 
without  disturbing  each  other.  In  each  of  these  states  the  tempe- 
rature is  proportional  to  the  sine  of  a  certain  multiple  of  the  dis- 
tance from  a  fixed  point.  The  sum  of  all  these  partial  temperatures, 
taken  for  a  single  point  at  the  same  instant,  is  the  actual  tempera- 
ture of  that  point.  Now  some  of  the  parts  which  compose  this 
sum  decrease  very  much  more  rapidly  than  the  others.  It  follows 
from  this  that  the  elementary  states  of  the  ring  which  correspond 
to  different  values  of  i,  and  whose  superposition  determines  the 
total  movement  of  heat,  disappear  in  a  manner  one  after  the 
other.  They  cease  soon  to  have  any  sensible  influence  on  the 
value  of  the  temperature,  and  leave  only  the  first  among  them  to 
exist,  in  which  %  is  the  least  of  all.  In  this  manner  we  form  an 
exact  idea  of  the  law  according  to  which  heat  is  distributed  in 
a  ring,  and  is  dissipated  at  its  surface.  The  state  of  the  ring  be- 
comes more  and  more  symmetrical;  it  soon  becomes  confounded 
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with  that  towards  which  it  has  a  natural  tendency,  and  which  con-> 
sists  in  this,  that  the  temperatures  of  the  different  points  becoma 
proportional  to  the  sine  of  the  same  multiple  of  the  arc  which 
measures  the  distance  from  the  origin.  The  initial  distribution 
makes  no  change  in  these  results. 


SECTION  II. 

Of  ihe  communuxUion  of  heat  between  separate  masses* 

.  247.  We  have  now  to  direct  attention  to  the  conformity  of 
the  foregoing  analysis  with  that  which  must  be  employed  to  de- 
termine the  laws  of  propagation  of  heat  between  separate  masses; 
we  shall  thus  arrive  at  a  second  solution  of  the  problem  of  the 
movement  of  heat  in  a  ring.  Comparison  of  the  two  results  will 
indicate  the  true  foundations  of  the  method  which  we  have  fol- 
lowed, in  integrating  the  equations  of  the  propagation  of  heat  in 
continuous  bodies.  We  shall  examine,  in  the  first  place,  an  ex- 
tremely simple  case,  which  is  that  of  the  communication  of  heat 
between  two  equal  masses. 

Suppose  two  cubical  masses  m  and  n  of  equal  dimensions  and 
of  the  same  material  to  be  unequally  heated;  let  their  respective 
temperatures  be  a  and  b,  and  let  them  be  of  infinite  conducibility. 
If  we  placed  these  two  bodies  in  contact,  the  temperature  in  each 
would  suddenly  become  equal  to  the  mean  temperature  i  (a  +  6). 
Suppose  the  two  masses  to  be  separated  by  a  very  small  interval, 
that  an  infinitely  thin  layer  of  the  first  is  detached  so  as  to  be 
joined  to  the  secoAd,  and  that  it  returns  to  the  first  immediately 
after  the  contact.  Continuing  thus  to  be  transferred  alternately, 
and  at  equal  infinitely  small  intervals,  the  interchanged  layer 
causes  the  heat  of  the  hotter  body  to  pass  gradually  into  that 
which  is  less  heated;  the  problem  is  to  determine  what  would  be, 
after  a  given  time,  the  heat  of  each  body,  if  they  lost  at  their  sur- 
face no  part  of  the  heat  which  they  contained.  We  do  not  suppose 
the  transfer  of  heat  in  solid  continuous  bodies  to  be  effected  in  a 
manner  similar  to  that  which  we  have  just  described:  we  wish 
only  to  determine  by  analysis  the  result  of  such  an  hypothesis. 

Each  of  the  two  masses  possessing  infinite  conducibility,  the 
quantity   of  heat   contained  in   an  infinitely  thin  layer,  is  sud- 

F.  H.  15 
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denly  added  to  that  of  the  body  with  which  it  is  in  contact;  and  a 
common  temperature  results  which  is  equal  to  the  quotient  of  the 
sum  of  the  quantities  of  heat  divided  by  the  sum  of  the  masses. 
Let  (o  be  the  mass  of  the  infinitely  small  layer  which  is  separated 
from  the  hotter  body,  whose  temperature  is  a;  let  a  and  /3  be  the 
variable  temperatures  which  correspond  to  the  time  t,  and  whose 
initial  values  are  a  and  ft.  When  the  layer  to  is  separated  from  the 
mass  m  which  becomes  m  —  fl»i  it  has  like  this  mass  the  tempera- 
ture a,  and  as  soon  as  it  touches  the  second  body  affected  with  the 
temperature  ^,  it  assumes  at  the  same  time  with  that  body  a 

temperature  equal  to  !^±^.    The  layer  «,  retainiug  tt.e  last 

temperature,  returns  to  the  first  body  whose  mass  is  m  —  09  and 
temperatiire  oe.  We  find  then  for  the  temperature  after  the  second 
contact 


o(w-a>)+(-— Itt> 


or 


The  variable  temperatures  a  and  p  become,  after  the  interval 
dty  OL+(a^Bj—f  and  i9  +  (a  — fl)— ;  these  values  are  found  by 
suppressing  the  higher  powers  of  to.    We  thus  have 

d«--(«-/3)Sandd^  =  (a-/8)^; 

« 

the  mass  which  had  the  initial  temperature  fi  has  received  in  one 
instant  a  quantity  of  heat  equal  to  mdfi  or  (oe  —fi)  <»,  which  has 
been  lost  in  the  same  time  by  the  first  mass.  We  see  by  this 
that  the  quantity  of  heat  ^^ich  passes  in  one  instant  from  the 
most  heated  body  into  that  which  is  less  heated,  is,  all  other  things 
being  equal,  proportional  to  the  actual  difference  of  temperature 
of  the  two  bodies.  The  time  being  divided  into  equal  intervals, 
the  infinitely  small  quantity  to  maybe  replaced  by  kdt,  k  being  the 
number  of  units  of  mass  whose  sum  contains  to  as  many  times  as 

k      1 

the  unit  of  time  contains  dt  so  that  we  have  -  =  -7;.     We  thus 

(o     at 

obtain  the  equations 

da  =  -(a-i9)*d^  and  dp^la^fi)-dt 


i 
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248.  If  we  attributed  a  greater  value  to  the  volume  ta,  which 
serves,  it  may  be  said,  to  draw  heat  from  one  of  the  bodies 
for  the  purpose  of  carrying  it  to  the  other,  the  transfer  would 
be  quicker;  in  order  to  express  this  condition  it  would  be 
necessary  to  increase  in  the  same  ratio  the  quantity  k  which 
enters  into  the  equations.  We  might  also  retain  the  value 
of  a>  and  suppose  the  layer  to  accomplish  in  a  given  time  a 
greater  number  of  oscillations,  which  again  would  be  indicated 
by  a  greater  value  of  k.  Hence  this  coefficient  represents  in  some 
respects  the  velocity  of  transmission,  or  the  facility  with  which 
heat  passes  from  one  of  the  bodies  into  the  other,  that  is  to  say, 
their  reciprocal  conducibility. 

249.  Adding  the  two  preceding  equations,  we  have 

doL  +  dff'=  0, 

and  if  we  subtract  one  of  the  equations  from  the  other,  we  have 

k 
da  -  dJS  +  2  (a  -  /8)  -  rf^  «  0,  and,  making  a-^/S-y, 

dif  +  2^ydt^0. 
m 

Integrating  and  determining  the  constant  by  the  condition  that 

the  initial  value  is  a  -  5,  we  have  y  =  (a  —  6)  e"  ■» .       The    differ- 
ence y  of  the  temperatures  diminishes  as  the  ordinate  of  a  loga- 

!* 

rithmic  curve,  or  as  the  successive  powers  of  the  fraction  e"  m  - 

As  the  values  of  a  and  /9,  we  have 

1  1  ?*?  1  1  ^ 

a  =  2(a  +  i)-^(a-6)6"«,    fi=-^{a'^b)  +  ^(a''b)e  «  . 

250.  In  the  preceding  case,  we  suppose  the  infinitely  small 
mass  to,  by  means  of  which  the  transfer  is  effected,  to  be  always 
the  same  part  of  the  unit  of  mass,  or,  which  is  the  same  thing, 
we  suppose  the  coefficient  k  which  measures  the  reciprocal  con- 
ducibility to  be  a  constant  quantity.  To  render  the  investigation 
in  question  more  general,  the  constant  k  must  be  considered 
as  a  function  of  the  two  actual  temperatures  a  and  /8.     We  should 

k 
then  have  the  two  equations  rfjt  =  -  (a  —  )8)  —  dt^  and 

15—2 
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in  whicli  h  would  be  equal  to  a  function  of  a  and  0,  whicli  we 

denote  by  ^  (a,  fi).      It   is   easy  to  ascertain   the   law  which 

the  variable  temperatures  a  and  fi  follow,  when  they  approach 

extremely  near  to  their  final  state.    Let  ^  be  a  new  unknown 

equal  to  the  difference  between  a  and  the  final  value  which  is 

1 

o  (^  +  ^)  o^  0.    Let  «  be  a  second  unknown  equal  to  the  difference 

c  —  i8.  We  substitute  in  place  of  a  and  fi  their  values  c  —  y  and 
c^z;  and,  as  the  problem  is  to  find  the  values  of  y  and  z, 
when  we  suppose  them  very  small,  we  need  retain  in  the  results 
of  the  substitutions  only  the  first  power  of  y  and  z.  We  therefore 
find  the  two  equations, 

k 

k 
and     -  dz=  —  {z-y)  4>  (c-y,  c-z)  dt, 

developing  the  quantities  which  are  under  the  sign  ^  and  omit- 

k 

ting  the  higher  powers  of  y  and  z.    We  find  dy^U-^y)  —  6dt, 

tn 

k 
and  (i«=s  — («  — y)  —  ^t      The  quantity  0   being   constant,   it 

follows  that  the  preceding  equations  give  for  the  value  of  the 
difference  «— y,  a  result  similar  to  that  which  we  found  above  for 
the  value  of  a  —  )8. 

From  this  we  conclude  that  if  the  coeflScient  k,  which  was 
at  first  supposed  constant,  were  represented  by  any  function 
whatever  of  the  variable  temperatures,  the  final  changes  which 
these  temperatures  would  experience,  during  an  infinite  time, 
would  still  be  subject  to  the  same  law  as  if  the  reciprocal  con- 
ducibility  were  constant.  The  problem  is  actually  to  determine 
the  laws  of  the  propagation  of  heat  in  an  indefinite  number  of 
equal  masses  whose  actual  temperatures  are  different. 

251.  Prismatic  masses  n  in  number,  each  of  which  is  equal 
to  w,  are  supposed  to  be  arranged  in  the  same  straight  line, 
and  affected  with  different  temperatures  a,  h,  c,  d,  &c. ;  infinitely 
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thin  layers,  each  of  which  has  a  mass  q>,  are  supposed  to  be 
separated  from  the  different  bodies  except  the  last,  and  are. 
conveyed  in  the  same  time  from  the  first  to  the  second,  from 
the  second  to  the  third,  from  the  third  to  the  fourth,  and  so 
on ;  immediately  after  contact,  these  layers  return  to  the  masses 
from  which  they  were  separated;  the  double  movement  taking 
place  as  many  times  as  there  are  infinitely  small  instants  dt ;  it 
is  required  to  find  the  law  to  which  the  changes  of  temperature 
are  subject. 

Let  a,  /3,  7,  S, ...  o>,  be  the  variable  values  which  correspond  to 
the  same  time  t,  and  which  have  succeeded  to  the  initiid  values 
a,  b,  c,  d,  &c.  When  the  layers  a»  have  been  separated  from  the 
n  — 1  first  masses,  and  put  in  contact  with  the  neighbouring 
masses,  it  is  easy  to  see  that  the  temperatures  become 

o  (m  —  0))       /3  (m  —  »)  -f  QMJ       7  (m  —  o))  +  fia> 
w  — «    '  m  *  m  * 

S  (m  —  0))  +  7«i>  mfl)-f'^ 

or. 

When  the  layers  <»  have  returned  to  their  former  places, 
we  find  new  temperatures  according  to  the  same  rule,  which 
consists  in  dividing  the  sum  of  the  quantities  of  heat  by  the  sum 
of  the  masses,  and  we  have  as  the  values  of  a,  ^,  7,  8,  &c.,  after 
the  instant  dt, 

7+(/3-7-7-^;^>— «  +  (^-«>)^• 
The  coefficient  of  —  is  the  difference  of  two  consecutive  dif- 

m 

ferences  taken  in  the  succession  a,  )3,  7,  •••  '^,  C0.  As  to  the  first 
and  last  coefficients  of  — ,  they  may  be  considered  also  as  dif- 
ferences of  the  second  order.  It  is  sufficient  to  suppose  the  term 
a  to  be  preceded  by  a  term  equal  to  a,  and  the  term  a>  to  be 
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followed  by  a  term  equal  to  to.    We  have  then,  as  formerly,  on 
substituting  kdt  for  a>,  the  following  equations : 

<Jy  =  ^rf«{(S-7)-(7-/9)). 


k 


252.    To  integrate  these  equations,  we  assume,  according  to 
the  known  method, 

^i9^i»  ^t*  Ag'  ---  ^»»  being  constant  quantities  which  must  be  deter- 
mined. The  substitutions  being  made,  we  have  the  following 
equations : 

k 
k 


k 


If  we  regard  a^  as  a  known  quantity,  we  find  the  expression 
for  a,  in  terms  of  a^  and  A,  then  that  of  a,  in  a,  and  h ;  the  same 
is  the  case  with  all  the  other  unknowns,  a^y  a^,  &c.  The  first  and 
last  equations  may  be  written  under  the  form 

k 
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Retaining  the  two  conditions  a^a^  and  a« » a^^,  the  value 
of  a,  contains  the  first  power  of  h,  the  value  of  a,  contains  the 
second  power  of  h,  and  so  on  up  to  a^^,  which  contains  the 
n^  power  of  L  This  arranged,  a«^^  becoming  equal  to  a^,  we 
have,  to  determine  h,  an  equation  of  the  n^  degree,  and  a^  re- 
mains undetermined. 

It  follows  from  this  that  we  shall  find  n  values  for  A,  and  in 
accordance  with  the  nature  of  linear  equations,  the  general  value 
of  a  is  composed  of  n  terms,  so  that  the  quantities  a,  fi,  y, ...  &c« 
are  determined  by  means  of  equations  such  as 

y  =  a,e**  +  a;€*^'  +  a,V*  +  &c., 


€^^ajf*+ay+a''^*  +  &c 


The  values  of  h,  h\  K\  &a  are  n  in  number,  and  are  equal  to 
the  n  roots  of  the  algebraical  equation  of  the  v^  degree  in  h, 
which  has,  as  we  shall  see  further  on,  all  its  roots  real. 

The  coefficients  of  the  first  equation  a^  a/,  a/',  a"\  &c.,  are 
arbitraiy ;  as  for  the  coefficients  of  the  lower  lines,  they  are  deter- 
mined by  a  number  n  of  systems  of  equations  similar  to  the  pre- 
ceding equations.    The  problem  is  now  to  form  these  equations. 

253.  Writing  the  letter  ;  instead  of  -^ ,  we  have  the  fol- 
lowing equations 

We  see  that  these  quantities  belong  to  a  recurrent  series 
whose  scale  of  relation  consists  of  two  terms  {q  +  2)  and  —  1.    We 
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can  therefore  express  the  general  term  a^  by  the  equation 

a^^A  sin mu  +  B sin  (m  —  1)  u, 

determining  suitably  the  quantities  A,  B,  and  u.  First  we  find 
A  and  B  by  supposing  m  equal  to  0  and  then  equal  to  1,  which 
gives  a^  =  £  sin  i«,  and  a^^A  sin  u^  and  consequently 

(^m  =  «i  sin  mu  — r-^  sin  (m  —  1)  ti. 
*  sinw       ^         ^ 

Substituting  then  the  values  of 

d    •  CL^  , .  tt     .«    &C, 

in  the  general  equation 


we  find 

sin  mu  =  (j  +  2)  sin  (m  —  1)  w  —  sin  (m  —  2)  u, 

comparing  which  equation  with  the  next, 

sin  mw  =  2  cos  w  sin  (m  — l)w—  Bin(m  — 2)w, 

which  expresses  a  known  property  of  the  sines  of  arcs  increasing 
in  arithmetic  progression,  we  conclude  that  g  +  2  =  cos  u,  or 
^  =  —  2  versin  u ;  it  remains  only  to  determine  the  value  of  the 
arcu. 

The  general  value  of  a^  being 

-^-  fsin  mu  —  sin  {m  —  1)  w], 
sin  w  ^  \  /    J 

we  must  have,  in  order  to  satisfy  the  condition  a^i=a^t  the 
equation 

sin  (n  + 1)  u  —  sin  u  =  sin  nu  -  sin  (n  —  1)  t*, 

whence  we  deduce  sin  nu  =  0,  or  «  «= »  - ,  7r  being  the  semi- 
circumference  and  %  any  integer,  such  as  0, 1,  2,  3,  4,  •..  (n  — 1) ; 
thence  we  deduce  the  n  values  of  j  or  -i;- .    Thus  all  the  roots 

of  the  equation  in  A,  which  give  the  values  of  h,  h\  A",  K'\  &a 
are  real  and  negative,  and  are  furnished  by  the  equations 
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A  =  —  2  —  versin  f  0  -  ) , 
m  \    nj 

K  ^  —  2  —  versin  ( 1  -  )  • 
m  \   nJ 

r  =  -2- versin  f2-V 


A<^i)  =  -  2  -versin  ((n-1) -1 . 
m  {  n)  . 


Suppose  then  that  we  have  divided  the  semi-circumference  ir 
into  n  equal  parts^  and  that  in  order  to  form  u,  we  take  %  of  those 
parts,  %  being  less  than  n,  we  shall  satisfy  the  dififerential  equations 
by  taking  a^  to  be  any  quantity  whatever,  and  making 

sinu  — sinOu  -^Twdm. 

*  sm  u  ' 

^         8in2u  — sinli^  -^wndm. 
^  =  a. ; e  "•         , 

*  smw 

sin3u  — sin2!A  -^mAiu 
7  =  a. : e  *         , 


sin  WW  —  sin  (n  —  1)  t*  -^yv*nu 
Of  =  a, : — ^^ ^~-  e 


^  Binu 


As  there  are  n  different  arcs  which  we  may  take  for  u, 
namely, 

0^,    1^,    2?.  (n-1)-, 

there  are  also  n  systems  of  particular  values  for  a,  fi,  y,  &c., 
and  the  general  values  of  these  variables  are  the  sums  of  the 
particular  values. 

254.    We  see  first  that  if  the  arc  t*  is  nothing,  the  quantities 
which  multiply  a,  in  the  values  of  a,  fi,  %  &c,  become  all  equal 

to  unity,  since  : takes  the  value  1  when  the  arc  u 

•^  smu 

vanishes ;  and  the  same  is  the  case  with  the  quantities  which  are 
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found  in  the  following  equations.    From  this  we  conclude  that 
constant  terms  must  eater  into  the  general  values  of  a,  fi,y,  ...  a>. 

Further,  adding  all  the  particular  values  corresponding  to 
a,  P,  %  ...  &c.,  we  have 

.  o  .      .  ^  sin  nu  -^'«*»» 


an  equation  whose  second  member  is  reduced  to  0  provided  the 
arc  u  does  not  vanish ;  but  in  that  case  we  should  find  n  to  be 

the  value  of  — .    We  have  then  in  general 

sinu  ° 

a  +  )9  +  7  +  &c.s=:naj; 

now  the  initial  values,  of  the  variables  being  a»  h^  c,  &a,  we  must 
necessarily  have 

na,  =  a  +  &  +  c  +  &c. ; 

it  follows  that  the  constant  term  which  must  enter  into  each  of 
the  general  values  of 

«>  A  7>  •••»  is  -  (a  +  6  +  c+&c.), 

that  is  to  say,  the  mean  of  all  the  initial  temperatures. 

As  to  the  general  values  of  a,  p,%  •••  a>i  they  are  expressed 
by  the  following  equations : 

1,       ,   .        o    .  sinw  — sinOti  -~T«dnii 

a=« -(a  +  6-f-c+&a) +  01 : e  "* 

n^  '  smu 

•  sin  tt' —  sin  Ou'  -^m^i*' 

+  \  : r e     ~ 

^         sm  u 

sin  i*"  —  sin  Ot^"  -??min«r 
^         smw 
+  &c., 

^     1  ,       ,  o    V  sin  2m— sin M  -^rwiiiu 

^     n^  '^  sm  I* 

,  sin2tt  —  sinw'  -^m^iw 

+  &! : — ; e 

*  smu 

Bin2tt"  — sinw"  -^T«ta»" 

BIVLU 
+  &C., 
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■ 

1  ,       ,  „    .         sin  3w  —  sin  2u  -^wninn 

7  =  -(a  +  6  +  c  +  &c.)+ai ^— e  "• 

'     n  sin  u 

,  sin  Su  —  sin  2w'  -^w*i««' 
^  smu 

sin  Su"  —  sin  2m"  -.^T«totf^ 
^  sinu 

+  &c., 

1,       ,           o    \  .       /sin  nw  —  sin  (n  —  1)  u\   -^wufcn 
«=-(a  +  6  +  c  +  &c.)+Oi( = — ^^ —)e  * 


.    /sin  n»  —  sin  (n  —  1)  u\    -^m^n.' 
*  V  sin  u  / 


-•^m-nu" 


/sinim"-sin(n-l)uA  ^-^ 
^  \  sin  u"  / 

+  &C. 

255.  To  determine  the  constants  a,  b,  c,  d...&c.,  we  must 
consider  the  initial  state  of  the  system.  In  fact,  when  the  time 
is  nothing,  the  values  of  a,  fi,  %  &c.  must  be  equal  to  a,  h,  c,  &c.; 
we  have  then  n  similar  equations  to  determine  the  n  constants. 
The  quantities 

sinu— sin Ou,  sin 2tf— sinu,  sinSu— sin2tf,  •••,  sinnu— sin(n— l)u, 

may  be  indicated  in  this  manner, 

AsinOu^   Asinu,  Asin2tf,  AsinSu,...  Asin(n  — 1)  u; 

the  equations  proper  for  the  determination  of  the  constants  are, 
if  the  initial  mean  temperature  be  represented  by  C, 

a  =  (7+ai  + Ji  +  C|  + &c. 

,      ^  .      A  sin  u     .  A  sin  u'        A  sin  u'  .  o 

b^C  +  Oi  —. +61—: r-  +Ci  — : 7r-  +  &C., 

smu         *    smu  smu 

^  .      A  sin  2u     ,  A  sin  2u   .      A  sin  2u"  .  p 
^    sinu         *    smu  smu 

,     ^  ,      A  sin  3u     ,  A  sin  3u'  .      A  sin  3u"  .  „ 

a^U+cL  — : h  6  — ; — y—  +  c  — : — 77-  +  &c., 

smu  smu  smu 

&c. 
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The  quantities  a^,  b^,  (Ji,  d^,  and  C  being  determined  by  these 
equations,  we  know  completely  the  values  of  the  variables 

"We  can  in  general  eflfect  the  elimination  of  the  unknowns  in 
these  equations,  and  determine  the  values  of  the  quantities 
a,  b,  c,  d,  &c.,  even  when  the  number  of  equations  is  infinite ;  we 
shall  employ  this  process  of  elimination  in  the  following  articles. 

256.    On  examining  the  equations  which  give  the  general 

values  of  the   variables  a, /8,  7 »,  we  see  that  as  the  time 

increases  the  successive  terms  in  the  value  of  each  variable  de- 
crease very  unequally :  for  the  values  of  u,  u',  u\  u"\  &c.  being 

1^,   2^,  3^,  4?,  &c., 
n        n       n        n 

the  exponents  versin  w,  versin  u,  versin  w",  versin  u ",  &c. 
become  greater  and  greater.  If  we  suppose  the  time  ^  to  be 
infinite,  the  first  term  of  each  value  alone  exists,  and  the  tempera- 
ture of  each  of  the  masses  becomes  equal  to  the  mean  tempera- 

1 

ture  -  fa  + J  +  C+...&C).    Since  the  time  t  continually  increases, 
n 

each  of  the  terms  of  the  value  of  one  of  the  variables  diminishes 
proportionally  to  the  successive  powers  of  a  fraction  which,  for  the 

— —renin  M  • —  tmIiii*' 

second  term,  is  6  "•  ,  for  the  third  term  e  **  ,  and  so  on. 
The  greatest  of  these  fractions  being  that  which  corresponds  to 
the  least  of  the  values  of  u,  it  follows  that  to  ascertain  the  law 
which  the  ultimate  changes  of  temperature  follow,  we  need  con- 
sider only  the  two  first  terms;  all  the  others  becoming  incom- 
parably smaller  according  as  the  time  t  increases.  The  ultimate 
.variations  of  the  temperatures  a,  /8,  7,  &c.  are  therefore  expressed 
by  the  following  equations : 

1 ,    ,  T  .      .  p    X  .      sin  w  —  sin  Ott   -^*«in» 
n^  '       *         smw 

o     1/    .  JL  I  ..  .  jp    ^  .      sin2i4-sin«*  -^ ««*»•• 
n^  '^       *        smu 

1  ,    .  T  .      .  0    \  .      sin  3t*  —  sin  2i«  -^wmm* 

7  =  -(a  +  6  +  c  +  &c.)  +  tti -, e  * 

'      n  ^  '       *         sin  It 
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257.  If  we  divide  the  semi-circumference  into  n  equal  parts, 
and^  having  drawn  the  sines,  take  the  difference  between  two 
consecutive  sines,  the  n  differences  are  proportional  to  the  co- 

efficients  of  6  *  ,  or  to  the  second  terms  of  the  values  of 
«>  A  7,«  ••«!>.  For  this  reason  the  later  values  of  o,  A  7«««®  are 
such  that  the  differences  between  the  final  temperatures  and  the 

mean  initial  temperature  -  (a  +  6  +  c  +  &c.)  are  always  proper- 

ill 

tional  to  the  differences  of  consecutive  sines.  In  whatever 
manner  the  masses  have  first  been  heated,  the  distribution  of 
heat  is  effected  finally  according  to  a  constant  law.  If  we 
measured  the  temperatures  in  the  last  stage,  when  they  diffjsr 
little  from  the  mean  temperature,  we  should  observe  that  the 
difference  between  the  temperature  of  any  mass  whatever  and  the 
mean  temperature  decreases  continually  according  to  the  succes- 
sive powers  of  the  same  fraction ;  and  comparing  amongst  them- 
selves the  temperatures  of  the  different  masses  taken  at  the  same 
instant,  we  should  see  that  the  differences  between  the  actual 
temperatures  and  the  mean  temperature  are  proportional  to  the 
differences  of  consecutive  sines,  the  semi-circumference  having 
been  divided  into  n  equal  parts. 

258.  If  we  suppose  the  masses  which  communicate  heat  to  each 

other  to  be  infinite  in  number,  we  find  for  the  arc  u  an  infinitely 

small  value ;  hence  the  differences  of  consecutive  sines,  taken  on 

the  circle,  are  proportional  to  the  cosines  of  the  corresponding 

-      sinmu— sin(m-l)M    .  ,    .  i.        xr 

arcs:  for  ; — ^ —    is   equal    to    cos mu,    when    the 

'  Bin  w  ^ 

arc  u  is  infinitely  small.  In  this  case,  the  quantities  whose  tem- 
peratures taken  at  the  same  instant  differ  from  the  mean  tempera- 
ture to  which  they  all  must  tend,  are  proportional  to  the  cosines 
which  correspond  to  different  points  of  the  circumference  divided 
into  an  infinite  number  of  equal  parts.  If  the  masses  which 
transmit  heat  are  situated  at  equal  distances  from  each  other  on 
the  perimeter  of  the  semi-circumference  tt,  the  cosine  of  the  arc  at 
the  end  of  which  any  one  mass  is  placed  is  the  measure  of  the 
quantity  by  which  the  temperature  of  that  mass  differs  yet  from 
the  mean  temperature.  Thus  the  body  placed  in  the  middle  of 
all  the  others  is  that  which  arrives  most  quickly  at  that  mean 


238  THEORY  OF  HEAT.  [CHAP.  IV. 

temperature ;  those  which  are  situated  on  one  side  of  the  middle, 
all  have  an  excessive  temperature,  which  surpasses  the  mean 
temperature  the  more,  according  as  they  are  more  distant  from 
the  middle;  the  bodies  which  are  placed  on  the  other  side,  all 
have  a  temperature  lower  than  the  mean  temperature,  and  they 
differ  from  it  as  much  as  those  on  the  opposite  side,  but  in  con- 
trary sense.  Lastly,  these  differences,  whether  positive  or  negative, 
all  decrease  at  the  same  time,  proportionally  to  the  successive 
powers  of  the  same  fraction ;  so  that  they  do  not  cease  to  be  repre- 
sented at  the  same  instant  by  the  values  of  the  cosines  of  the 
same  semi-circumference.  Such  in  general,  singular  cases  ex- 
cepted, is  the  law  to  which  the  ultimate  temperatures  are  subject. 
The  initial  state  of  the  system  does  not  change  these  results.  We 
proceed  now  to  deal  with  a  third  problem  of  the  same  kind  as  the 
preceding,  the  solution  of  which  will  furnish  us  with  many  useful 
remarks. 

259.  Suppose  n  equal  prismatic  masses  to  be  placed  at  equal 
distances  on  the  circumference  of  a  circle.  All  these  bodies, 
enjoying  perfect  conducibility,  have  known  actual  temperatures, 
different  for  each  of  them ;  they  do  not  permit  any  part  of  the 
heat  which  they  contain  to  escape  at  their  surface ;  an  infinitely 
thin  layer  is  separated  from  the  first  mass  to  be  united  to  the 
second,  which  is  situated  towards  the  right ;  at  the  same  time  a 
parallel  layer  is  separated  from  the  second  mass,  carried  from  left 
to  right,  and  joined  to  the  third;  the  same  is  the  case  with  all  the 
other  masses,  from  each  of  which  an  infinitely  thin  layer  is  sepa- 
rated at  the  same  instant,  and  joined  to  the  following  mass. 
Lastly,  the  same  layers  return  immediately  afterwards,  and  are 
united  to  the  bodies  from  which  they  had  been  detached. 

Heat  is  supposed  to  be  propagated  between  the  masses  by 
means  of  these  alternate  movements,  which  are  accomplished 
twice  during  each  instant  of  equal  duration;  the  problem  is  to 
find  according  to  what  law  the  temperatures  vary :  that  is  to  say, 
the  initial  values  of  the  temperatures  being  given,  it  is  required  to 
ascertain  after  any  given  time  the  new  temperature  of  each  of  the 
masses. 

We  shall  denote  by  o^,  a,,  ag,...a,...a^  the  initial  temperatures 
whose  values  are  arbitrary,  and  by  a^,  a,>  of,...a,...a,  the  values  of 
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the  same  temperatures  after  the  time  t  has  elapsed.  Each  of  the 
quantities  a  is  evidently  a  function  of  the  time  t  and  of  all  the 
initial  values  a^,  a^  fL^,,M^:    it  is  required  to   determine  the 

functions  a. 

* 

260.  We  shall  represent  the  infinitely  small  mass  of  the  layer 
-which  is  carried  from  one  body  to  the  other  by  a>.  We  may 
remark,  in  the  first  place,  that  ^hen  the  layers  have  been  separated 
from  the  masses  of  which  they  have  formed  part,  and  placed  re- 
spectively in  contact  with  the  masses  situated  towards  the  right, 
the  quantities  of  heat  contained  in  the  different  bodies  become 
(m-a>)a,  +  tt)a^  (m  —  ©)  a,  +  oa^,  (m  — ©)«, +  ©2,,...,  (w  — tt))a^ 
+  a>2»_^ ;  dividing  each  of  these  quantities  of  heat  by  the  mass  m, 
we  have  for  the  new  values  of  the  temperatures 

that  is  to  say,  to  find  the  new  state  of  the  temperature  after  the 
first  contact,  we  must  add  to  the  value  which  it  had  formerly  the 

product  of  —  by  the  excess  of  the  temperature  of  the  body 

from  which  the  layer  has  been  separated  over  that  of  the  body  to 
which  it  has  been  joined.  By  the  same  rule  it  is  found  that  the 
temperatures,  after  the  second  contact,  are 

a.  +  -  (a,- aj  +  —  (a,  ~ aX 

«.+^(«.-.-«J+^(«.-«J. 

The  time  being  divided  into  equal  instants,  denote  by  dt  the 
duration  of  the  instant,  and  suppose  o>  to  be  contained  in  k 
units  of  mass  as  many  times  as  dt  is  contained  in  the  units  of 
time,  we  thus  have  ta^kdt.    Calling  da^,da^^  di^,..d/i^,  ..d\  the 
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infinitely  small  increments  which  the  temperatures  a^,  a,,...af...or^ 

receive  during  the  instant  dU  we  have  the  following  differential 

equations : 

k 

h 

k 

k 

k 

261.  To  solve  these  equations,  we  suppose  in  the  first  place> 
according  to  the  known  method. 

The  quantities  6j,  6,,  5,, ...  \  are  undetermined  constants,  as 
also  is  the  exponent  h.  It  is  easy  to  see  that  the  values  of 
Op  or,,... a^  satisfy  the  differential  equations  if  they  are  subject  to 
the  following  conditions : 

# 

Am 
Let  9  =  -r-  >  we  have,  beginning  at  the  last  equation, 

J.=  ^(?  +  2)-6.. 
6.=  6.(^  +  2) -J., 
5,=  &„(j  +  2)-J«, 

*.  =  ^-.  (2  +  2)  -  ^-r 


L 
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It  follows  from  this  that  we  may  take,  instead  of  J^i,, 6,,... 
hf,..\,the  n  consecutive  sines  which  are  obtained  by  dividing  the 
whole  circumference  iir  into  n  equal  parts.    In  fact,  denoting  the 

arc  2-   by  w,  the  quantities 

sin  Ou,  sin  lu,  sin  2u,  sin  Su, ...  ^  sin  (n  -  1)  u, 

whose  number  is  n,  belong,  as  it  is  said,  to  a  recurring  series 
whose  scale  of  relation  has  two  terms,  2  cos  u  and  —  1 :  so  that 
we  always  have  the  condition 

sin  iu  =  2  cos  u  sin  (i  —  1)  u  —  sin  (i  —  2)  u. 

Take  then,  instead  of  6^,  6,,  J,,...  J^,  the  quantities 

sin  Ou,  sin  lu,  sin 2tf, ...  sin («  —  1)  u, 

and  we  have 

fl'  +  2  =  2  cos  u,   g  =s  —  2  versin  w,    or  o'  =  —  2  versin  — . 

^  n 

We  have  previously  written  j  instead  of  -r;-,  so  that  the  value 

2A  27r 

of  A  is versin  — ;  substituting  in  the  equations  these  values 

m  n  ox 

of  \  and  h  we  have 


-—  ?«nln  — 

ttj  =  sin  Que  "*        ", 


_ttf 

Terrin 

*? 

«. 

= 

sin 

lue 

~m 

n 

Utt 

vente 

tir 

«1 

.  •  •  ( 

1  .  • 

sin 

•  •  ■ .  1 

2ue 

■  •  •  •  • 

'm 

n 

0^=8  sin(n  — l)w6  *        *  . 

262.  The  last  equations  furnish  only  a  very  particular  solu- 
tion  of  the  problem  proposed ;  for  if  we  suppose  ^  =  0  we  have,  as 
the  initial  values  of  oc^,  a,,  a,, ...  o^,  the  quantities 

sin  Ou,  sin  lu,  sin  2t^, ...  sin  (n -  1)  u, 

which  in  general  diflFer  from  the  given  values  a^,  a,,  a,,  ...a^: 
but  the  foregoing  solution  deserves  to  be  noticed  because  it  ex- 
presses, as  we  shall  see  presently,  a  circumstance  which  belongs  to 
all  possible  cases,  and  represents  the  ultimate  variations  of  the 

F.  H.  16 
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temperatures.    We  see  by  this  solution  that,  if  the  initial  tem- 
peratures ttj,  a,,  a„  ...  a«,  were  proportional  to  the  sines 

.    ^27r  .    -  2-^"  .    qStt  .    f       TN  27r 

sinO  — ,      sml  — ,      Bm2— ,  ...     8in(n-l)  — , 

they  would  remain  continually  proportional  to  the  same  sines,  and 
we  should  have  the  equations 


,         y      2k        .    2w 
.  where  A  =  —  versm  — 


a.^a.e"**,  - 


For  this  reason,  if  the  masses  which  are  situated  at  equal  dis- 
tances on  the  circumference  of  a  circle  had  initial  temperatures 
proportional  to  the  perpendiculars  let  fall  on  the  diameter 
which  passes  through  the  fiist  point,  the  temperatures  would 
vary  with  the  time,  but  remain  always  proportional  to  those  per- 
pendiculars, and  the  temperatures  would  diminish  simultaneously 
as  the  terms  of  a  geometrical  progression  whose   ratio  is  the 

fraction  6  **        "  . 

263.    To  form  the  general  solution,  we  may  remark  in  the 

first  place  that  we  could  take,  instead  of  b^j  &,,  5,,  ...  h^,  the  n 

cosines  corresponding  to  the  points  of  division  of  the  circumference 

divided  into  n  equal  parts.   The  quantities  cos  Ou,  cos lu,  cos 2^,... 

2ir 
cos  (n  —  1)  w,  in  which  u  denotes  the  arc — ,  form  also  a  recurring 

series  whose  scale  of  relation  consists  of  two  terms,  2  cos  u  and  —  1, 
for  which  reason  we  could  satisfy  the  differential  equations  by 
means  of  the  following  equations, 


a,  =  cos  One  * 
a,  8=  cos  liie  "• 
or,  =  cos  2ue  "* 

0^=  cos(n  — l)ue 


f 

u 


m 
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Independently  of  the  two  preceding  solutionis  we  could  select 
for  the  values  of  b^,  \,  ^s*  '**  K*  ^^^  quantities 

8in0.2t^,  6inl.2u,  8in2.2u,  sin3.2t«, ...,  8in(n-l)2u; 

or  else 

co8  0.2tf,  co8l.2»,  cob2.2u,  cos3.2u, ...,  cos(ti  — l)2u. 

In  fact,  each  of  these  series  is  recurrent  and  composed  of  n 
terms ;  in  the  scale  of  relation  are  two  terms,  2  cos  2u  and  —  1 ; 
and  if  we  continued  the  series  beyond  n  terms,  we  should  find  n 
others  respectively  equal  to  the  n  preceding. 

In  general,  if  we  denote  the  arcs 

0—,     1—,     2  —  ,...,    (n-1)— ,    &c., 
n  n  n  n 

by  Wj,  t«,,  M,, ..-,  tt^,  we  can  take  for  the  values  of  6^,  \,  6,, ...  b^ 
the  n  quantities, 

sin  0U|,  sin  lu^   sin  2tip   sin  Zu^, ...,   sin  (n  —  1)  u^ ; 

or  else 

cosOt^p  coslu^,  cos2u^,  cosSt^^  ...,  cos  (fi  —  1)  t^^. 

The  value  of  h  corresponding  to  each  of  these  series  is  given  by  the 

equation 

.  2k 

^  = versm  u. . 

m  * 

We  can  give  n  different  values  to  i,  from  <  =  1  to  «  »  n. 

Substituting  these  values  of  b^,\,  b^  ...  b^,  in  the  equations 
of  Art  261,  we  have  the  differential  equations  of  Art.  260  satisfied 
by  the  following  results: 


ttj  =  sin  Ou^e  "^      ^**,  or  a^  =  cos  Oufi  **         , 

o,  =  sin  lu^e  "•  ,  0,  =  cos  lu^e  "*  , 


o,  =s  sm  2u^e  "*  ,  a,  =  cos  2m,6  *  , 


a^  =  sm  (n  —  l)u^e  ,  a.  =  cos  (n  —  l)u^e 

16—2 
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264.  The  equations  of  Art.  260  could  equally  be  satisfied  by 
constructing  the  values  of  each  one  of  the  variables  a^,a^,  a^,  ...o^ 
out  of  the  sum  of  the  several  particular  values  which  have  been 
found  for  that  variable ;  and  each  one  of  the  terms  which  enter 
into  the  general  value  of  one  of  the  variables  may  also  be  mul- 
tiplied by  any  constant  coefficient.  It  follows  from  this  that, 
denoting  by  A^,  B^,  A^,  B^,  A^,  B^,  •••'-4..,  J?»,  any  coefficients 
whatever^  we  may  take  to  express  the  general  value  of  one  of  the 
variables,  a^^  for  example,  the  equation 

a^j  =  (A^  sin  mu^  +  B^  cos  mu^  e  ^        "* 


+  {A^  sin  mu,  +  5,  cos  wu,)  e 


-—  venln  nt 


Vet 
-==  venln  u^ 

+  {A^siamu^-i-B^coamu^e  *•    '       .      . 

The  quantities  A^,A^,A^,...  A^,  B^,B^,B^,,,.  B^,  which 
enter  into  this  equation,  are  arbitrary,  and  the  arcs  u^,  u^,u^f  '""^n 
are  given  by  the  equations: 

a2w  t^tt  ^air  .       -.2^ 

*         n  Ti  n  u 

The  general  values  of  the  variables  a^,  a,,  a,, ...  ot^  are  then 
expressed  by  the  following  equations : 

-  =r  Tenin  »i 

Cj  =s  (-4j  sin  Owj  +  -B,  cos  OuJ  e  " 

+  (il,sinOw,  +  5,cosOMje  * 

+  (-4,  sin  Oug  +  JB,  cos  OwJ  e  * 
4-&C.; 

Oj  =  (-4j  sin  IWj  +  5j  cos  IwJ  e  * 


+  (A^  sin  Ittj  +  J?,  cos  li*J  6 

+  (ilg  sin  lu,  +  -B,  cos  IwJ  e 
+  &C.; 


-— YenlnKt 


-  ~  Terrin  «s 
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-— rerilniii 


-— verslnira 

m 


—  —  ▼enin  "j 


Oj  =  (A^  sin  2Wj  +  B^  cos  2u^)  e 

+  {A^  sin  2w,  +  B^  cos  2tt,)  e 

+  (-^3  sin  2t/,  +  5,  cos  2tt,)  c 
+  &c. ; 

a,  =  {-4,  sin  (n  - 1)  w^  +  5^  cos  (n  -  1)  wj  « 

+  {-4,  sin  (n-1)  w,  +  j5,cos(n  — 1)  Wj}6 


+  {-4.3  sin  (n  —  1)  tt,  +  5,  cos  (n  —  1)  u^]  e   ** 
+  &c. 

265.  K  we  suppose  the  time  nothing,  the  valaes  a^,a^a^**^  a^ 
must  become  the  same  as  the  initial  values  a^,a^fa^f  •••  ^n*  ^® 
derive  from  this  n  equations,  which  serve  to  determine  the  coeffi- 
cients -4j,  JBj,  -4,,  5^  -43,  J?3, ...  .  It  will  readUy  be  perceived  that 
the  number  of  unknowns  is  always  equal  to  the  number  of  equa- 
tions. In  fact,  the  number  of  terms  which  enter  into  the  value 
of  one  of  these  variables  depends  on  the  number  of  different 
quantities  versinw^,  versinttj,  versinw,,  &c.,  which  we  find  on 
dividing  the   circumference    27r  into  n  equal  parts.     Now  the 

number  of  quantities  versin  0 — ,  versin  1  — ,  versin  2  — ,  &c., 
^  n  n  n 

is   very   much  less  than   n,   if  we  count  only  those  that  are 

different.     Denoting   the   number  n   by    2t  +  1   if  it   is  odd, 

and   by   2%  if  it  is  even,    *  + 1    always    denotes  the  number 

of   different    versed  sines.     On  the  other   hand,   when    in  the 

series   of    quantities   versin  0  — ,  versin  1  — ,  versin  2  — ,  &c., 
^  n  n  n         ' 

27r 
we  come  to  a  versed  sine,  versin  \ — ,  equal  to  one  of  the  former 

n 

versin  V  — ,  the  two  terms  of  the  equations  which  contain  this 

versed  sine  form  only  one  term ;  the  two  different  arcs  Ux  and 
Ua/»  which  have  the  same  versed  sine,  have  also  the  same  cosine, 
and  the  sines  differ  only  in  sign.  It  is  easy  to  see  that  the 
arcs  Ux  and  u^',  which  have  the  same  versed  sine,  are  such  that 


246  THEORY  OF  HEAT.  [CHAP.  IV. 

the  cosine  of  any  multiple  whatever  of  t/x  is  equal  to  the  cosine 
of  the  same  multiple  of  ti^,  and  that  the  sine  of  any  multiple 
of  Ux  differs  only  in  sign  from  the  sine  of  the  same  multiple 
of  Ux'.  It  follows  from  this  that  when  we  unite  into  one  the 
two  corresponding  terms  of  each  of  the  equations,  the  two  un- 
knowns jIx  and  A^:,  which  enter  into  these  equations,  are  replaced 
by  a  single  unknown,  namely  A^^^Ax*.  As  to  the  two  unknown 
Bx  and  Bx'  they  also  are  replaced  by  a  single  one,  namely  Bx  +  Bx*: 
it  follows  from  this  that  the  number  of  unknowns  is  equal  in  all 
cases  to  the  number  of  equations ;  for  the  number  of  terms  is 
always  i  +  l.  We  must  add  that  the  imknown  A  disappears  of 
itself  from  the  first  terms,  since  it  is  multiplied  by  the  sine  of 
a  nul  arc  Further,  when  the  number  n  is  even,  there  is  found 
at  the  end  of  each  equation  a  term  in  which  one  of  the  unknowns 
disappears  c^  itself,  since  it  multiplies  a  nul  sine;  thus  the 
number  of  unknowns  which  enter  into  the  equations  is  equal 
to  2  (i  + 1)  —  2,  when  the  number  n  is  even ;  consequently  the 
number  of  unknowns  is  the  same  in  all  these  cases  as  the  number 
of  equations. 

266.  To  express  the  general  values  of  the  temperatures 
a  ,  a,,  or^  ...  a^,  the  foregoing  analysis  furnishes  us  with  the  equa- 
tions 

a  =(A8in0.0— +5,cosO.O— 16   -'•^'« 
+  (^,sm0.1  — +5,cos0.1  —  )e   •  • 

+  |^,8m0.2  —  +  5.COS0.2  — )e   *  » 

+  &C., 

/>!       •     ^     /^27r        „  -     ^SttN     -?^vtrrio»?? 

a,=  (il,sml.O — +5, COS  1.0—6   «  » 

/  ^      •     -.     -.   27r        „  ^     -  27r\     -^  verrfn  1  ^ 

-ffil.sml.l — +5, cos  1.1—   6   « 
V    *  n         ■  n  / 

+  &C., 
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2ir\    -5^  vwrin  •  1? 


o^^(A,mi2.0^  +  B,coa  2.0^^0 


2ir\    -^wrial? 

'9  u 


+  fil.  sin  2. 1  —  +5,  C08  2. 1  — )  e 

+  [A^  sin  2 . 2  —  +  jB,  COS  2  . 2  — J  «  •  • 


+  &C., 


2ir1    -?^fwiiio? 


e 


tkt ,.  J  u 


11 


a,  =  {j,  sin  (»-.  1)0^  +  5,  co8(n-l)0^| 

+  |^8m(n-l)2^  +  5,cos(n-l)2^U"^~*"* 

+  &C .* (/Ei). 

To  form  these  equations,  we  must  continue  in  each  equation 

Sir  2ir 

the  succession  of  terms  "which  contain  versin  0  —  ,  versin  1  —  , 

2'jr 
versin  2  —  ,  &c.  until  we  have  included  every  different  versed 
n 

sine ;  and  we  must  omit  all  the  subsequent  terms,  commencing 

with  that  in  which  a  versed  sine  appears  equal  to  one  of  the 

preceding. 

The  number  of  these  equations  is  n.  If  n  is  an  even  number 
equal  to  2i,  the  number  of  terms  of  each  equation  is  t  + 1 ;  if  n 
the  number  of  equations  is  an  odd  number  represented  by  2i  + 1, 
the  number  of  terms  is  still  equal  to  i  + 1.  Lastly,  among  the 
quantities  A^,  B^,  A^,  B^^  &c.,  which  enter  into  these  equations, 
there  are  some  which  must  be  omitted  because  they  disappear  of 
themselves,  being  multiplied  by  nul  sines. 

267.  To  determine  the  quantities  -4^,  5^,  A^,  5,,  -4,,  5,,  &c., 
which  enter  into  the  preceding  equations,  we  must  consider  the 
initial  state  which  is  known :  suppose  ^  =  0,  and  instead  of 
flj,  a^  a,,  &c.,  write  the  given  quantities  a^,  a^,  a,,  &c.,  which  are 
the  initial  values  of  the  temperatures.  We  have  then  to  determine 
A^y  B^y  A^j  B^,  A^,  B^,  &c.,  the  following  equations: 
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a,  =A8in0.0— +  J.sinO.l— +  -4,8in0.2— +  &C. 
+  ACO80.0  — +  5, COB  0.1— +  5.008  0.2 —  +  &a 

a,  =  ^,8m  1 .0  —  +  J.  8in  1 .1  —  +  ul,  sin  1.2  — +  &C. 

+  5,cosl.O  —  +  5,cosl.l— +5.C081.2— +  &C. 

n         *  n         •  n 

a,  =  ^^8in2.0  — +^.Bm2.1— +  ^8m2.2— +  &C. 

w  W  ?l 

+  5,co82.0  — +  5,  COS  2.1  —  +  p.  COS  2.2  — +&C. 
a,  =  ^,8in(n-l)0  — +J,8m(n-l)l  — +J,8in(n-1)2  — +  &C. 
+  5.cos(ji-l)0  — +5.co8(n-l)l  — +5,cos(n-l)2— +  &C. 


(m). 


268.  In  these  equations,  whose  number  is  n^  the  unknown 
quantities  are  -4^,  J?^,  -4,,  J?„  A^y  -B,,  &c.,  and  it  is  required  to 
effect  the  eliminations  and  to  find  the  values  of  these  unknowns. 
We  may  remark,  first,  that  the  same  unknown  has  a  different 
multiplier  in  each  equation,  and  that  the  succession  of  multipliers 
composes  a  recurring  series.  In  fact  this  succession  is  that  of  the 
sines  of  arcs  increasing  in  arithmetic  progression,  or  of  the  cosines 
of  the  same  arcs ;  it  may  be  represented  by 

sin  (H«,    sin  1m,    sin  2u,    sin  3u,  ...  sin  (n  —  I)  u^ 

or  by       cos  Ou,    cos Iw,    cos  2w,    cos  3w,  ...  cos  (n  —  1)  w. 


The  arc  wis  equal  to  if—)  if  the  unknown  in  question  is  A^^ 


or  5^j.  This  arranged,  to  determine  the. unknown  A^^  by  means 
of  the  preceding  equations,  we  must  combine  the  succession  of 
equations  with  the  series  of  multipliers,  sin  Ou,  sin  It^  sin  2w, 
sin  3w, ...  sin  (n  — l)tt,  and  multiply  each  equation  by  the  cor- 
respondiug  term  of  the  series.     If  we  take  the  sum  of  the  equa- 
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tioQs  thus  multiplied,  we  eliminate  all  the  unkoowus,  except 
that  which  is  required  to  be  determined.  The  same  is  the  case 
if  we  wish  to  find  the  value  of  B^^^;  we  must  multiply  each 
equation  by  the  multiplier  of  jS^,  in  that  equation,  and  then  take 
the  sum  of  all  the  equations.  It  is  requisite  to  prove  that  by 
operating  in  this  manner  we  do  in  fact  make  all  the  unknowns 
disappear  except  one  only.  For  this  purpose  it  is  sufficient  to  shew, 
firstly,  that  if  we  multiply  term  by  term  the  two  following  series 

sin  Ou,  sin  lu,  sin  2u,   sin  Su, ,..  sin  (n  —  1)  u, 

m 

sinOt;,   sinlv,    sin2t;,    sinSv,  ...  sin(n  — l)t;, 

the  sum  of  the  products 

sin  Ou  sin  Ov  +  sin  lu  sin  Iv  +  sin  2u  sin  2v  +  &c. 

is  nothing,  except  when  the  arcs  u  and  v  are  the  same,  each 

of  these  arcs  being  otherwise  supposed  to  be  a  multiple  of  a  part 

27r 
of  the  circumference  equal  to  —  ;  secondly,  that  if  we  multiply 

term  by  term  the  two  series 

cos  Ou,  cos  lu,  cos  2u, ...  cos  (n  —  1)  u, 
cos  Ov,  cos  Iv,   cos  2v,  •••  cos  {n  —  1)  v, 

the  sum  of  the  products  is  nothing,  except  in  the  case  when 
u  is  equal  to  v ;  thirdly,  that  if  we  multiply  term  by  term  the  two 
series 

sin  Ou,  sin  lu,   sin  2uy  sin  Su, ...  sin  (n  —  1)  u, 

cos  Ov,   cos  Iv,   cos  2v,   cos  Sv,  ...  cos  {n  —  1)  t;, 

the  sum  of  the  products  is  always  nothing. 

2'7r 
269.    Let  us  denote  by  q  the  arc  —  ,  by  fiq  the  arc  u,  and  by 

vq  the  arc  v ;  fi  and  v  being  positive  integers  less  than  n.  The 
product  of  two  terms  corresponding  to  the  two  first  series  will 
be. represented  by 

sin jfiqsmjvq,   or  ^C09J(jJb-v)q-^C0QJ(ji^v)q, 
the  letter  j  denoting  any  term  whatever  of  the  scries  0,  1,  2,  3... 
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(n  —  1);  now  it  is  easy  to  prove  that  if  we  give  toj  its  n  successive 
values^  from  0  to  (n  —  1),  the  sum 

111 

5  cos 0 (^- y)5 +  5  cos  1  (/*-f) j  + ^  cos 2  (^- v)  J 

+  5Cos3  (/*-i')5r+... +  2CO8(n-l)0*-v)j 
has  a  nul  value^  and  that  the  same  is  the  case  with  the  series 

^  cos  0  (fi  +  y)  9  +  2  ^^  ^  (^'^'^)  ? '*' 2  ^^  ^  ^"^  "^  ^ 

+  5COs3(/A  +  y)j+...  +  2Coe  («- 1)  (ja  +  v)q. 

In  fact^  representing  the  arc  (ji-^vjqhja,  which  is  consequently 
a  multiple  of  —  ^  we  have  the  recurring  series 

coaOa,  cosloy  cos 22,...   cos(n  — l)a» 
whose  sum  is  nothing. 

To  shew  this,  we  represent  the  sum  by  s,  and  the  two  terms  of 
the  scale  of  relation  being  2  cos  a  and  —  1,  we  multiply  successively 
the  two  members  of  the  equation 

5  =  cos  Oa  +  cos  2a  +  cos  3a  +  ...  +  cos  (n  —  1)  a 

by  —  2  cos  a  and  by  + 1 ;  then  on  adding  the  three  equations  we 
find  that  the  intermediate  terms  cancel  after  the  manner  of  re- 
curring series. 

If  we  now  remark  that  no,  being  a  multiple  of  the  whole  cir- 
cumference, the  quantities  cos  (n  —  1)  a,  cos  (n  —  2)  a,  cos  (n  —  3)  a, 
&c.  are  respectively  the  same  as  those  which  have  been  denoted 
by  cos  (—  a),  cos  (—  2a),  cos  (- 3a), ...  &c.  we  conclude  that 

2«  —  2«  cos  a  =  0 ; 

thus  the  sum  sought  must  in  general  be  nothing.  In  the  same 
way  we  find  that  the  sum  of  the  terms  due  to  the  development  of 
i  cos  j  (/Lfr  +  y)  J  is  nothing.  The  case  in  which  the  arc  represented 
by  a  is  0  must  be  excepted ;  we  then  have  1  —  cos  a  ==  0;  that  is 
to  say,  the  arcs  u  and  v  are  the  same.  In  this  case  the  1;erm 
j^  cosy  (/A'{'v)q  still  gives  a  development  whose  sum  is  nothing ; 
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but  the  quantity  ^  cos  J  (fi^^vjq  fumislies  equal  terms,  each  of 
which  has  the  value  ^ ;  hence  the  sum  of  the  products  term  by 
term  of  the  two  first  series  is  Jn. 

In  the  same  manner  we  can  find  the  value  of  the  sum  of  the 
products  term  by  term  of  the  two  second  series,  or 

2  (cos  j/ij  COH  jvq) ; 

in  fact,  we  can  substitute  for  cos  jfiq  coajvq  the  quantity 

i 00QJ(ji-v)  q  +  ico&j  (ji  +  v)qj 

and  we  then  conclude,  as  in  the  preceding  case,  that  l,icosjQi+v)q 
is  nothing,  and  that  2^  cos j'  (jA'-v)qiB  nothing,  except  in  the  case 
where  fi^^v.  It  follows  from  this  that  the  sum  of  the  products 
term  by  term  of  the  two  second  series,  or  %  (coa  j/iq  cos  jvq),  is 
always  0  when  the  arcs  u  and  v  are  different,  and  equal  to  ^n 
when  u=iv.  It  only  remains  to  notice  the  case  in  which  the  arcs 
fiq  and  vq  are  both  nothing,  when  we  have  0  as  the  value  of 

t  (sin  jfiq  siajvq), 

which  denotes  the  sum  of  the  products  term  by  term  of  the  two 
first  series. 

The  same  is  not  the  case  with  the  sum  X  {cos  jfiq  cosjvq)  taken 
when  fiq  and  vq  are  both  nothing ;  the  sum  of  the  products  term 
by  term  of  the  two  second  series  is  evidently  equal  to  w. 

As  to  the  sum  of  the  products  term  by  term  of  the  two  series 
sinOi^,  sin  It^,   8in2u,  sinSu,  ...  8in(n  — l)u, 
cosOi«,  coslti,  cos2ti,   cosSu,  ...  cos(n  — l)i4, 

it  is  nothing  in  all  cases,  as  may  easily  be  ascertained  by  the  fore- 
going analysis. 

270.  The  comparison  then  of  these  series  furnishes  the  follow- 
ing results.  If  we  divide  the  circumference  27r  into  n  equal 
parts,  and  take  an  arc  u  composed  of  an  integral  number  ^  of 
these  parts,  and  mark  the  ends  of  the  arcs  u,  2u,  3w, ...  (n-  l)u,  it 
follows  from  the  known  properties  of  trigonometrical  quantities 
that  the  quantities 

sin  Ou,  sin  Iti,  sin  2u,  sin  Su, ,.,  sin  (n  —  1)  u, 
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or  indeed 

cos  Ou,  cos  luj  cos  2u,  cos  3u, . . .  cos  (n  —  1) «» 

form  a  recurring  periodic  series  composed  of  n  terms :  if  we  com- 

27r 
pare  one  of  the  two  series  corresponding  to  an  arc  w  or  f*  — 

with  a  series    corresponding    to    another    arc  v  or  v  — ,  and 

n 

multiply  term  by  term  the  two  compared  series,  the  sum  of  the 
products  will  be  nothing  when  the  arcs  u  and  v  are  different  If 
the  arcs  u  and  v  are  equal,  the  sum  of  the  products  is  equal  to  ^n, 
when  we  combine  two  series  of  sines,  or  when  we  combine  two 
series  of  cosines  \  but  the  sum  is  nothing  if  we  combine  a  series  of 
sines  with  a  series  of  cosines.  If  we  suppose  the  arcs  u  and  v  to 
be  nul,  it  is  evident  that  the  sum  of  the  products  term  by  term  is 
nothing  whenever  one  of  the  two  series  is  formed  of  sines,  or  when 
both  are  so  formed,  but  the  sum  of  the  products  is  n  if  the  com- 
bined series  both  consist  of  coaines.  In  general,  the  sum  of  the 
products  term  by  term  is  equal  to  0,  or  ^n  orn ;  known  formulae 
would,  moreover,  lead  directly  to  the  same  results.  They  are  pro- 
duced here  as  evident  consequences  of  elementary  theorems  in 
trigonometry. 

271.  By  means  of  these  remarks  it  is  easy  to  effect  the  elimi- 
nation of  the  unknowns  in  the  preceding  equations.  The  unknown 
A^  disappears  of  itself  through  having  nul  coefficients ;  to  find  B^ 
we  must  multiply  the  two  members  of  each  equation  by  the  co- 
efficient of  B^  in  that  equation,  and  on  adding  all  the  equations 
thus  multiplied,  we  find 

aj  +  ttj  +  a,  + ...  +  a^  =  5j. 

To  determine  A^  we  must  multiply  the  two  members  of  each 

equation  by  the  coefficient  of  A^  in  that  equation,  and  denoting 

27r 
the  arc  —  by  q,  we  have,  after  adding  the  equations  together, 

aj  sin  0 J  +  a,  sin  Ij  +  a,  sin  2g  +  . . .  +  a,  sin  (w  —  1)  g  =  5  n  ^ J. 
Similarly  to  determine  B^  we  have 
a,  cosOj  +  a,  cos  Ij  +  a,  cos2j  -f  ...  +  a^co8  (w-  1)  j=5  nB^. 
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In  general  we  could  find  each  unknown  by  multiplying  the 
two  members  of  each  equation  by  the  coefficient  of  the  unknown 
in  that  equation^  and  adding  the  products.  Thus  we  arrive  at  the 
following  results : 

jrjl,=  a,sinO —   +a,sinl —    +a.8in2 —     +&c.=  2a<sin(i— 1)1 — , 

jrij,aa,cosO —   +a,cosl —    4a.cos2 —    +&c.=  Sa.cos(»— 1)1 — , 

5  -4.=  a.  sin  0.2 ha,  8inl.2  — +  a^sin  2.2 H&a= So.sin  (»  —  1)  2  — , 

2"^  n"  w'  n  ^        ^     n 

TrJ?,=  a,cosO,2 h  a.cosl.2 — ha,cos2.2  — |-&c.=2afCos(t— 1)2  — , 

2"*  n       ^  n*  n  ^       ^     n 

3-4.=sa,8in0.3  — ha-sinl.S  — |-o,sin2.3  — h&c.=2a<sinCt-"l)3  —  , 

5-B.=a,co80.3 — ha«cosl.3  — ha,cos2.S — |-&c.=2a<cos(i— 1)3 —  , 
2**  »"  n       *  n  ^       ^     n 

&c (M). 

To  find  the  development  indicated  by  the  symbol  %  we  must 
give  to  t  its  n  successive  values  1^  2,  S,  4,  &c.^  and  take  the  sum, 
in  which  case  we  have  in  general 

5-4^=2a<sin(t-l)y-l)^ —  and  ^B  =2a<cos(i-l)(j-l)  — . 

If  we  give  to  the  integer  y  all  the  successive  values  1,  2,  3,  4, 
&c.  which  it  can  take,  the  two  formulsB  give  our  equations,  and  if 
we  develope  the  term  under  the  sign  2,  by  giving  to  i  its  n  values 
1,  2,  3,  ...  n,  we  have  the  values  of  the  unknowns  -4^,  B^,  A^,  B^^ 
A^,  JSj,  &c.,  and  the  equations  (m),  Art.  267,  are  completely  solved. 

272.  We  now  substitute  the  known  values  of  the  coefficients 
A^,  -Bj,  A^,  5,,  -4,,  ^3,  &c.,  in  equations  (ji),  Art.  266,  and  obtain 
the  following  values : 
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a,  =  1^0+  i^i  sill  ?i  +  ^1  cos  jj)  €*  ^•^^ 

+  (Jf,  sin  y,  +  -ATjCos  gj  e'^*'^^  +  &c. 

a,  =  iV„  +  (ifj  sin  2g^  +  -^^  cos  2jJ  e*^^^'^^^ 

+  (if,  sin  2  J,  +  ^;  cos  25r,)  6  < ''"^  «« +  &c. 


a,  =  iV;+{Jlf,8in(j-l)y,  +  JV,cos(j-l)5rj€'^"-»°<^ 

+  {if,  sin  (j  —  1)  ?,  +  J^,  cos  (j  -  1)  gr  J  €  '  ^^•'**  *•  +  &c. 


a^  =  iVo  +  {if, sin  (n- 1)  Ji  +  iV,  cos  (n- 1)  jj  €*^«»*»* 

+  {if,  sin  (n  - 1)  5^,  +  -^,  cos  (n- 1)  yj  €*^"*»<'«+  &c. 

In  these  equations 

_»  -  27r  ^29r  o^^   jb. 


iv:-z2a„ 


^     » 


jRTj  =  -  Soj  cos  {%  —  1)  jp  ifj  =  - 2a< sin  (i  —  1)  q^. 


n  *        '  **  •     n 


jN,  =  -  2a<co8  (t  - 1)  g„  M^  =  -  2a, sin  (»  -  1) g„ 


n  *        ^  -.'  "71 


ir3  =  ~2a,cos(i-l)y„  if3  =  -2a,8in(t-l)5r3, 

&c.  &a 

273.  The  equations  which  we  have  just  set  down  contain  the 
complete  solution  of  the  proposed  problem ;  it  is  represented  by 
the  general  equation 

ai=-2ai+  -8in(j-l)  —  2a,sin(t-l)  — 

+  -cos(7  — 1) — 2a,co8(t  — 1) — \e  • 
n  n  n  J 

+  r?8inO--l)2— 2a,sin(^-l)2  — 
+  -008(7  —  1)2  —  2a|C0s(*  — 1)2  —  \e  •  » 
n       ^•'       '     n              ^              ^J 

+  &C (e). 
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in  which  only  known  quantities  enter,  namely,  a^,  a,,  a,  ...  a^ 

which  are  the  initial  temperatures,  k  the  measure  of  the  con- 

ducibility,  m  the  value  of  the  mass,  n  the  number  of  masses 

heated,  and  t  the  time  elapsed. 

From  the  foregoing  analysis  it  follows,  that  if  several  equal 

bodies  n  in  number  are  arranged  in  a  circle,  and,  having  received 

any  initial  temperatures,  begin  to  communicate  heat  to  each  other 

in  the  manner  we  have  supposed ;  the  mass,  of  each  body  being 

denoted  by  m,  the  time  by  t,  and  a  certain  constant  coej£cient  by 

jt,  the  variable  temperature  of  each  mass,  which  must  be  a  function 

of  the  quantities  t,  m,  and  k,  and  of  all  the  initial  temperatures, 

is  given  by  the  general  equation  (e).    We  first  substitute  instead 

o{  j  the  number  which  indicates  the  place  of  the  body  whose 

temperature  we  wish  to  ascertain,  that  is  to  say,  1  for  the  first 

body,  2  for  the  second,  &c.;  then  with  respect  to  the  letter  i  which 

enters  under  the  sign  S,  we  give  to  it  the  n  successive  values 

1,  2,  3,  ...  n,  and  take  the  sum  of  all  the  terms.      As  to  the 

number  of  terms  which  enter  into  this  equation,  there  must  be 

as  many  of  them  as  there  are  different  versed  sines  belonging  to 

the  successive  arcs 

^  Zw     _  27r     Q  27r     ^  27r    ^ 
0  —  ,  1—  ,  2—,  3— ,&c, 
n         fi  n  n 

that  is  to  say,  whether  the  number  n  be  equal  to  (2X+  1)  or  2X, 
according  as  it  is  odd  or  even,  the  number  of  terms  which  enter 
into  the  general  equation  is  always  X  +  !• 

274.  To  give  an  example  of  the  application  of  this  formula, 
let  us  suppose  that  the  first  mass  is  the  only  one  which  at  first 
was  heated,  so  that  the  initial  temperatures  a^,  a^  a,  •••  a^  are  all 
nul,  except  the  first.  It  is  evident  that  the  quantity  of  heat 
contained  in  the  first  mass  is  distributed  gradually  among  all  the 
others.  Hence  the  law  of  the  communication  of  heat  is  expressed 
by  the  equation 

0L= -a-+-a,  cosO  — 1) — e  •  ■ 

+  -a-cos(?  — 1)2 — e  "  » 

+  -  a,  cos  ( ?  —  1)  3  —  e  •  »  +  &c. 
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K  the  seoond  mass  alone  had  been  heated  and  the  tempera- 
tures a^,  a,,  a^,  ...  a.  were  nul,  we  should  have 

27r 


1  2      f  .     ,.     -.  27r   .    271 


,.     -,2ir        27r) 

+  COS  0  —  1)  —  cos  — > 

^  n         n) 


27r)    -«*:?.T-iui^ 


-**^v«rdn«?? 


2      f  .     .  •      «\  A  29r  •    A  29r 
+  -  aj  sm  ( J  -  1)  2  —  sm  2  — 
n  *  {       ^^        '       n  n 

+  co8(i-l)2  — cos2— ^e   •  » 

+  &C-, 

and  if  all  the  initial  temperatures  were  supposed  nul,  except 
a^  and  a,,  we  should  find  for  the  value  of  aj  the  sum  of  the  values 
found  in  each  of  the  two  preceding  hypotheses.  In  general  it  is 
easy  to  conclude  from  the  general  equation  (e),  Art.  273,  that  in 
order  to  find  the  law  according  to  which  the  initial  quantities  of 
heat  are  distributed  between  the  masses,  we  may  consider  sepa- 
rately the  cases  in  which  the  initial  temperatures  are  nul,  one  only 
excepted.  The  quantity  of  heat  contained  in  one  of  the  masses 
may  be  supposed  to  communicate  itself  to  all  the  others,  regarding 
the  latter  as  affected  with  nul  temperatures;  and  having  made 
this  hypothesis  for  each  particular  mass  with  respect  to  the  initial 
heat  which  it  has  received,  we  can  ascertain  the  temperature  of 
any  one  of  the  bodies,  after  a  given  time,  by  adding  all  the 
temperatures  which  the  same  body  ought  to  have  received  on 
each  of  the  foregoing  hypotheses. 

275.    If  in  the  general  equation  (e)  which  gives  the  value  of 

aj,  we  suppose  the  time  to  be  infinite,  we  find  o^  =»  -  S  a^,  so  that 

each  of  the  masses  has  acquired  the  mean  temperature ;  a  result 
which  is  self-evident 

As  the  value    of  the  time  increases,  the  first  term  -  liai 

becomes  greater  and  greater  relatively  to  the  following  terms,  or 
to  their  sum.  The  same  is  the  case  with  the  second  with  respect 
to  the  terms  which  follow  it;  and,  when  the  time  has  become 
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considerable,  the  value  of  %  is  represented  without  sensible  error 
by  the  equation, 

2'jr 


CL  =  -  Xai  +  -  isin  (j  —  1)  —  Sa  sin  (t  —  1)  — 
^     n  n[      ^'^  n  ^        '  n 

+  cos  (j-  1)  -J  Sa^cos  (t-  1)  -^[ 

fi  ft ) 


«.?^  Tentn  ?5 


27r 
Denoting  by  a  and  6  the  coefficients  of  sin  0  —  1)  —  and  of 

cos  (j  —  1)  — ,  and  the  fraction  c""  •         ""by  o,  we  have 

ay  =  -  2a,  -f  jasin  (j- 1)  -^  +  6cos (j- 1) -^U'- 

The  quantities  a  and  &  are  constant,  that  is  to  say,  independent 
of  the  time  and  of  the  letter  j  which  indicates  the  order  of  the 
mass  whose  variable  temperature  is  O;.  These  quantities  are  the 
same  for  all  the  masses.  The  difference  of  the  variable  tempera- 
ture o^  from  the  final  temperature  -  Sa,  decreases  therefore  for 

each  of  the  masses,  in  proportion  to  the  successive  powers  of  the 
fraction  a>.    Each  of  the  bodies  tends  more  and  more  to  acquire 

the  final  temperature  -Xa^,  and  the  difference  between  that 

final  limit  and  the  variable  temperature  of  the  same  body  ends 

always  by  decreasing  according  to  the  successive  powers  of  a 

fractioiL    This  fraction  is  the  same,  whatever  be  the  body  whose 

changes  of  temperature  are  considered ;   the  coefficient  of  vf  or 

27r 
(a  sin  %  +  6  cos  t«y),  denoting  by  t/^  the  arc  ( j  —  1)  — ,  may  be  put 

under  the  form  A  sin  (u^  +  B\  taking  A  and  £  so  as  to  have 
a  =  il  cos  ^,  and  &  =  J.  sin  £.  If  we  wish  to  determine  the 
coefficient  of  w*  with  regard  to  the  successive  bodies  whose 
temperature  is  a/^,  o^^,  o^^,  &c.,  we  must  add  to  u^  the  arc 

—  or  2  — ,  and  so  on ;  so  that  we  have  the  equations 
n  n 

Oj  — Sai=-4sin(J9  +  tty)fi)'  +  &c. 

aj^^ —  Xoi^A  sin  (B  +  uj-^I  —  j 6>'+  &c. 
P.  H.  17 
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«« 


-  "  2a<=»  -4  sin  [Jff +  m/  +  2  —  j  <o*  +  &c. 
o^^  —  2a<  =  ^8in  (B  +  wj+S  —  J«'  +  &c. 

276.  We  see,  by  these  equations,  that  the  later  differences 
between  the  actual  temperatures  and  the  final  temperatures  are 
represented  by  the  preceding  equations,  preserving  only  the  first 
term  of  the  second  member  of  each  equation.  These  later  differ- 
ences vary  then  according  to  the  following  law :  if  we  consider 
only  one  body,  the  variable  difference  in  question,  that  is  to  say^ 
the  excess  of  the  actual  temperature  of  the  body  over  the  final 
and  common  temperature,  diminishes  according  to  the  successive 
powers  of  a  fraction,  as  the  time  increases  by  equal  parts ;  and,  if 
we  compare  at  the  same  instant  the  temperatures  of  all  the 
bodies,  the  difference  in  question  varies  proportionally  to  the  suc- 
cessive sines  of  the  circumference  divided  into  equal  parts.  The 
temperature  of  the  same  body,  taken  at  different  successive  equal 
instants,  is  represented  by  the  ordinates  of  a  logarithmic  curve, 
whose  axis  is  divided  into  equal  parts,  and  the  temperature  of 
each  of  these  bodies,  taken  at  the  same  instant  for  all,  is  repre- 
sented by  the  ordinates  of  a  circle  whose  circumference  is  divided 
into  equal  parts.  It  is  easy  to  see,  as  we  have  remarked  before, 
that  if  the  initial  temperatures  are  such,  that  the  differences  of 
these  temperatures  from  the  mean  or  final  temperature  are  pro- 
portional to  the  successive  sines  of  multiple  arcs,  these  differences 
will  all  diminish  at  the  same  time  without  ceasing  to  be  propor- 
tional to  the  same  sines.  This  law,  which  governs  also  the  initial 
temperatures,  will  not  be  disturbed  by  the  reciprocal  action  of  the 
bodies,  and  will  be  maintained  until  they  have  all  acquired  a 
common  temperature.  The  difference  will  diminish  for  each  body 
according  to  the  successive  powers  of  the  same  fraction.  Such  is 
the  simplest  law  to  which  the  communication  of  heat  between  a 
succession  of  equal  masses  can  be  submitted.  When  this  law  has 
once  been  established  between  the  initial  temperatures,  it  is  main- 
tained of  itself;  and  when  it  does  not  govern  the  initial  tempera- 
tures, that  is  to  say,  when  the  differences  of  these  temperatures 
from  the  mean  tempemture  are  not  proportional  to  successive 
sines  of  multiple  arcs,  the  law  in  question  tends  always  to  be  set 


J 
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up,  and  the  system  of  variable  temperatures  ends  soon  by  coin- 
ciding sensibly  with  that  which  depends  on  the  ordinates  of  a 
circle  and  those  of  a  logarithmic  curve. 

Since  the  later  differences  between  the  excess  of  the  tempera- 
ture of  a  body  over  the  mean  temperature  are  proportional  to 
the  sine  of  the  arc  at  the  end  of  which  the  body  is  placed,  it 
follows  that  if  we  regard  two  bodies  situated  at  the  ends  of  the 
same  diameter,  the  temperature  of  the  first  will  surpass  the  mean 
and  constant  temperature  as  much  as  that  constant  temperature 
surpasses  the  temperature  of  the  second  body.  For  this  reason,  if 
we  take  at  each  instant  the  sum  of  the  temperatures  of  two 
masses  whose  situation  is  opposite,  we  find  a  constant  sum,  and 
this  sum  has  the  same  value  for  any  two  masses  situated  at  the 
ends  of  the  same  diameter. 

277.  The  formulae  which  represent  the  variable  temperatures 
of  separate  masses  are  easily  applied  to  the  propagation  of  heat 
in  continuous  bodies.  To  give  a  remarkable  example,  we  will 
determine  the  movement  of  heat  in  a  ring,  by  means  of  the 
general  equation  which  has  been  already  set  down. 

Let  it  be  supposed  that  n  the  number  of  masses  increases  sue* 
cessively,  and  that  at  the  same  time  the  length  of  each  mass 
decreases  in  the  same  ratio,  so  that  the  length  of  the  system  has 
a  constant  value  equal  to  2?r.  Thus  if  n  the  number  of  masses 
be  successively  2,  4,  8,  16,  to  infinity,  each  of  the  masses  will 

^  ^>    oj   "7*    o>   &c.      It    must    also    be    assumed    that    the 
2      4      8 

facility  with   which  heat   is   transmitted  increases  in  the   same 

ratio  as  the  number  of  masses  m;  thus  the  quantity  which  k 

represents  when  there  are  only  two  masses  becomes  double  when 

there  are   four,    quadruple   when   there  are  eight,    and   so  on. 

Denoting  this  quantity  by  g^  we  see  that  the  number  k  must  be 

successively  replaced  by  g,  2g,  4ig,  &c.     If  we  pass  now  to  the 

hypothesis  of  a  continuous  body,  we  must  write  instead  of  m,  the 

value  of  each  infinitely  small  mass,  the  element  dx ;  instead  of  fi, 

the   number   of  masses,  we  must  write    j-;  instead  of  k  write 

ax 


n  ^^  irg 

m 

17—2 


a  X  or  J  •  . 
^2      dx 


260  THEORY  OF  HEiLT.  [CHAP,  IV. 

As  to  the  initial  temperatures  a^  a^  a^,,,a^  they  depend  on 
the  value  of  the  arc  x^  and  regarding  these  temperatures  as  the 
successive  states  of  the  same  variable,  the  general  value  a^  repre- 
sents an  arbitrary  function   of  x.    The  index  %  must  then  be 

fj/t       

replaced  hy  ^.    With  respect  to  the  quantities  o^,  or,,  o.,  ..., 

these  are  variable  temperatures  depending  on  two  quantities 
X  and  t  Denoting  the  variable  by  t;,  we  have  v^j>{x,  t).  The 
index  j,  which  marks  the  place  occupied  by  one  of  the  bodies, 

should  be  replaced  by  ^.  Thus,  to  apply  the  previous  analysis  to 

the  case  of  an  infinite  number  of  layers,  forming  a  continuous 
body  in  the  form  of  a  ring,  we  must  substitute  for  the  quanti- 
ties %  m,  k,  Oi,  %i  a^yj,  their  corresponding  quantities,  namely, 

-y- ,  dx^  -p,  /(a),  ^1  0  («,  0>  "JZ'    ^^  these  substitutions  bo 

made  in  equation  (e)  Art.  273,  and  let  ^  ^  l>o  written  instead 
of  versin  dx,  and  %  and  j  instead  of  t  —  1  and  y  —  1.  The  first 
term  -  Soi  becomes  the  value  of  the  integral  s~  //(^}  dx  taken  firom 

a?  =  0  to  fl?  =  27r;  the  quantity  sin(;-l)?![  becomes  sinjdaj  or 
sina?;  the  value  of  cos  (/—I)  t-  is  coso?;  that  of -2a,sin(*— 1) — 
is  -  lf(x)  sin  xdx,  the  integral  being  taken  from  a;  =  0  to  x=27r; 

9  9  1/* 

and  the  value  of  -  Sa  C3S  (i  —  1)  —  is  -  I  /(a?)  cos  a?  dx,  the 

integral  being  taken  betnv  een  the  same  limits.  Thus  we  obtain 
the  equation 

(l>(x,t)^v^-^jf(x)dx 

+  -  f  sinfl?  lf{x)  sin  iwfec  +  cos  a?  // (a?)  cos  xdx  J6"^* 

+  -  ^8in2«j/(a:)sin2a:i«+cos2aj[/(a;)co82a?£Z^^ 
+  &C (E) 
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and  representing  the  quantity  gir  by  &,  we  have 

w»  =  2  j/(a?)cfo+r  sina?  //(»)  sina;(ii;4-008a;l/(a;)  cosxeirj  e"^ 

+  [Bin2ajj/(a:)Bin2a?{fe+cofl2a?//(a?)<x)B2«(i^^ 
+  &a 

278.  This  solution  is  the  same  as  that  which  was  given  in  the 
preceding  section,  Art.  241 ;  it  gives  rise  to  several  remarks.  Ist. 
It  is  not  necessary  to  resort  to  the  analysis  of  partial  differential 
equations  in  order  to  obtain  the  general  equation  which  expresses 
the  movement  of  heat  in  a  ring.  The  problem  may  be  solved  for 
a  definite  number  of  bodies,  and  that  number  may  then  be  sup- 
posed infinite.  This  method  has  a  clearness  peculiar  to  itself,  and 
guides  our  first  researches.  It  is  easy  afterwards  to  pass  to  a 
more  concise  method  by  a  process  indicated  naturally.  We  see 
that  the  discrimination  of  the  particular  values,  which,  satisfying 
the  partial  differential  equation,  compose  the  general  value,  is 
derived  from  the  known  rule  for  the  integration  of  linear  differ- 
ential equations  whose  coefficients  are  constant.  The  discrimina- 
tion is  moreover  founded,  as  we  have  seen  above,  on  the  physical 
conditions  of  the  problem.  2nd.  To  pass  from  the  case  of  separate 
masses  to  that  of  a  continuous  body,  we  supposed  the  coefficient  h 
to  be  increased  in  proportion  to  n,  the  number  of  masses.  This 
continual  change  of  the  number  k  follows  from  what  we  have 
formerly  proved,  namely,  that  the  quantity  of  heat  which  flows 
between  two  layers  of  the  same  prism  is  proportional  to  the  value 

o{  -J-  ^  a  denoting  the  abscissa  which  corresponds  to  the  section, 

and  V  the  temperature.  If,  indeed,  we  did  not  suppose  the  co- 
efficient k  to  increase  in  proportion  to  the  number  of  masses,  but 
were  to  retain  a  constant  value  for  that  coefficient,  we  should 
find,  on  making  n  infinite,  a  result  contrary  to  that  which  is 
observed  in  continuous  bodies.  The  diffusion  of  heat  would  be 
infinitely  slow,  and  in  whatever  manner  the  mass  was  heated,  the 
temperature  at  a  point  would  suffer  no  sensible  change  during 
a  finite  time,  which  is  contrary  to  fact.  Whenever  we  resort  to 
the  consideration  of  an  infinite  number  of  separate  masses  which 
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transmit  heat,  and  wish  to  pass  to  the  case  of  continuous  bodies, 
we  must  attribute  to  the  coeflScient  k,  which  measures  the  velocity 
of  transmission,  a  value  proportional  to  the  number  of  infinitely 
small  masses  which  compose  the  given  body. 

3nL  If  in  the  last  equation  which  we  obtained  to  express  the 
value  of  t;  or  ^  (aj,  <),  we  suppose  f  =  0,  the  equation  necessarily 
represents  the  initial  state,  we  have  therefore  in  this  way  the 
equation  (p),  which  we  obtained  formerly  in  Art.  233,  namely, 

.  -  +8ina;|/(aj)sina?dic+sin2a?//(a;)sin2a?dic  +  &c. 

+  COS  a?  I  j^a?)  COS  a;  (fcr+cos  2a;  |/(a?)  COS  2a;  etc  +  &c. 

Thus  the  theorem  which  gives,  between  assigned  limits,  the 
development  of  an  arbitrary  function  in  a  series  of  sines  or  cosines 
of  multiple  area  is.  deduced  from  elementary  rules  of  analysis. 
Here  we  find  the  origin  of  the  process  which  we  employed  to 
make  all  the  coefficients  except  one  disappear  by  successive  in- 
tegrations from  the  eq,uation 

.  ,  .        +  a,  sin  a;  +  a,  sin  2a;  +  a.  sin  3a;  +  &c. 

CD  ins  I  ^  OL 

^  ^  '        +  6j  COS  a;  +  J^cos  2a;  +  J,  cos  3a;  +  &c. 

These  integrations  correspond  to  the  elimination  of  the  different 
unknowns  in  equations  (m).  Arts.  267  and  271,  and  we  see  clearly 
by  the  comparison  of  the  two  methods,  that  equation  (B),  Art.  279, 
holds  for  all  values  of  x  included  between  0  and  27r,  without  its 
being  established  so  as  to  apply  to  values  of  x  which  exceed  those 
limits. 

279.  The  fiinction  ^  (a;,  t)  which  satisfies  the  conditions  of 
the  problem,  and  whose  valu6  is  determined  by  equation  (E), 
Art.  277,  may  be  expressed  as  follows: 

27r^(a;,*)  =  /da/(a)  +  {2  sina;|da/(a)sina+  2cosa;|da/(a)cosa}6"*^ 
+  {2sin2a;  [da/(a)sin2a+2co82a;/da/(a)cos2a}e-«*< 
+  {2sin3a;Jrf2/(a)sin3a+2cos3a; /d2/(a)cos3a}6-^'+  &c 
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or  2Tr<f>  (ic,  t)  = /^^/(a)  {1  +  (2  sin  ar  sin  a  +  8  cos  a:  cos  a)  e"'^ 

+  (2  sin  2a;  sin  2«  +  2  cos  2a:  cos  2a)6"*** 

+  (2  sin  3aj  sin  3a  +?  cos  3a?  cos  3a)  e""*^  +  &c.} 

=  fe/W  [1  +  2S cost  (a-a?)e-«<]. 

The  sign  2  affects  the  number  t,  and  indicates  that  the  sum 
must  be  taken  from  t  =  l  to  t  =  oo.  We  can  also  include  the 
first  term  under  the  sign  S,  and  we  have 


27r^(a5,0=  |cJa/(a)2.^cost(a  — a?) 


e-****. 


We  must  then  give  to  %  all  integral  values  from  —  oo  to  +  oo ; 
which  is  indicated  by  writing  the  limits  —  oo  and  +  oo  next  to  the 
sign  S,  one  of  these  values  of  t  being  0.  This  is  the  most  concise 
expression  of  the  solution.  To  develope  the  second  member  of  the 
equation,  we  suppose  1  =  0,  and  then  t=s  1,  2,  3,  &c.,  and  double 
each  result  except  the  first,  which  corresponds  to  t==0.  When 
t  is  nothing,  the  function  <f>  (x,  t)  necessarily  represents  the  initial 
state  in  which  the  temperatures  are  equal  to /(a?),  we  have  there- 
fore the  identical  equation, 

fix)  =^^'dvif{a)tllco»i{a-x) (B). 

We  have  attached  to  the  signs  I  and  2  the  limits  between 

which  the  integral  sum  must  be  taken.  This  theorem  holds 
generally  whatever  be  the  form  of  the  function  f{x)  in  the  in- 
terval from  a?  =s  0  to  a?  as  27r ;  the  same  is  the  case  with  that  which 
is  expressed  by  the  equations  which  give  the  development  of  F  {x\ 
Art  235;  and  we  shall  see  in  the  sequel  that  we  can  prove  directly 
the  truth  of  equation  (B)  independently  of  tho  forgoing  con- 
siderations. 

280.  It  is  easy  to  see  that  the  problem  admits  of  no  solution 
different  from  that  given  by  equation  (E),  Art.  277.  The  function 
^  {x,  t)  in  fact  completely  satisfied  the  conditions  of  the  problem, 

and  from  the  nature  of  the  differential  equation  ;^  =  ^;7ji>no 
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other  function  can  enjoy  the  same  property.    To  convince  our- 
selves of  this  we  must  consider  that  when  the  first  state  of  the 

solid  is  represented  by  a  given  equation  v^^f{x),  the  fluxion  -^ 
is  known,  since  it  is  equivalent  to  k     -^J;  ■ .    Thus  denoting  by 

v,  or  v^-^k  -tt*  dt,  the  temperature  at  the  commencement  of  the 

second  instant^  we  can  deduce  the  value  of  v,  from  the  initial 

state  and  from  the  differential  equation.    We  could  ascertain  in 

the  same  manner  the  values  v,,  v^,  ...  v^  of  the  temperature  at 

any  point  whatever  of  the  solid  at  the  beginning  of  each  instant. 

Now  the  function  ^  {x,  t)  satisfies  the  initial  state,  since  we  have 

if>  (x,  0)  ^f{iXf),    Further,  it  satisfies  also  the  differential  equation ; 

consequently  if  it  were  differentiated,  it  would  give  the  same 

,        «     dv^     dv^     dv^     a  1 1  1     /• 

values  for  -T^,  -i^,  -j^,  &c.,  as  would  result  from  successive 

applications  of  the  differential  equation  (a).  Hence,  if  in  the 
function  ^  (a?,  t)  we  give  to  t  successively  the  values  0,  «,  2«, 
3ay,  &c.,  <o  denoting  an  element  of  time,  we  shall  find  the  same 
values  v^,  v^,  v^,  &a  as  we  could  have  derived  from  the  initial 

state  by  continued  application  of  the  equation  -r  =  A? -53 .    Hence 

every  function  ^fr  {x,  t)  which  satisfies  the  differential  equation  and 
the  initial  state  necessarily  coincides  with  the  function  <f>  (a;,  t) : 
for  such  functions  each  give  the  same  function  of  x,  when  in  them 
we  suppose  t  successively  equal  to  0,  cd,  2a),  3a> ...  ioi,  &c. 

We  see  by  this  that  there  can  be  only  one  solution  of  the 
problem,  and  that  if  we  discover  in  any  manner  a  function  y^  {x,  t) 
which  satisfies  the  differential  equation  and  the  initial  state,  we 
are  certain  that  it  is  the  same  as  the  former  function  given  by 
equation  (E). 

281.  The  same  remark  applies  to  all  investigations  whose 
object  is  the  varied  movement  of  heat;  it  follows  evidently  from 
the  very  form  of  the  general  equation. 

For  the  same  reason  the  integral  of  the  equation  jt  =  ^  -j-^ 

can  contain  only  one  arbitrary  function  of  x.    In  fact,  when  a 
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value  of  V  as  a  function  of  a;  is  assigned  for  a  certain  value  of 
the  time  t,  it  is  evident  that  all  the  other  values  of  v  which 
correspond  to  any  time  whatever  are  determinate.  We  may 
therefore  select  arbitrarily  the  function  of  x,  which  corresponds 
to  a  certain  state,  and  the  general  function  of  the  two  variables 
a  and  t  then  becomes  determined.     The  same  is  not  the  case 

with  the  equation  j;5  +  3^  =  0,  which    was    employed   in   the 

preceding  chapter,  and  which  belongs  to  the  constant  movement 
of  heat ;  its  integral  contains  two  arbitrary  functions  of  a  and  y  : 
but  we  may  reduce  this  investigation  to  that  of  the  varied  move- 
ment, by  regarding  the  final  and  permanent  state  as  derived  from 
the  states  which  precede  it,  and  consequently  from  the  initial 
state,  which  is  given. 

-    The  integral  which  we  have  given 


5-  |<^/(a)  2e"^**  cos  i (a  -  w) 


contains  one  arbitrary  function /(a?),  and  has  the  same  extent  as 
the  general  integral,  which  also  contains  only  one  arbitrary  func- 
tion o{  x;  or  rather,  it  is  this  integral  itself  arranged  in  a  form 
suitable  to  the  problem.  In  fact,  the  equation  v^^f{x)  represent- 
ing the  initial  state,  and  t; « ^  (^,  t)  representing  the  variable 
state  which  succeeds  it,  we  see  from  the  very  form  of  the  heated 
solid  that  the  value  of  v  does  not  change  when  x  ±  iiir  is  written 
instead  of  x,  %  being  any  positive  integer.     The  function 

5-  |da/(a)  S^"*"**  cos  %  (a  —  x) 

satisfies  this  condition;  it  represents  also  the  initial  state  when 
we  suppose  t=0,  since  we  then  have 

f{x)  =  2^jdjL/  (a)  2  cos  i  (a  -  a?), 

an  equation  which  was  proved  above,  Arts.  235  and  279,  and  is 
also  easily  verified.    Lastly,  the  same  function  satisfies  the  differ- 

ential  equation    ;^  =  ifc  ^^ .     Whatever  be  the  value  of  ^,  the 

temperature  t;  is  given  by  a  very  convergent  series,  and  the  different 
terms  represent  all  the  partial  movements  which  combine  to  form 
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the  total  movement.  Ab  the  time  increases,  the  partial  states  of 
higher  orders  alter  rapidly,  but  their  influence  becomes  inappre- 
ciable; so  that  the  number  of  values  'which  ought  to  be  given  to 
the  exponent  i  diminishes  continually.  After  a  certain  time  the 
system  of  temperatures  is  represented  sensibly  by  the  terms  which 
are  found  on  giving  to  i  the  values  0,  ±  1  and  ±  2,  or  only  0 

and  ±  1,  or  lastly,  by  the  first  of  those  terms,  namely,  5—  ldaf{a) ; 

there  is  therefore  a  manifest  relation  between  the  form  of  the 
solution  and  the  progress  of  the  physical  phenomenon  which  has 
been  submitted  to  analysis. 

282.  To  arrive  at  the  solution  we  considered  first  the  simple 
values  of  the  function  v  which  satisfy  the  differential  equation : 
we  then  formed  a  value  which  agrees  with  the  initial  state,  and 
has  consequently  all  the  generality  which  belongs  to  the  problem. 
We  might  follow  a  different  course,  and  derive  the  same  solution 
from  another  expression  of  the  integral;  when  once  the  solution 
is  known,  the  results  are  easily  transformed.  If  we  suppose  the 
diameticr  of  the  mean  section  of  the  ring  to  increase  infinitely,  the 
function  <f>  (a?,  t),  as  we  shall  see  in  the  sequel,  receives  a  different 
form,  and  coincides  with  an  integral  which  contains  a  single 
arbitrary  function  under  the  sign  of  the  definite  integral.  The 
latter  integral  might  also  be  applied  to  the  actual  problem;  but, 
if  we  were  limited  to  this  application,  we  should  have  but  a  very 
imperfect  knowledge  of  the  phenomenon;  for  the  values  of  the 
temperatures  would  not  be  expressed  by  convergent  series,  and 
we  could  not  discriminate  between  the  states  which  succeed  each 
other  as  the  time  increases.  The  periodic  form  which  the  problem 
supposes  must  therefore  be  attributed  to  the  function  which  re- 
presents the  initial  state;  but  on  modifying  that  integral  in  this 
manner,  we  should  obtain  no  other  result  than 

<f>  (Xy  0  =  9~  j^f  W  2e~*^**  cos  i  (a  —  x). 

From  the  last  equation  we  pass  easily  to  the  integral  in 
question,  as  was  proved  in  the  memoir  which  preceded  this  work. 
It  is  not  less  easy  to  obtain  the  equation  from  the  integral  itself. 
These  transformations  make  the  agreement  of  the  analytical 
results  more  clearly  evident ;  but  they  add  nothing  to  the  theory. 
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and  constitute   no   different  analysis.      In  one  of  the  following 
chapters  we  shall  examine  the   different   forms   which  may  be 

assumed  by  the  integral  of  the  equation  37  =  ^  jT^>  *t®  relations 

which  they  have  to  each  other,  and  the  cases  in  which  they  ought 
to  be  employed. 

To  form  the  integral  which  expresses  the  movement  of  heat  in 
a  ring,  it  was  necessary  to  resolve  an  arbitrary  function  into  a 
series  of  sines  and  cosines  of  multiple  arcs;  the  numbers  which 
affect  the  variable  under  the  symbols  sine  and  cosine  are  the 
natural  numbers  1,  2,  3,  4,  &c.  In  the  following  problem  the 
arbitrary  function  is  again  reduced  to  a  series  of  sines;  but  the 
coefficients  of  the  variable  under  the  symbol  sine  are  no  longer 
the  numbers  1,  2,  3,  4,  &c.:  these  coefficients  satisfy  a  definite 
equation  whose  roots  are  all  incommensurable  and  infinite  in 
number. 


Note  on  Sect  I,  Chap.  TV,  Gnglielmo  Libri  of  Florenoe  was  the  first  to 
inyestigate  the  problem  of  the  moTement  of  heat  in  a  ring  on  the  hypothesis  of 
the  hiw  of  cooling  established  by  Dnlong  and  Petit.  See  his  Mimoire  sur  la 
thSorie  de  la  ehaleur,  Grelle*s  Jonmal,  Band  YU.,  pp.  116—181,  Berlin,  1831. 
(Bead  before  the  French  Academy  of  Sciences,  1825.)  M.  Libri  made  the  solution 
depend  upon  a  series  of  partial  differential  equations,  treating  them  as  if  they 
were  linear.  The  equations  haye  been  discnssed  in  a  different  manner  by 
Mr  Eelland,  in  his  Theory  of  Heat,  pp.  69—76,  Cambridge,  1837.  The  principal 
result  obtained  is  that  the  mean  of  the  temperatures  at  opposite  ends  of  any 
diameter  of  the  ring  is  the  same  at  the  same  instant.    [A.  F.] 


CHAPTER   V. 

OF  THE  PBOPAQATION  OF  HEAT  IN  A  SOLID  8PH£B£. 

SECTION  L 

General  eolubion. 

283.  The  problem  of  the  propagation  of  heat  in  a  sphere  has 
been  explained  in  Chapter  II.,  Section  2,  Ai1;icle  117;  it  consists 
in  integrating  the  equation 


dv     ,  /rfV;     2  dw\ 
jia?     X  dx)  ' 


so  that  when  a  =  X  the  integral  may  satisfy  the  condition 

K  h 

k  denoting  the  ratio  ^^ ,  and  h  the  ratio  -^  of  the  two  con- 

ducibilities ;  v  is  the  temperature  which  is  observed  after 
the  time  t  has  elapsed  in  a  spherical  layer  whose  radius  is  x; 
X  is  the  radius  of  the  sphere ;  t;  is  a  function  of  x  and  t,  which  is 
equal  to  F{x)  when  we  suppose^  =  0.  The  function  F{x)  is 
given,  and  represents  the  initial  and  arbitrary  state  of  the  solid. 

If  we   make   y  =  t?-c,  y  being  a  new  unknown,  we  have, 
after  the  substitutions,  77?  =  ^  ja^  ^^^s  we  must  integrate  the 

last  equation,  and  then  take  t;  =  ^.    We  shall  examine,  in  the 

first  place,  what  are  the  simplest  values  which  can  be  attributed 
to  y,  and  then  form  a  general  value  which  will  satisfy  at  the  same 
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time  the  differential  equation,  the  condition  relative  to  the 
surface,  and  the  initial  state.  It  is  easily  seen  that  when  these 
three  conditions  are  fulfilled,  the  solution  is  complete,  and  no 
other  can  be  found. 

284.    Let  3r»  ^^  u  being  a  function  of  x,  we  have 

mu  s»  k  -^  • 

First,  we  notice  that  when  the  value  of  t  becomes  infinite,  the 
value  of  V  must  be  nothing  at  all  points,  since  the  body  is  com- 
pletely cooled.  Negative  values  only  can  therefore  be  taken  for 
m.  Now  k  has  a  positive  numerical  value,  hence  we  conclude 
that  the  value  of  u  is  a  circular  function,  which  follows  from  the 
known  nature  of  the  equation 

,  cPu 
mu^k^-^. 

Let  ussAcosnm  +  Bwinx;  we  have  the  condition  m^-^kn*. 
Thus  we  can  express  a  particular  value  of  v  by  the  equation 

«  = (AcosfM?+-Bsin««), 

where  n  is  any  positive  number,  and  A  and  B  are  constants.  We 
may  remark,  first,  that  the  constant  A  ought  to  be  nothing ;  for 
the  value  of  v  which  expresses  the  temperature  at  the  centre, 
when  we  make  x=^0,  cannot  be  infinite;  hence  the  term  Acoanx 
should  be  omitted. 

Further,  the  number  n  cannot  be  taken  arbitrarily.    Li  fact, 

if  in  the  definite  equation  -^  •¥  hv^O  we  substitute  the  value 

of  V,  we  find 

no?  cos  fwp  +  (Aa?  —  1)  sin  naj«  0. 

As  the  equation  ought  to  hold  at  the  surface,  we  shall  suppose 
in  it  0?  s  X  the  radius  of  the  sphere,  which  gives 

nX 


iwoLfiX 


=  1-AX 


Let  X  be  the  number  1  —  AX  and  nX=  c,  we  have =  X. 

'  '  tane 

We  must  therefore  find  an  arc  e,  which  divided  by  its  tangent 
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gives  a  known  quotient  X,   and  afterwards  take  n=^^.     It  is 

evident  that  there  are  an  infinity  of  such  arcs^  which  have  a  given 
ratio  to  their  tangent ;  so  that  the  equation  of  condition 

tannX"" 
has  an  infinite  number  of  real  roots. 

285.    Graphical  constructions  are  very  suitable  for  exhibiting 
the  nature  of  this  equation.    Let  u  =  tan  e  (fig.  12),  be  the  equation. 


to  a  curve,  of  which  the  arc  €  is  the  abscissa,  and  u  the  ordinate  ; 

and  let  w  =  r-  be  the  equation  to  a  straight  line,  whose  co-ordinates 

are  also  denoted  by  €  and  il    If  we  eliminate  u  from  these  two 

equations,  we  have  the  proposed  equation  ~  =  tan  e:     The  un> 

known  €  is  therefore  the  absdssa  of  the  point  of  intersection  of 
the  curve  and  the  straight  line.  This  curved  line  is  composed  of 
an  infinity  of  arcs;  all  the  ordinates  corresponding  to  abscissae 

13       5       7. 

s*^*   Q*""*   2'"'^   2'^'  ^^ 

are  infinite,  and  all  those  which  correspond-  to  the  points  0,  w, 
27r,   Sir,  &c.   are    nothing.      To  trace  the  straight  line   whose 

equation   is  ug=r-  =  ..  _  jy,    we  form    the   square    oim,  and 

measuring  the  quantity  hX  from  q>  to  A,  join  the  point  h  with 
the  origin  0.     The  curve  non  whose  equation  is  w  =  tan  e  has  for 
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tangent  at  the  origin  a  line  which  divides  the  right  angle  into  two 
equal  parts,  since  the  ultimate  ratio  of  the  arc  to  the  tangent  is  1. 
We  conclude  from  this  that  if  X  or  l—hX  is  a  quantity  less  than 
unity,  the  straight  line  mam  passes  from  the  origin  above  the 
curve  noHf  and  there  is  a  point  of  intersection  of  the  straight  line 
with  the  first  branch.  It  is  equally  clear  that  the  same  straight 
line  cuts  all  the  further  branches  nirn,  n27m,  &c.      Hence  the 

equation  7 =s  X  has  an  infinite  number  of  real  roots.     The 

tan€ 

first  is  included  between  0  and  ^,  the  second  between  tt  and 

— ,  the  third  between   27r  and  -5-,  and  so  on.      These  roots 

approach  very  near  to  their  upper  limits  when  they  are  of  a  very 
advanced  order. 

286.  K  we  wish  to  calculate  the  value  of  one  of  the  roots, 
for  example,  of  the  first,  we  may  employ  the  following  rule :  write 

down  the  two  equations  e  =  arc  tan  u  and  u=^  - ,  arc  tan  u  de* 

At 

noting  the  length  of  the  arc  whose  tangent  is  u.  Then  taking 
any  number  for  u,  deduce  from  the  first  equation  the  value  of  e ; 
substitute  this  value  in  the  second  equation,  and  deduce  another 
value  of  u ;  substitute  the  second  value  of  w  in  the  first  equation ; 
thence  we  deduce  a  value  of  6,  which,  by  means  of  the  second 
equation,  gives  a  third  value  of  u.  Substituting  it  in  the  first 
equation  we  have  a  new  value  of  e.  Continue  thus  to  determine 
u  by  the  second  equation,  and  €  by  the  first  The  operation  gives 
values  more  and  more  nearly  approaching  to  the  unknown  €,  as  is 
evident  from  the  following  construction. 

In  fact,  if  the  point  u  correspond  (see  fig.  13)  to  the  arbitrary 
value  which  is  assigned  to  the  ordinate  u ;  and  if  we  substitute 
this  value  in  the  first  equation  €  —  arc  tan  t£,  the  point  e  will 
correspond  to  the  abscissa  which  we  have  calculated  by  means 
of  this  equation.     If  this  abscissa  €  be  substituted  in  the  second 

equation  m  =  -  ,  we  shall  find  an  ordinate  u'  which  corresponds 

A 

to  the  point  u\  Substituting  u  in  the  first  equation,  we  find  an 
abscissa  e  which  corresponds  to  the  point  e' ;  this  abscissa  being 
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then  substituted  in  the  second  equation  gives  rise  to  an  ordinate 
which  when  substituted  in  the  first,  gives  rise  to  a  third 


tt 


abscissa  e\  and  so  on  to  infinity.    That  is  to  say,  in  order  to 
represent  the  continued  alternate  employment  of  the  two  pre-^ 


Fig.  13. 


Fig.  U. 


ceding  equations,  we  must  draw  through  the  point  u  a  horizontal 
line  up  to  the  curve,  and  through  e  the  point  of  intersection  draw 
a  vertical  as  far  as  the  straight  line,  through  the  point  of  inter- 
section u  draw  a  horizontal  up  to  the  curve,  through  the  point  of 
intersection  e  draw  a  vertical  as  far  as  the  straight  line,  and  so  on 
to  infinity,  descending  more  and  more  towards  the  point  sought. 

287.  The  foregoing  figure  (13)  represents  the  case  in  which 
the  ordinate  arbitrarily  chosen  for  u  is  greater  than  that  which 
corresponds  to  the  point  of  intersection.  If,  on  the  other  hand,  we 
chose  for  the  initial  value  of  u  a  smaller  quantity,  and  employed 

in  the  same  manner  the  two  equations  € » arc  tan  u,  u  ==  r- ,  we 

should  again  arrive  at  values  successively  closer  to  the  unknown 
value.  Figure  14  shews  that  in  this  case  we  rise  continually 
towards  the  point  of  intersection  by  passing  through  the  points 
ueiji  e'u"  e",  &c.  which  terminate  the  horizontal  and  vertical  lines. 
Starting  from  a  value  of  u  which  is  too  small,  we  obtain  quantities 
€€  e'e"\  &C.  which  converge  towards  the  unknown  value,  and  are 
smaller  than  it ;  and  starting  from  a  value  of  u  which  is  too  great, 
we  obtain  quantities  which  also  converge  to  the  unknown  value, 
and  each  of  which  is  greater  than  it.     We  therefore  ascertain 


SECT.  I.]  MODE  OF  APPBOXIMATION.  273 

successively  closer  limits  between  the  which  magnitude  sought  is 
always  included.  Either  approximation  is  represented  by  the 
formula 

€  =  ...  arc  tan    -  arc  tan  <-  arc  tan  ( -  arc  tan  r) M  • 

When  several  of  the  operations  indicated  have  been  effected, 
the  successive  results  differ  less  and  less^  and  we  have  arrived  at 
an  approximate  value  of  e, 

288.     We  might  attempt  to  apply  the  two  equations 

6  s  arc  tan  u  and  u  =  r- 

in  a  different  order,  giving  them  the  form  u^stane  and  e^Xu. 
We  should  then  take  an  arbitrary  value  of  e,  and,  substituting  it 
in  the  first  equation,  we  should  find  a  value  of  u,  which  being 
substituted  in  the  second  equation  would  give  a  second  value  of 
e;  this  new  value  of  e  could  then  be  employed  in  the  same 
manner  as  the  first.  But  it  is  easy  to  see,  by  the  constructions 
of  the  figures,  that  in  following  this  course  of  operations  we 
depart  more  and  more  from  the  point  of  intersection  instead  of 
approaching  it,  as  in  the  former  case.  The  successive  values  of  e 
which  we  should  obtain  would  diminish  continually  to  zero,  or 
would  increase  without  limit.  We  should  pass  successively  from 
c"  to  t*",  .from  u"  to  €',  from  €  to  u,  from  i^  to  e,  and  so  on  to 
infinity. 

The  rule  which  we  have  just  explained  being  applicable  to  the 
calculation  of  each  of  the  roots  of  the  equation 


tan  e 

which  moreover  have  given  limits,  we  must  regard  all  these  roots 
as  known  numbers.  Otherwise,  it  was  only  necessary  to  be  as- 
sured that  the  equation  has  an  infinite  number  of  real  roots. 
We  have  explained  this  process  of  approximation  because  it  is 
founded  on  a  remarkable  construction,  which  may  be  usefully 
employed  in  several  cases,  and  which  exhibits  immediately  the 
nature  and  limits  of  the  roots ;  but  the  actual  application  of  the 
process  to  the  equation  in  question  would  be  tedious ;  it  would  be 
easy  to  resort  in  practice  to  some  other  mode  of  approximation. 
F.  H.  18 
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280.  We  now  know  a  particular  form  which  may  be  given  to 
the  function  t;  so  as  to  satisfy  the  two  conditions  of  the  problem. 
This  solution  is  represented  by  the  equation 

Ae'^**  sin  nx  .  ,,  sin  nx 

X  nx 

The  coefficient  a  is  any  number  whatever,  and  the  number  n  is 

nX 

such  that  r ^^1-^hX.     It  follows  from  this  that  if  the 

tan  nJC 

initial  temperatures  of  the  different  layers  were  proportional  to 

SlU  91«27 

the  quotient ,  they  would  all  diminish  together,  retaining 

between  themselves  throughout  the  whole  duration  of  the  cooling 
the  ratios  which  had  been  set  up ;  and  the  temperature  at  each 
point  would  decrease  as  the  ordinate  of  a  logarithmic  curve  whose 
abscissa  would  denote  the  time  passed.  Suppose,  then,  the  arc  e 
being  divided  into  equal  parts  and  taken  as  abscissa^  we  raise  at 
each  point  of  division  an  ordinate  equal  to  the  ratio  of  the  sine  to 
the  arc.  The  system  of  ordinates  will  indicate  the  initial  tem- 
peratures, which  must  be  assigned  to  the  different  layers,  from  the 
centre  to  the  surface,  the  whole  radius  X  being  divided  into  equal 
parts.  The  arc  €  which,  on  this  construction,  represents  the 
radius  X,  cannot  be  taken  arbitrarily;  it  is  necessary  that  the 
arc  and  its  tangent  should  be  in  a  given  ratio.  As  there  are 
an  infinite  number  of  arcs  which  satisfy  this  condition,  we  might 
thus  form  an  infinite  number  of  systems  of  initial  temperatures, 
which  could  exist  of  themselves  in  the  sphere,  without  the  ratios 
of  the  temperatures  changing  during  the  cooling. 

290.  It  remains  only  to  form  any  initial  state  by  means  of 
a  certain  number,  or  of  an  infinite  number  of  partial  states,  each 
of  which  represents  one  of  the  systems  of  temperatures  which  we 
have  recently  considered,  in  which  the  ordinate  varies  with  the 
distance  x,  and  is  proportional  to  the  quotient  of  the  sine  by  the 
arc.  The  general  movement  of  heat  in  the  interior  of  a  sphere 
will  then  be  decomposed  into  so  many  particular  movements,  each 
of  which  is  accomplished  freely,  as  if  it  alone  existed. 

Denoting  by  n^,  n,,  n^,  &c,  the  quantities  which  satisfy  the 

equation y=^  1  —  hX,  and  supposing  them  to  be  arranged  in 
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order,   beginning  with  the   least,   we   form   the   general  equa- 
tion 

vx  =  a^e""  ***!*'  sin  n^x  +  a^e""**^  sin  p^  +  a,e'*^^  sin  w^  +  &c. 

If  ^  be  made  equal  to  0,  we  have  as  the  expression  of  the 
initial  state  of  temperatures 

t?a:  =  a^  sin  Wjic  +  a^,  sin  n,a?  +  a^sin  n^x  •\-  &c. 

The  problem  consists  in  determining  the  coefficients  a^,  a,,  a, 
&c.,  whatever  be  the  initial  state.  Suppose  then  that  we  know 
the  values  of  v  from  a;  =  0  to  a?  =  X,  and  represent  this  system  of 
values  "by  F(a) ;  we  have  •    • 

F{x)  =  -  (ttj sin  njs  +  a^sin  n^x  +  a, sin n^x  +  a^ sin n^x  +  &c.)*..,  (e), 

291.  To  determine  the  coefficient  a^,  multiply  both  members 
of  the  equation  by  a;  sin  nx  dx,  and  integrate  from  ^  =  0  to  a;  =  X 

The  integral  /sin  ma,su.nxdx  taken  between  these  limits  is 

-i 5  (—  m  sin  nX  cos  mX+  n  sin  mXcos  nX). 

If  m  and  n  are  numbers  chosen  from  the  roots  n^,  n^,  n,, 
&c.,  which  satisfy  the  equation  r ^=  1  —  hX,  we  have 

mX  nX 


taumX     tanwX' 
or  m  cos  mXsin  nX—  n  sin  mXcos  nX  =  0. 

We  see  by  this  that  the  whole  value  of  the  integral  is  nothing; 
but  a  single  case  exists  in  which  the  integral  does  not  vanish, 

namely,  when  m=^n.    It  then  becomes  -^ ;  and,  by  application  of 

known  rules,  is  reduced  to 

1  1 

s  X  -  7-  sin  2nX. 

2  4n 

^  Of  thQ  possibility  of  representing  an  arbitrary  function  by  a  series  of  this 
form  a  demonstration  has  been  given  by  Sir  W.  Thomson,  Camib,  Math,  Journal, 
yoL  Di.  pp.  26—27.    [A.  F.] 

18—2 
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It  follows  from  this  that  in  order  to  obtain  the  value  of  the 
coefficient  a^,  in  equation  (e),  we  must  write 

2  jxmi  n^x  F{x)  dx  =  a^  (X  —  ^r-  sin  2n^Xj , 

the  integral  being  taken  from  a?  =  0  to  a?  =  X    Similarly  we  have 

2  jx8mn^F{x)dx^aJX -^  — sin2w,XJ  . 

In  the  same  manner  all  the  following  coefficients  may  be  deter* 
mined.  It  is  easy  to  see  that  the  definite  integral  2  jx  sin  nxF{x)das 

always  has  a  determinate  value,  whatever  the  arbitrary  function 
F  {x)  may  be.  If  the  function  F{x)  be  represented  by  the 
variable  ordinate  of  a  line  traced  in  any  manner,  the  function 
xF{x)%mnx  corresponds  to  the  ordinate  of  a  second  line  which 
can  easily  be  constructed  by  means  of  the  first  The  area  bounded 
by  the  latter  line  between  the  abscissae  a?  =  0  and  a?  =  X  determines 
the  coefficient  a^  %  being  the  index  of  the  order  of  the  root  n. 

The  arbitrary  function  -F(aj)  enters  each  coefficient  under  the 
sign  of  integration,  and  gives  to  the  value  of  v  all  the  generality 
which  the  problem  requires;  thus  we  arrive  at  the  following 
equation 


sm 


in  n^x\x  sin  n^x  F  (x)  dx 


X— s— sin  2n,X 
2nj  * 


Itn^t 


sin  n^  jx  sin  n^  F  (x)  dx 

^        e-^*^  +  &c. 


X— K—  sin  2nX 
2nj  " 

This  is  the  form  which  must  be  given  to  the  general  integral 
of  the  equation 

A;_,/rf^?     2dv\ 
dt"    [cU^'^x'dxJ' 

in  order  that  it  may  represent  the  movement  of  heat  in  a  solid 
sphere.     In  fact,  all  the  conditions  of  the  problem  are  obeyed. 
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1st,  The  partial  differential  equation  is  satisfied;  2nd,  the  quantity 
of  heat  which  escapes  at  the  surface  accords  at  the  same  time  with 
the  mutual  action  of  the  last  layers  and  with  the  action  of  the  air 

on  the  surface;  that  is  to  say,  the  equation  -^  +  Aaj  =  0,  which 

each  part  of  the  value  of  v  satisfies  when  a;  =  X,  holds  also  when 
we  take  for  v  the  sum  of  all  these  parts ;  3rd,  the  given  solution 
agrees  with  the  initial  state  when  we  suppose  the  time  nothing. 

292.    The  roots  p^,  ti,,  w,,  &c.  of  the  equation 

nX 


tannX 


-1-AZ 


are  very  unequal;  whence  we  conclude  that  if  the  value  of  the 
time  is  considerable,  each  term  of  the  value  of  v  is  very  small, 
relatively  to  that  which  precedes  it.  As  the  time  of  cooling 
increases,  the  latter  parts  of  the  value  of  v  cease  to  have  any 
sensible  influence ;  and  those  partial  and  elementary  states,  which 
at  first  compose  the  general  movement,  in  order  that  the  initial 
state  may  be  represented  by  them,  disappear  almost  entirely,  one 
only  excepted.  In  the  ultimate  state  the  temperatures  of  the 
different  layers  decrease  from  the  centre  to  the  surface  in  the 
same  manner  as  in  a  circle  the  ratios  of  the  sine  to  the  arc 
decrease  as  the  arc  increases.  This  law  governs  naturally  the 
distribution  of  heat  in  a  solid  sphere.  When  it  begins  to  exist, 
it  exists  through  the  whple  duration  of  the  cooling.  Whatever 
the  function  F  {x)  may  be  which  represents  the  initial  state,  the 
law  in  question  tends  continually  to  be  established ;  and  when  the 
cooling  has  lasted  some  time,  we  may  without  sensible  error 
suppose  it  to  exist. 

293.  We  shall  apply  the  general  solution  to  the  case  in 
which  the  sphere,  having  been  for  a  long  time  immersed  in  a 
fluid,  has  acquired  at  all  its  points  the  same  temperature.  In 
this  case  the  function  F(x)  is  1,  and  the  determination  of  the 
coefficients  is  reduced  to  integrating  xsinnxda,  from  a;  =  0  to 
x  =  X:  the  integral  is 

sin  nX  —  nX  cos  nX 
n 
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Hence  the  value  of  each  coefficient  is  expressed  thus  : 

__  2  sinnX— nXcosn-X'^ 
""  n  n JT — sin nX  cos  wX' 

the  order  of  the  coefficient  is  determined  by  that  of  the  root  n, 
the  equation  which  gives  the  values  of  n  being 

nX  cos  nX 


sin  nX 


We  therefore  find 


a=  - 


=  1-AX. 


hX 


n  nXcosec  nX  —  cos  nX ' 

It  is  easy  now  to  form  the  general  value  which  is  given  by  the 
equation 

vx   __  e^^^^^sinn^a;  e"**«*^  sinw,aj  » 

fXh  ""  fij  (n^Xcoaecn^X—cosn^X)     n, (n ^Xcosec n^X — cos n^X) 

Denoting  by  c^,  e^,  e,,  &c.  the  roots  of  the  equation 


tane 


=  1-AX, 


and  supposing  them  arranged  in  order  beginning  with  the  least ; 
replacing  n^X,  n^X,  v^X,  &a  by  €j,  e^,  e,,  &c.,  and  writing  instead 

of  k  and  h  their  values  ^^  and  -^ ,  we  have  for  the  expression  of 

the  variations  of  temperature  during  the  cooling  of  a  solid  sphere, 
which  was  once  uniformly  heated,  the  equation 


V 


2h^ 


.     €.0} 


e 


€^x    e^  cosec  e^  —  cos  e^ 
X 


e 


CDX*^ 


e^x    6j  cosec  e,  —  cos  6, 


+  &c. 


X 


N&te.    The  problem  of  the  sphere  has  been  very  completely   discnssed  by 
Biemann,  Partielle  Differentialgleichungen,  %%  61—69.     [A.  F.] 
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SECTION  II. 

Different  remarks  on  this  solution. 

294.  We  will  now  explain  some  of  the  results  which  may  be 
derived  from  the  foregoing  solution.  If  we  suppose  the  coefficient 
A,  which  measures  the  facility  with  which  heat  passes  into  the  air, 
to  have  a  very  small  value,  or  that  the  radius  X  of  the  sphere  is 
very  small,  the  least  value  of  e  becomes  very  small ;  so  that  the 

1      ,  -^      K^ 
*-273' 

or,  omitting  the  higher  powers  of  €,  e*  =  -v?-  •    On  the  other 
hand,  the  quantity  -: cos  e  becomes,  on  the  same  hypothesis, 

.     €X 

—r^ .    And  the  term  — —  is  reduced  to  1.    On  making  these 

«  ■ 

X 

9h    ^ 


equation    t =  1  —  -^  X  is  reduced  to 


substitutions  in  the  general  equation  we  have  v  =  e  ^^^    +  &c. 

We  may  remark  that  the  succeeding  terms  decrease  very  rapidly 

in  comparison  with  the  first,  since  the  second  root  w,  is  very  much 

greater  than  0 ;  so  that  if  either  of  the  quantities  h  or  X  has 

a  small  value,  we  may  take,  as  the  expression  of  the  variations 

m_ 

of  temperature,  the  equation  r  =  €  ^^^ ,  Thus  the  different 
spherical  envelopes  of  which  the  solid  is  composed  retain  a 
common  temperature  during  the  whole  of  the  cooling.  The 
temperature  diminishes  as  the  ordinate  of  a  logarithmic  curve,  the 
time  being  taken  for  abscissa ;    the  initial  temperature  1  is  re- 

duced  after  the  time  t  io  e  P^^.     In   order  that  the  initial 

1 

temperature  may  be  reduced  to  the  fraction  — ,  the  value  of  t 

X 

must  be  kt  CD  log  m.    Thus  in  spheres  of  the  same  material  but 
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of  different  diameters,  the  times  occupied  in  losing  half  or  the 
same  defined  part  of  their  actual  heat,  "when  the  exterior  con- 
ducibility  is  very  small,  are  proportional  to  their  diameters.  The 
same  is  the  case  with  solid  spheres  whose  radius  is  very  small ; 
and  we  should  also  find  the  same  result  on  attributing  to  the 
interior  conducibility  K  a  very  great  value.     The  statement  holds 

generally  when  the  quantity  -j^  is  very  small    We  may  regard 

the  quantity  ^  as  very  small  when  the  body  which  is  being 

cooled  is  formed  of  a  liquid  continually  agitated,  and  enclosed  in 
a  spherical  vessel  of  small  thickness.  The  hypothesis  is  in  some 
measure  the  same  as  that  of  perfect  ctmducibility;  the  tem- 
perature decreases  then  according  to  the  law  expressed  by  the 

equation  v=  a  ^^^\ 

295.  By  the  preceding  remarks  we  see  that  in  a  solid  sphere 
which  has  been  cooling  for  a  long  time,,  the  temperature  de- 
creases from  the  centre  to  the  surface  as  the  quotient  of  the  sine 
by  the  arc  decreases  from  the  origin  where  it  is  1  to  the  end 
of  a  given  arc  €,  the  radius  of  each  layer  being  represented 
by  the  variable  length  of  that  arc.  If  the  sphere  has  a  small 
diameter,  or  if  its  interior  conducibility  is  very  much  greater 
than  the  exterior  conducibility,  the  temperatures  of  the  successive 
layers  differ  very  little  from  each  other,  since  the  whole  arc  e 
which  represents  the  radius  X  of  the  sphere  is  of  small  length. 
The  variation   of  the  temperature  v  common  to  all  its  points 

is  then  given  by  the  equation  v  =  6  ^"'.  Thus,  on  comparing  the 
respective  times  which  two  small  spheres  occupy  in  losing  half 
or  any  aliquot  part  of  their  actual  heat,  we  find  those  times 
to  be  proportional  to  the  diameters. 

296,  The  result  expressed  by  the  equation  t?  =  e  "^'  belongs 
only  to  masses  of  similar  form  and  small  dimension.  It  has  been 
known  for  a  long  time  by  physicists,  and  it  offers  itself  as  it  were 
spontaneously.  In  fact,  if  any  body  is  sufficiently  small  for  the 
temperatures  at  its  different  points  to  be  regarded  as  equal,  it 
is  easy  to  ascertain  the  law  of  cooling.    Let  1  be  the  initial 
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temperature  common  to  all  points ;  it  is  evident  that  the  quantity 
of  heat  which  flows  during  the  instant  dt  into  the  medium 
supposed  to  be  maintained  at  temperature  0  is  hSvdt,  denoting 
by  8  the  external  surface  of  the  body.  On  the  other  hand, 
if  (7  is  the  heat  required  to  raise  unit  of  weight  from  the  tem- 
perature 0  to  the  temperature  1,  we  shall  have  CDV  for  the 
expression  of  the  quantity  of  heat  which  the  volume  V  of  the 
body  whose   density   is  D  would   take  from   temperature  0  to 

temperature  1.     Hence    jrjyrr  '^  *^®  quantity  by  which  the* 

temperature  v  is  diminished  when  the  body  loses  a  quantity  of 
heat  equal  to  hSvdt    We  ought  therefore  to  have  the  equation 

,  hSvdt  ^ 

dv=-  'CDV'  ^^  ^  =  ^      • 

If  the  form  of  the  body  Is  a  sphere  whose  radius  is  X,  we  shall 

have  the  equation  v  =  e^ 


297.  Assuming  that  we  observe  during  the  cooling  of  the 
body  in  question  two  temperatures  v^  and  v,  corresponding  to 
the  times  ^^  and  t^  we  have 

hS  _  log  y,  -  log  tf. 

We  can  then  easily  ascertain  by  experiment  the  exponent  pr^y 

If  the  same  observation  be  made  on  different  bodies,  and  if 
we  know  in  advance  the  ratio  of  their  specific  heats  C  and  C, 
we  can  find  that  of  their  exterior  conducibilities  h  and  K. 
Reciprocally,  if  we  have  reason  to  regard  as  equal  the  values 
h  and  K  of  the  exterior  conducibilities  of  two  different  bodies, 
we  can  ascertain  the  ratio  of  their  specific  heats.  We  see  by 
this  that,  by  observing  the  times  of  cooling  for  different  liquids 
and  other  substances  enclosed  successively  in  the  same  vessel 
whose  thickness  is  small,  we  can  determine  exactly  the  specific 
heats  of  those  substances. 

We  may  further  remark  that  the  coeflScient  £"  which  measures 
the  interior  conducibility  does  not  enter  into  the  equation 
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Thus  the  time  of  cooling  in  bodies  of  small  dimension  does  not 
depend  on  the  interior  conducibility ;  and  the  observation  of  these 
times  can  teach  us  nothing  about  the  latter  property;  but  it 
could  be  determined  by  measuring  the  times  of  cooling  in  vessels 
of  different  thicknesses. 

298.  What  we  have  said  above  on  the  cooling  of  a  sphere 
of  small  dimension,  applies  to  the  movement  of  heat  in  a  thermo- 
meter surrounded  by  air  or  fluid.  We  shall  add  the  following 
remarks  on  the  use  of  these  instruments. 

Suppose  a  mercurial  thermometer  to  be  dipped  into  a  vessel 
filled  with  hot  water,  and  that  the  vessel  is  being  cooled  freely 
in  air  at  constant  temperature.  It  is  required  to  find  the  law 
of  the  successive  falls  of  temperature  of  the  thermometer. 

If  the  temperature  of  the  fluid  were  constant,  and  the  thermo- 
meter dipped  in  it,  its  temperature  would  change,  approaching 
very  quickly  that  of  the  fluid.  Let  v  be  the  variable  temperature 
indicated  by  the  thermometer,  that  is  to  say,  its  elevation  above 
the  temperature  of  the  air ;  let  u  be  the  elevation  of  temperature 
of  the  fluid  above  that  of  the  air,  and  t  the  time  corresponding 
to  these  two  values  v  and  u.  At  the  beginning  of  the  instant 
dt  which  is  about  to  elapse,  the  diflerence  of  the  temperature 
of  the  thermometer  from  that  of  the  fluid  being  v  —  u,  the  variable 
V  tends  to  diminish  and  will  lose  in  the  instant  dt  a  quantity 
proportional  to  v—u;  so  that  we  have  the  equation 

cfv  =  —  A  (t;  —  w)  dt. 

During  the  same  instant  dt  the  variable  u  tends  to  diminish, 

and  it  loses  a  quantity  proportional  to  u,  so  that  we  have  the 

equation 

di^  =  —  Hudt. 

The  coeflScient  H  expresses  the  velocity  of  the  cooling  of  the 
liquid  in  air,  a  quantity  which  may  easily  be  discovered  by  ex- 
periment, and  the  coefficient  h  expresses  the  velocity  with  which 
the  thermometer  cools  in  the  liquid.  The  latter  velocity  is  very 
much  greater  than  H.  Similarly  we  may  from  e;Kperiment 
find  the  coefficient  h  by  making  the  thermometer  cool  in  fluid 
maintained  at  a  constant  temperature.     The  two  equations 

du  ==--  Hudt  and  dv  =  —  A  (v  —  u)  dt, 
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or  tt  =  Ae'^^  and  -t^  =  —hv  +  hAe'^^ 

at 

lead  to  the  equation 

v  —  w  =  J^-w  -f  aHe-^^ 

a  and  b  being  arbitrary  constanta  Suppose  now  the  initial  value 
of  v  —  M  to  be  A,  that  is,  that  the  height  of  the  thermometer 
exceeds  by  A  the  true  temperature  of  the  fluid  at  the  beginning 
of  the  immersion;  and  that  the  initial  value  of  u  is  E.  We  can 
determine  a  and  hy  and  we  shall  have 

t;-w  =  Ae-*'+^^^(e-^«-6-*0. 

The  quantity  v  — i^  is  the  error  of  the  thermometer,  that  is 
to  say,  the  difference  which  is  found  between  the  temperature 
indicated  by  the  thermometer  and  the  real  temperature  of  the 
fluid  at  the  same  instant  This  difference  is  variable,  and  the 
preceding  equation  informs  us  according  to  what  law  it  tends 
to  decrease.  We  see  by  the  expression  for  the  difference  t?  —  u 
that  two  of  its  terms  containing  e-**  diminish  very  rapidly,  with 
the  velocity  which  would  be  observed  in  the  thermometer  if  it 
were  dipped  into  fluid  at  constant  temperature.  With  respect 
to  the  term  which  contains  6"-^^  its  decrease  is  much  slower, 
and  is  effected  with  the  velocity  of  cooling  of  the  vessel  in  air. 
It  follows  from  this,  that  after  a  time  of  no  great  length  the 
error  of  the  thermometer  is  represented  by  the  single  term 

HE       „.  H 


^-m      Qp     ^^ y^^ 


h-H  ^    h-H 

299.  Consider  now  what  experiment  teaches  as  to  the  values 
of  H  and  h.  Into  water  at  SS**  (octogesimal  scale)  we  dipped 
a  thermometer  which  had  first  been  heated,  and  it  descended 
in  the  water  from  40  to  20  degrees  in  six  seconds.  This  ex- 
periment was  repeated  carefully  several  times.  From  this  we 
find  that  the  value  of  e"*  is  0000042* ;  if  the  time  is  reckoned 
in  minutes,  that  is  to  say,  if  the  height  of  the  thermometer  be 
E  at  the  beginning  of  a  minute,  it  will  be  -B  (0*000042)  at  the 
end  of  the  minute.    Thus  we  find 

A  log,,  6  =  4-3761271. 

1  0-00004206,  Btriotly.     [A.  F.] 
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At  the  same  time  a  vessel  of  porcelain  filled  with  water  heated 
to  60*  was  allowed  to  cool  in  air  at  12*.  The  value  of  c"^  in 
this  case  was  found  to  be  0'98514,  hence  that  of  H  log^^  e  is 
0006500.  We  see  by  this  how  small  the  value  of  the  fraction 
e"^  is,  and  that  after  a  single  minute  each  term  multiplied  by 
6"**  is  not  half  the  ten-thousandth  part  of  what  it  was  at  the 
beginning  of  the  minute.  We  need  not  therefore  take  account 
of  those  terms  in  the  value  oi  v-^u.    The  equation  becomes 

Hu  Hu        H      Hu 

From  the  values  found  for  H  and  A,  we  see  that  the  latter 
quantity  h  is  more  than  673  times  greater  than  H,  that  is  to 
say,  the  thermometer  cools  in  air  more   than  600  times  faster 

than  the  vessel  cools  in  air.    Thus  the  term  -^  is  certainly  less 

than  the  600th  part  of  the  elevation  of  temperature  of  the  water 

above  that  of  the  air,  and  as  the  term  f — ^f  -r-  '^  ^^s  than 

n^  11     h, 

the  600th  part  of  the  preceding  term,  which  is  already  very  small, 

it  follows  that  the  equation  which  we  may  employ  to  represent 

very  exactly  the  error  of  the  thermometer  is 

Hu 

In  general  if  JT  is  a  quantity  very  great  relatively  to  h,  we 
have  always  the  equation 

Hu 

300.  The  investigation  which  we  have  just  made  furnishes 
very  useful  results  for  the  comparison  of  thermometers. 

The  temperature  marked  by  a  thermometer  dipped  into  a 
fluid  which  is  cooling  is  always  a  little  greater  than  that  of  the 
fluid.  This  excess  or  error  of  the  thermometer  differs  with  the 
height  of  the  thermometer.  The  amount  of  the  correction  will 
be  found  by  multiplying  u  the  actual  height  of  the  thermometer 
by  the  ratio  of  JET,  the  velocity  of  cooling  of  the  vessel  in  air, 
to  h  the  velocity  of  cooling  of  the  thermometer  in  the  fluid.  We 
might  suppose  that  the  thermometer,  when  it  was  dipped  into 
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the  fluid,  marked  a  lower  temperature.  This  is  what  almost 
always  happens,  but  this  state  cannot  last,  the  thermometer 
begins  to  approach  to  the  temperature  of  the  fluid ;  at  the  same 
time  the  fluid  cools,  so  that  the  thermometer  passes  first  to  the 
same  temperature  as  the  fluid,  and  it  then  indicates  a  tempera* 
ture  very  slightly  different  but  always  higher, 

300*.  We  see  by  these  results  that  if  we  dip  difierent  thermo- 
meters into  the  same  vessel  filled  with  fluid  which  is  cooling 
slowly,  they  must  all  indicate  very  nearly  the  same  temperature 
at  the  same  instant.  Calling  A,  K,  K\  the  velocities  of  cooling 
of  the  thermometers  in  the  fluid,  we  shall  have 

Eu     Hu     Hu 


K 


J*  y 


as .  their  respective  errors.  If  two  thermometers  are  equally 
sensitive,  that  is  to  say  if  the  quantities  h.  and  K  are  the  same, 
their  temperatures  will  difler  equally  from  those  of  the  fluid. 
The  values  of  the  coefficients  A,  A',  A"  are  very  great,  so  that  the 
errors  of  the  thermometers  are  extremely  small  and  often  in* 
appreciable  quantities.  We  conclude  from  this  that  if  a  thermo- 
meter is  constructed  with  care  and  can  be  regarded  as  exact,  it 
will  be  easy  to  construct  several  other  thermometers  of  equal 
exactnesa  It  will  be  sufficient  to  place  all  the  thermometers 
which  we  wish  to  graduate  in  a  vessel  filled  with  a  fluid  which 
cools  slowly,  and  to  place  in  it  at  the  same  time  the  thermometer 
which  ought  to  serve  as  a  model ;  we  shall  only  have  to  observe 
all  from  degree  to  degree,  or  at  greater  intervals,  and  we  must 
mark  the  points  where  the  mercury  is  found  at  the  same  time 
in  the  different  thermometers.  These  points  will  be  at  the 
divisions  required.  We  have  applied  this  process  to  the  con- 
struction of  the  thermometers  employed  in  our  experiments, 
so  that  these  instruments  coincide  always  in  similar  circum- 
stances. 

This  comparison  of  thermometers  during  the  time  of  cooling 
not  only  establishes  a  perfect  coincidence  among  them,  and  renders 
them  all  similar  to  a  single  model ;  but  from  it  we  derive  also  the 
means  of  exactly  dividing  the  tube  of  the  principal  thermometer, 
by  which  all  the  others  ought  to  be  regulated.     In  this  way  we 
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satisfy  the  fundamental  condition  of  the  instrument,  \vhich  is,  that 
any  two  intervals  on  the  scale  which  include  the  same  number  of 
degrees  should  contain  the  same  quantity  of  mercury.  For  the 
rest  we  omit  here  several  details  which  do  not  directly  belong  to 
the  object  of  our  work. 

301.  We  have  determined  in  the  preceding  articles  the  tem- 
perature V  received  after  the  lapse  of  a  time  ^  by  an  interior 
spherical  layer  at  a  distance  x  from  the  centre.  It  is  required 
now  to  calculate  the  value  of  the  mean  temperature  of  the  sphere, 
or  that  which  the  solid  would  have  if  the  whole  quantity  of  heat 
which  it  contains  were  equally  distributed  throughout  the  whole 

47ra?* 
mass.    The  volume  of  ^  sphere  whose  radius  is  x  being  —  — , 

the  quantity  of  heat  contained  in   a  spherical  envelope  whose 

temperature  is  v,  and  radius  x,  will  be  v^(~~o-)*    Hence  the 

mean  temperature  is 


3 

or 


jp  ja^vdx, 


the  integral  being  taken  from  a?  =  0  to  a?  =  X.     Substitute  for  v 
its-  value 

—  6"**^^  sin  n.x  +  -*  6"*^*'  sin  n^x  +  -^  e*"***'*  sin  njv  -f  etc. 
X  ^        X  *        X  ^ 

and  we  shall  have  the  equation 


3    r  a   ,         3    r     sin  w-X— w,Xco8  7?,X     .   ,. 


+  a. «mn,Z-n,Zcosn,Z^.^,,  ^ ^^  ^ 


We  found  formerly  (Art.  293) 


2  sin  rtiX  —  n^X  cos  n^X 
«i= J " 

*    2w,X  —  ^  sin  2w,X 
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We  have,  therefore,  if  we  denote  the  mean  temperature  by  z, 

g     _  (sin  6,  -  e,  008  6,)'   -  (^i;z«  .  (sm  e,  -  6^  cos  e,)     -  ^2^1^ 
3.4      e,''  "(2€,  -  sin  2e  j"  "*"  e/  (26,  -  sin  2e^  "*"  '^^•' 

an  equation  in  which  the  coefficients  of  the  exponentials  are  all 
positive. 

302.  Let  us  consider  the  case  in  which,  all  other  conditions 
remaining  the  same,  the  value  X  of  the  radius  of  the  sphere 
becomes  infinitely  great  \     Taking  up  the  construction  described 

in  Art.  285,  we  see  that  since  the  quantity  -^  becomes  infinite, 

the  straight  line  drawn  through  the  origin  cutting  the  different 
branches  of  the  curve  coincides  with  the  axis  of  x.  We  find  theA 
for  the  different  values  of  e  the  quantities  tt,  27r,  37r,  etc. 

Since  the  term  in  the  value   of  z  which   contains  e  ^^-^* 
becomes,   as  the  time  increases,   very  much   greater  than   the 
following  terms,  the  value  of  z  after  a  certain  time  is  expressed 

without  sensible  error  by  the  first  term  only.     The  index  -^-^ 

being  equal  to  ^^^y, ,  we  see  that  the  final  cooling  is  very  slow 

in  spheres  of  great  diameter,  and  that  the  index  of  e  which 
measures  the  velocity  of  cooling  is  inversely  as  the  square  of  the 
diameter. 

303.  From  the  foregoing  remarks  we  can  form  an  exact  idea 
of  the  variations  to  which  the  temperatures  are  subject  during  the 
cooling  of  a  solid  sphere.  The  initial  values  of  the  temperatures 
change  successively  as  the  heat  is  dissipated  through  the  surface. 
If  the  temperatures  of  the  different  layers  are  at"  first  equal,  or 
if  they  diminish  from  the  surface  to  the  centre,  they  do  not 
maintain  their  first  ratios,  and  in  all  cases  the  system  tends  more 
and  more  towards  a  lasting  state,  which  after  no  long  delay  is 
sensibly  attained.     In  this  final  state  the  temperatures  decrease 

1  Riemann  has  shewn,  VarU  Diff.  gleich.  §  69,  that  in  the  case  of  a  very  large 
sphere,  uniformly  heated  initially,  the  surface  temperature  varies  ultimately  as  the 
sqnare  root  of  the  time  inversely.    [A.  F.] 
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from  the  centre  to  the  surface.    If  we  represent  the  whole  radius 

of  the  sphere  by  a  certain  arc  e  less  than  a  quarter  of  the 

circumference,  and,  after  dividing  this  arc  into  equal  parts,  take 

for  each  point  the  quotient  of  the  sine  by  the  arc,  thia  system  of 

ratios  will  represent  that  which  is  of  itself  set  up  among  the 

temperatures  of  layers  of  equal  thickness.     From  the  time  when 

these  ultimate  ratios  occur  they  continue  to  exist  throughout  the 

whole  of  the  cooling.    Each  of  the  temperatures  then  diminishes 

as  the  ordinate  of  a  logarithmic  curve,  the  time  being  taken  for 

abscissa.    We  can  ascertain  that  this  law  is  established  by  ob* 

serving  several  successive  values  z^  z\  z'\  s!'\  etc.,  which  denote 

the  mean  temperature  for  the  times  f,  ^+^,  ^  +  26,  <  +  3B,  eta; 

the  series  of  these  values  converges  always  towards  a  geometrical 

z      z       z" 
progression,  and  when  the  successive  quotients  -, ,  —  i   -77> ,  etc. 

z     z      z 

no  longer  change,  we  conclude  that  the  relations  in  question  are 

established  between  the  temperatures.    When  the  diameter  of  the 

sphere  is  small,  these  quotients  become  sensibly  equal  as  soon  as 

the  body  begins  to  cool.    The  duration  of  the  cooling  for  a  ^ven 

interval,  that  is  to  say  the  time  required  for  the  mean  tem- 

perature  d  to  be  reduced  to  a  definite  part  of  itself  —  ,  increases 
as  the  diameter  of  the  sphere  is  enlarged. 

304.  If  two  spheres  of  the  same  material  and  different 
dimensions  have  arrived  at  the  final  state  in  which  whilst  the 
temperatures  are  lowered  their  ratios  are  preserved,  and  if  we 
wish  to  compare  the  durations  of  the  same  degree  of  cooling  in 
both,  that  is  to  say,  the  time  0  which  the  mean  temperature 

mm 

of  the  first  occupies  in  being  reduced  to  — ,  and  the  time  ©  in 

mm 

which  the  temperature  z   of  the  second  becomes  — ,  we  must 

m 

consider  three  different  cases.     If  the  diameter  of  each  sphere  is 

small,  the   durations  6  and  0'  are  in  the   same  ratio  as  the 

diameters.     If  the  diameter  of  each   sphere   is  very  great,   the 

durations  6   and   0'   are   in   the  ratio   of  the   squares  of  the 

diameters;    and   if  the  diameters  of  the   spheres   are  included 

between  these  two  limits,  the  ratios  of  the  times  will  be  greater 

than  that  of  the  diameters,  and  less  than  that  of  their  squares. 
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The  exact  value  of  the  ratio  has  been  already  determined^ 
The  problem  of  the  movement  of  heat  in  a  sphere  includes  that 
of  the  terrestrial  temperatures.  In  order  to  treat  of  this  problem 
at  greater  length,  we  have  made  it  the  object  of  a  separate 
chapter'. 

305.    The  use  which  has  been  made  above  of  the  equation 
=  X  is  founded  on  a  geometrical  construction  which  is  very 


tan  6 

well  adapted  to  explain  the  nature  of  these  equations.  The  con- 
struction indeed  shows  clearly  that  all  the  roots  are  real ;  at  the 
same  time  it  ascertains  their  limits,  and  indicates  methods  for 
determiuing  the  numerical  value  of  each  root  The  analytical 
investigation  of  equations  of  this  kind  would  give  the  same  results. 
First,  we  might  ascertain  that  the  equation  e  —  X  tan  e  =  0,  in 
which  X  is  a  known  number  less  than  unity,  has  no  imaginary 

root  of  the  form  m  +  nJ—1.  It  is  suflBcient  to  substitute  this 
quantity  for  6 ;  and  we  see  after  the  transformations  that  the  first 
member  cannot  vanish  when  we  give  to  m  and  n  real  values, 
unless  n  is  nothing.  II  may  be  proved  moreover  that  there  can 
be  no  imaginary  root  of  any  form  whatever  in  the  equation 

^        €  cos  €  —  X  sin  €     ^ 

6  —  X  tan  €  =s  0,  or  =  0. 

cose 

In  fact,  1st,  the  imaginary  roots  of  the  factor  =  0  do  not 

belong  to  the  equation  e  —  X  tan  e  »  0,  since  these  roots  are  sdl  of 

the  form  m  +  nj—  1 ;   2nd,  the  equation  sine  — -cose  =  0  has 

necessarily  all  its  roots  real  when  X  is  less  than  unity.  To  prove 
this  proposition  we  must  consider  sine  as  the  product  of  the 
infinite  number  of  factors 

*  It  is  e  :  G'=€i''Jl*  :  ei'Z",  as  may  be  inferred  from  the  exponent  of  the  first 
term  in  the  expression  for  z.  Art.  SOI.    [A.  F.] 

*  The  chapter  referred  to  is  not  in  this  work.  It  forms  part  of  the  Suite  du 
nUmorie  suir  la  thiorie  du  mouvement  de  la  chaleur  dans  les  corps  solides.  See  note, 
page  10. 

The  first  memoir,  entitled  Thiorie  du  mouvement  de  la  chaleur  dans  Us  corps 
solides,  is  that  which  formed  the  basis  of  the  Thiorie  analytique  du  mouvement  de 
la  chaleur  published  in  1822,  but  was  considerably  altered  and  enlarged  in  that 
work  now  translated.    [A.  F.] 

F.  H.  19 


290  THBOBT  OF  HEAT.  [CHAP.  V, 

and  consider  cos  e  as  derived  from  sin  e  by  differentiation. 

Suppose  that  instead  of  forming  sin  €  from  the  product  of  an 
infinite  number  of  factors,  we  employ  only  the  m  first,  and  denote 
the  product  by  ^^  (e).  To  find  the  corresponding  value  of  cos  €, 
we  take 

^  *•  (0  or  4>J  (€). 
This  done,  we  have  the  equation 

*.(«)-«*-(«)=o. 

Now,  giving  to  the  number  m  its  successive  values  1,  2,  3,  4,  &a 
from  1  to  infinity,  we  ascertain  by  the  ordinary  principles  of 
Algebra,  the  nature  of  the  functions  of  e  which  correspond  to 
these  different  values  of  m.  We  see  that,  whatever  m  the  number 
of  factors  may  be,  the  equations  in  e  which  proceed  from  them 
have  the  distinctive  character  of  equations  all  of  whose  roots 
are  real.    Hence  we  conclude  rigorously  that  the  equation 

tan  € 

in  which  X  is  less  than  unity,  cannot  have  an  imaginary  root\ 
The  same  proposition  could  also  be  deduced  by  a  different  analysis 
which  we  shall  employ  in  one  of  the  following  chapters. 

Moreover  the  solution  we  have  given  is  not  founded  on  the 
property  which  the  equation  possesses  of  having  all  its  roots 
real.  It  would  not  therefore  have  been  necessary  to  prove 
this  proposition  by  the  principles  of  algebraical  analysis.  It 
is  sufficient  for  the  accuracy  of  the  solution  that  the  integral 
can  be  made  to  coincide  with  any  initial  state  whatever;  for 
it  follows  rigorously  that  it  must  then  also  represent  all  the 
subsequent  states. 

^  The  proof  given  by  Biemann,  Part,  Biff,  OUich,  §  67,  is  more  simple.  The 
method  of  proof  is  in  part  claimed  by  Poisson,  Bulletin  de  la  SoeUtS  PhiUmatiquet 
PariA,  1826,  p.  U7.    [A.  F.]. 


CHAPTER  VI. 

OF  THE  MOVEMENT  OF  HEAT  IN  A  SOLID  CYLINDER. 

306.    The  movement  of  heat  in  a  solid  cylinder  of  infinite 
lengthy  is  represented  by  the  equations 

dv      K  fd^v  .  IM         .   h  ^r  .  dV 


dt     CD\i 

which  we  have  stated  in  Articles  118,  119,  and  120.  To  inte- 
grate these  equations  we  give  to  v  the  simple  particular  value 
expressed  by  the  equation  v  =  ue'^ ;  m  being  any  number,  and 

u  a  function  of  x.    We  denote  by  h  the  coefficient  t^^  which 

enters  the  first  equation,  and  by  h  the  coefficient  js-  which  enters 

the  second  equation.  Substituting  the  value  assigned  to  v,  we 
find  the  following  condition 

m        d^u     1  du  ^  ^ 
k        da?     xdx"^ 

Next  we  choose  for  u  a  function  of  x  which  satisfies  this 
differential  equation.  It  is  easy  to  see  that  the  function  may 
be  expressed  by  the  following  series 

_i       9^       ^^^  ^^  A, 

g  denoting  the  constant  -j-  •    We  shall  examine  more  particularly 

in   the  sequel  the  differential  equation  from  which  this  series 

19—2 
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is  derived;  here  we  consider  the  function  u  to  he  known,  and 
we  have  ue"^  as  the  particular  value  of  v. 

The  state  of  the  convex  surface  of  the  cylinder  is  subject 
to  a  condition  expressed  by  the  definite  equation 

which  must  be  satisfied  when  the  radius  x  has  its  total  value  X; 
whence  we  obtain  the  definite  equation 


'^(^-^?  +  ^'-24r6-'+*^-) 


thus  the  number  g  which  enters  into  the  particular  value  ug'^ 
is  not  arbitrary.  The  number  must  necessarily  satisfy  the 
preceding  equation,  which  contains  g  and  X 

We  shall  prove  that  this  equation  in  ^  in  which  h  and  X 
are  given  quantities  has  an  infinite  number  of  roots,  and  that 
all  these  roots  are  real.  It  follows  that  we  can  give  to  the 
variable  v  an  infinity  of  particular  values  of  the  form  w"^**, 
which  differ  only  by  the  exponent  g.  We  can  then  compose 
a  more  general  value,  by  adding  all  these  particular  values 
multiplied  by  arbitrary  coefficients.  This  integral  which  serves 
to  resolve  the  proposed  equation  in  all  its  extent  is  given  by 
the  following  equation 

9iy  9%>  9i»  ^'  ci^i^ote  all  the  values  of  ^  which  satisfy  the  definite 
equation ;  m^,  m,,  Wg,  &c.  denote  the  values  of  u  which  correspond 
to  these  different  roots;  a^,  a,,  a,,  &c.  are  arbitrary  coeffi- 
cients which  can  only  be  determined  by  the  initial  state  of  the 
solid. 

307.  We  must  now  examine  the  nature  of  the  definite 
equation  which  gives  the  values  of  g,  .and  prove  that  all  the  roots 
of  this  equation  are  real,  an  investigation  which  requires  attentive 
examination. 
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In  the  series 

^2"  ^2«.4*      2*.4\6*^       ' 
which  expresses  the  value  which  u  receives  when  x^^X,  we  shall 

replace  ^5-  by  the  quantity  0,  and  denoting  this  function  of  0 

by  f(fi)  or  y,  we  have 

the  definite  equation  becomes 

0^  ff  0* 

/'(^  denoting  the  function  -^-^  . 

Each  value  of  0  furnishes  a  value  for  g,  by  means  of  the 
equation 

and  we  thus  obtain  the  quantities  g^,  g^,  g^,  &c.  which  enter  in 
infinite  number  into  the  solution  required. 

The  problem  is  then  to  prove  that  the  equation 

2  ^  VW 

must  have  all  its  roots  real.  We  shall  prove  in  fact  that  the 
equation  f{0)  =  0  has  all  its  roots  real,  that  the  same  is  the 
case  consequently  with  the  equation  f\0)  =0,  and  that  it  follows 
that  the  equation 

fie) 

has  also  all  its  roots  real,  A  representing  the  known  number 

_hX 
2   • 
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308.    The  equation 
on  being  differentiated  twice,  gives  the  following  relation 

We  write,  as  follows,  this  equation  and  all  tliose  which  may 
be  derived  fix>in  it  by  differentiation, 

&c.,. 


and  in  general 


^^ + 1» + a;  ^^+1 + "  ^^+.  -  "• 

Now  if  we  write  in  the  following  order  the  algebraic  equation 
jr= 0,  and  all  those  which  may  be  derived  from  it  by  differentiation, 

and  if  we  suppose  that  every  real  root  of  any  one  of  these  equa- 
tions on  being  substituted  in  that  which  precedes  and  in  that  which 
follows  it  gives  two  results  of  opposite  sign ;  it  is  certain  that  the 
proposed  equation  ^  =  0  has  all  its  roots  real,  and  that  conse- 
quently the  same  is  the  case  in  all  the  subordinate  equations 

dX     ^    d^X     r,    d^X     ^    . 

These  propositions  are  founded  on  the  theory  of  algebraic  equa- 
tions, and  have  been  proved  long  since.  It  is  sufficient  to  prove 
that  the  equations 

fulfil  the  preceding  condition.  Now  this  follows  from  the  general 
equation 
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for  if  we  give  to  d  a  positive  value  which  makes  the  fluxion  ,^^ 

vanish,  the  other  two  terms  ;i^and  -^^^  receive  values  of  opposite 

sign.  With  respect  to  the  negative  values  of  6  it  is'evident,  from 
the  nature  of  the  function /(d),  that  no  negative  value  substituted 
for  0  can  reduce  to  nothing,  either  that  function,  or  any  of  the 
others  which  are  derived  from  it  by  differentiation:  for  the  sub- 
stitution of  any  negative  quantity  gives  the  same  sign  to  all  the 
terms.  Hence  we  are  assured  that  the  equation  y  »  0  has  all  its 
roots  real  and  positive. 

309.  It  follows  from  this  that  the  equation  /'(^  =  0  or  y'  =  0 
also  has  all  its  roots  real ;  which  is  a  known  consequence  from  the 
principles  of  algebra.     Let  us  examine  now  what  are  the  sue- 

cessive  values  which  the  term  6^-^hl  or  6^  receives  when  we  rive 

to  0  values  which  continually  increase  from  d  =  Otod»ao.    Ifa 

value  of  0  makes  i/  nothing,  the  quantity  0  ^  becomes  nothing 

also  ;  it  becomes  infinite  when  0  makes  y  nothing.  Kow  it 
follows  from  the  theory  of  equations  that  in  the  case  in  question, 
every  root  of  y  =  0  lies  between  two  consecutive  roots  of  y  =  0, 
and  reciprocally.  Hence  denoting  by  0^  and  0^  two  consecu- 
tive roots  of  the  equation  y' »  0,  and  by  0^  that  root  of  the 
equation  y  =  0  which  lies  between  0^  and-^d,,  every  value  of  0  in- 
cluded between  0^  and  0^  gives  to  y  a  sign  different  from  that 
which  the  function  y  would  receive  if  0  had  a  value  included  be- 

tween  0^ and  0^   Thus  the  quantity  d  —  is  nothing  when  0=0^;  it 

is  infinite  when  0  =  0^,  and  nothing  when  0  =  0^,  The  quantity  0  ^ 

must  therefore  necessarily  take  all  possible  values,  from  0  to  in- 
finity, in  the  interval  from  £1  to  d,,  and  must  also  take  all  possible 
values  of  the  opposite  sign,  from  infinity  to  zero,  in  the  interval 

from  0^  to  d,.     Hence  the  equation  A^0--  necessarily  has  one 
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real  root  between  6^  and  6^  and  since  the  equation  y'  =  0  has  all  its 
roots  real  in  infinite  number,  it  follows  that  the  equation  A=^0  — 

y 

has  the  same  property.    In  this  manner  we  have  achieved  the 
proof  that  the  definite  equation 

hX     '¥"'    2\^'^'^2\4!',6'''^'^' 
in  which  the  unknown  is  g,  has  all  its  roots  real  and  positive.    We 
proceed  to  continue  the  investigation  of  the  function  u  and  pf  the 
differential  equation  which  it  satisfies. 


310.  From  the  equation  y  +  j^  +  ^  jJi  =  0,  we  derive  the  general 

equation -1^+  (*+ 1)  ^^  +  ^^gr^=0,  and  if  we  suppose  ^  =  0  we 
Jiave  the  equation 


which  serves  to  determine  the  coefficients  of  the  different  terms  of 
the  development  of  the  function/ (^),  since  these  coefficients  depend 
on  the  values  which  the  differential  coefficients  receive  when  the 
variable  in  them  is  made  to  vanish.  Supposing  the  first  term  to 
be  known  and  to  be  equal  to  1,  we  have  the  series 

y«=A     c^  +  2»""2".3«"*"2'.3».4»"®^' 
If  now  in  the  equation  proposed 

rf^     1^  —  0 
^     da?     xdx~ 

we  make  5^  si  =  ^>  and  seek  for  the  new  equation  in  u  and  d,  re- 
garding u  as  a  fimction  of  6^  we  find 

du  .  /iCptt     ^ 
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Whence  we  conclude 

or  „.i_^  +  ______  +  &c. 

It  is  easy  to  express  the  sum  of  this  series.  To  obtain  the 
result^  develope  as  follows  the  function  cos  (a  sin  x)  in  cosines  of 
multiple  arcs.     We  have  by  known  transformations 

2cos(asinaj)  =  e*"*        e  ^  +e   *  e^ 

ff 

and  denoting  ^  "^  by  w, 


l"*  !!*■        AAl'l 


2  COS  (a  sin  a;)  =e  *  6    *  +  e    '  c  '  . 

Developing  the  second  member  according  to  powers  of  a>,  we 
find  the  term  which  does  not  contain  o>  in  the  development  of 
2  cos  (a  sin  x)  to  be 

^  (^  "■  2^"*"  2VPr2».4V  6*"*"*^7 ' 

The  coefficients  of  co^,  «>^  a>^  &c.  are  nothing,  the  same  is  the  case 
with  the  coefficients  of  the  terms  which  contain  ©"*,  o"^,  o)"*,  &c. : 
the  coefficient  of  d^  is  the  same  as  that  of  a>';  the  coefficient  of  fxf  is 

""^2.4.6.8     2«.4.6.8.10^      7' 

the  coefficient  of  ta^  is  the  same  as  that  of  a>\  It  is  easy  to  express 
the  law  according  to  which  the  coefficients  succeed ;  but  without 
stating  it,  let  us  write  2  cos  2aj  instead  of  (w"  +  a>~'),  or  2  cos  4a?  in- 
stead of  (o)^  +  mT*)^  and  so  on :  hence  the  quantity  2  cos  (a  sin  oi)  is 
easily  developed  in  a  series  of  the  form 

u4  +  £cos2a?+  C7cos4a?  +  2)cos6aj  +  &c., 
and  the  first  coefficient  A  is  equal  to 

^(^"2*'*"2Vi?"2-.4».6«"*"*^7' 
if  we  now  compare  the  general  equation  which  we  gave  formedy 

2  TT  0(a?)  =  5  \^{x)dx  +  cos  x  l(f>{ai)  cos xdx  +  &c. 
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vith  the  equation 

2  cos  (a  sin  oj)  =  -4  +  B  cos  2^  +  Ccos  4a?  +  &c., 

we  shall  find  the  values  of  the  coefficients  A,  B^  0  expressed  by 
definite  integrals.  It  is  sufficient  here  to  find  that  of  the  first 
coefficient  A.    We  have  then 

o  -4  =  -  jcos  (a sin  x)  dx, 

the  integral  should  be  taken   from  x=^0  to  w  =  ir.    Hence  the 

a*         a*  a* 

value  of  the  series  1  —  55  +  55 — 7-,  —  oT-ri — ^  +  &c.  is  that  of  the 

definite  integrao  dx  cos  (a  sin  x).    We  should  find  in  the  same 

manner  by  comparison  of  two  equations  the  values  of  the  successive 
coefficients  B,  G,  &c.;  we  have  indicated  these  results  because  they 
are  useful  in  other  researches  which  depend  on  the  same  theory. 
It  follows  from  this  that  the  particular  value  of  u  which  satisfies 
the  equation 

^  cPu     Idu     ^ .    1  f      ,     /-  .     V  , 

the  integral  being  taken  from  r  =  0  to  r  =s  ^.    Denoting  by  q  this 

fdx 
value  of  u,  and  making  u  =  qS,  we  find  S^a  +  bj — 5 ,  and  we  have 

as  the  complete  integral  of  the  equation  gu  +  ^-jk  +  ~  Ji = 0, 

M  =  I  a  +  6  I  — 7"7  2  p    l^^s  (x^sin  r)  dr. 

"-  ^]  jcos  (a? i^^r sin r)rfrf  -''' 

a  and  b  are  arbitrary  constants.  If  we  suppose  6  ==  0,  we  have, 
as  formerly, 

'u  =  I  cos  (x  Jg  sin  r)  dr. 

With  respect  to  this  expression  we  add  the  following  remarks. 

311.    The  equation 

If*  ff       0^  6* 
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verifies  itself.     We  have  in  fact 

f      //I  •      \j        fj   ft      ^sin"tt  .  ^sin^tt     ^'•sin^tt  .  „    \ 
jcos(0Bmu)du^jdui^l E~"^""> p~^^y' 

and  integrating  from  w  =  0  to  «  =  tt,  denoting  by  S^  8^  8^^  &c. 
the  definite  integrals 

jsia^udu,  Uin*  udu,  Ism^udu,  &c,, 

we  have 

r  d*         0^         0^ 

/cos  {0 sin  tt)  rfw  =  TT  —  J2  5,  +  |7  5^  —  T^  S,+  &c., 

it  remains  to  determine  8^  8^,  8^,  &c.    The  term  sin*tt,  w  being 
an  even  number,  may  be  developed  thus 

sin"  w=  -4,  +  B^  cos  2u  +  C^  cos  4^  +  &c. 

Multiplying  by  du  and  integtating  between  the  limits  u  =  0  and 

u  =  TT,  we  have  simply  /  sin*  udu^  A^ir,  the  other  terms  vanish. 

From  the  known  formula  for  the  development  of  the  integral 
powers  of  sines,  we  have 

Substituting  these  values  of  8^^  8^,  8^  &c.,  we  find 

-Jcos(gsmu)rfu=l-^,  +  y-ji-y^,  g,  +  &c> 

We  can  make  this  result  more  general  by  taking,  instead  of 
cos  (t  sin  u),  any  function  whatever  ^  of  ^  sin  u. 

Suppose  then  that  we    have  a  function  ^(z)  which  may  be 
developed  thus 

0(;s)  =  <^  +  «f  +  |f'+|f"  +  &c.; 
we  shall  have 

0  {t  sin  w)  =  ^  +  ^0'  sin  w  +  To  0"  sin*  w  +  -j^  0'"  sin'  u  +  &c. 

andi|da<^(e8int«)  =  ^  +  <i8,f +  ^/8',f>p/8;f''  +  &c....(^^^ 
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Now,  it  is  easy  to  see  that  the  values  of  5^  /S,,  /ffj,  &c.  are 
nothing.  With  respect  to  S,,  S^,  S^  &c.  their  values  are  the 
quantities  which  we  previously  denoted  by  A^  A^  -4,,  &c.  For 
this  reason,  substituting  these  values  in  the  equation  {e)  we  have 
generally,  whatever  the  function  ^  may  be, 

in  the  case  in  question,  the  function  ^  (2;)  represents  cos  z,  and  we 
have  0  =  1,^"  =  —  1,  ^*^  =  1,  0**  =  —  1,  and  so  on. 

312.  To  ascertain  completely  the  nature  of  the  function /(d), 
and  of  the  equation  which  gives  the  values  of  g,  it  would  be 
necessary  to  consider  the  form  of  the  line  whose  equation  is 

which  forms  with  the  axis  of  abscissae  areas  alternately  positive 
and  negative  which  cancel  each  other;  the  preceding  remarks, also, 
on  the  expression  of  the  values  of  series  by  means  of  definite 
integrals,  might  be  made  more  general.  When  a  function  of  the 
variable  x  is  developed  according  to  powers  of  a:,  it  is  easy  to 
deduce  the  function  which  would  represent  the  same  series,  if  the 
powera  X,  aj*,  a?',  &c.  were  replaced  by  cos  x,  cos  2a;,  cos  3a;,  &c.  By 
making,  use  of  this  reduction  and  of  the  process  employed  in  the 
second  paragraph  of  Article  235,  we  obtain  the  definite  integrals 
which  are  equivalent  to  given  series ;  but  we  could  not  enter  upon 
this  investigation,  without  departing  too  far  from  our  main  object. 

It  is  sufficient  to  have  indicated  the  methods  which  have 
enabled  us  to  express  the  values  of  series  by  definite  integrals. 

We  will  add  only  the  development  of  the  quantity  (^  jjA  in  a 
continued  fraction. 

313.  The  andetermined  y  ovf(0)  satisfies  the  equation 
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whence  we  derive,  denoting  the  functions 

dO'  dd"  de^l^ 

by  y,  y",  y'".  &c, 

-y=y  +  %"   o'^'=y^    =^> 

if 

whence  we  conclude 

y^-1  ^  _!.  J-       g 
y     1-2-3-4-6- &c.' 

Tlius  the  value  of  the  function  —  v7/,x-  which  enters  into  the 

definite    equation,    when    expressed    as    an    infinite    continued 
fraction,  is 

±_  ±_^  ±_    0        0 
1-2-3-4-  6-&C.' 

314.  We  shall  now  state  the  results  at  which  we  have  up  to 
this  point  arrived. 

If  the  variable  radius  of  the  cylindrical  layer  be  denoted  by  x, 
and  the  temperature  of  the  layer  by  v,  a  function  of  x  and  the 
time  t ;  the  required  function  v  must  satisfy  the  partial  differential 
equation 

for  V  we  may  assume  the  following  value 

tt  is  a  function  of  x^  which  satisfies  the  equation 

m        dfu  ,  1  ^  _  /^ 
k         da?     xdx 
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If  we  make  ^  =  -t-  ^'  ^^^  consider  tt  as  a  function  of  x^  we  have 


The  following  value 


—  1  /l_L^  ^         _t-  ^  ft. 

satisfies  the  equation  in  u  and  d.    We  therefore  assume  the  value 
of  u  in  terms  of  a;  to  be 

the  sum  of  this  series  is 


-  I  cos  \x kI -r- sin r\  dr\ 


the  integral  being  taken  from  r  =  0  to  r^ir.  This  value  of  t?  in 
terms  of  x  and  m  satisfies  the  differential  equation^  and  retains  a 

finite  value  when  x  is  nothing.    Further,  the  equation  ^^  +  ;^  —  0 

must  be  satisfied  when  x^X  the  radius  of  the  cylinder.  This 
condition  would  not  hold  if  we  assigned  to  the  quantity  m  any 
value  whatever ;  we  must  necessarily  have  the  equation 

hX    _^  J_  J__J_        g 
2  ^1-2-3-4-5- &c.' 

in  which  6  denotes  -j-  -^ . 

This  definite  equation,  which  is  equivalent  to  the  following, 

^(l-^  +  2»-2r3«  +  *«-j  =  ^- 2^+ 2r3» -**'•• 

gives  to  5  an  infinity  of  real  values  denoted  by  O^y  0^  0^  &c. ;  the 
corresponding  values  of  m  are 

^0,     2^     ^k0,     .    . 


thus  a  particular  value  of  v  is  expressed  by 

I  cos  f 2 -y  J0^  sin  q\  dq. 
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We  can  write,  instead  of  0^  one  of  the  roots  5^,  Q^,  6^  &c.,  and 
compose  by  means  of  them  a  more  general  valae  expressed  by 
the  equation 

irv^a^e'  ^   |cos(2-^>/tfjSingj<ij 
-ha^e"  ^*  Icos  f  2 -^v^, sin  J jc?j 

\a^e    23  lcos(2  •yVtf.sinjJ  c^  +  &c. 

^if  (^^  (i^  &c.  are  arbitrary  coefficients:  the  variable  j  dis- 
appears {^r  the  integrations,  which  should  be  taken  from  q^O 
to  g=3W. 

315.  To  prove  that  this  value  of  v  satisfies  all  the  conditions 
of  the  problem  and  contains  the  general  solution,  it  remains  only 
to  determine  the  coefficients  a^,  a^,  a,,  &c.  from  the  initial  state. 
Take  the  equation 

in  which  u^,  u,,  u^,  &c.  are  the  different  values  assumed  by  the 
function  u,  or 

when,  instead  of  -j-y  the  values  g^,  g^  g^,  &c.  are  successively  sub- 
stituted.   Making  in  it  t »  0,  we  have  the  equation 

V  =»  a{ii^  +  a,t*,  +  ajtt,  +  &c., 

in  which  F  is  a  given  function  of  x.    Let  ^  (x)  be  this  function; 

if  we  represent  the  function  u^  whose  index  is  i  by  '^  (^  V^<)>  ^^ 
have 

0  (a?)  =  a;^  {x  Jg^  +  a,^  (s^Jg^  +  cb^f  {^Jg^  +  &c- 

To  determine  the  first  coefficient,  multiply  each  member  of 
the  equation  by  a^  dx,  a^  being  a  function  of  x,  and  integrate  from 
a;  s=  0  to  a?  =  X  We  then  determine  the  function  <r^ ,  so  that  after 
the  integrations  the  second  member  may  reduce  to  the  first  term 
only,  and  the  coefficient  a^  may  be  found,  all  the  other  integrals 
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having  nul  values.  Similarly  to  determine  the  second  coefficient 
a^  we  multiply  both  terms  of  the  equation 

^  {x)  =  ajii^  +  a^M,  +  a,«,  +  &C. 

by  another  factor  <r,  dx,  and  integrate  from  a?  ==  0  to  a:  =  X.  The 
factor  (7,  must  be  such  that  all  the  integrals  of  the  second  member 
vanish,  except  one,  namely  that  which  is  affected  by  the  coefficient 
a,.  In  general,  we  employ  a  series  of  functions  of  x  denoted  by 
o-j,  o",,  cTj,  &c.  which  coiTespond  to  the  functions  u^^u^  w,,  &c. ; 
each  of  the  factors  o*  has  the  property  of  making  all  the  terms 
which  contain  definite  integrals  disappear  in  integration  except 
one ;  in  this  manner  we  obtain  the  value  of  each  of  the  coefficients 
ttj,  a,,  a,,  &a  We  must  now  examine  what  functions  enjoy  the 
property  in  question. 

316.  Each  of  the  terms  of  the  second  member  of  the  equation 
is  a  definite  integral  of  the  form  a\audx\  u  being  a  function  of  x 
which  satisfies  the  equation 

k        da?     xdx"    ' 

we  have  therefore  alavdx^  —  a—  |(-  -r-+o"^r- )• 

J  mj\xax       dx  J 

Developing,  by  the  method  of  integration  by  parts,  the  terms 


dx  and 


rd?^' 

we  have  (-  -j-dx  =  C+u |wJ(-) 

Jxdx  X     J      \xj 

J  [  d^u  J        T\     du  da-      C  dfa  , 

and  K^;;;.^  ^  ~-^+ X'^""^;7""*"  l**;7~  ^' 

J    Cvtzr  (jLso  CvX     j    CUV 

The  integrals  must  be  taken  between  the  limits  a;  =  0  and 
oj  =  X,  by  this  condition  we  determine  the  quantities  which  enter 
into  the  development,  and  are  not  under  the  integral  signs.  To  in- 
dicate that  we  suppose  a?  =  0  in  any  expression  in  a?,  we  shall  affect 
that  expression  with  the  suffix  a ;  and  we  shall  give  it  the  suffix 
a>  to  indicate  the  value  which  the  function  of  x  takes,  when  we 
give  to  the  variable  x  its  last  value  X 
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Supposiog  «  =  0  in  the  two  preceding  equations  we  have 

thus  we  determine  the  constants  *C  and  D,  Making  then  a;  =  X  in 
the  same  equations,  and  supposing  the  integral  to  be  taken  from 
aj= 0  to  a?  =  X,  we  have 

J        f   (Pu  J       (du  da\       fdu  da\        f  d*a-  , 

and      j-^dx  =  [^-^.-u^l-(^<r-u^)^+ju^dx, 

thus  we  obtain  the  equation 

m  f     J        [(   <P<r  \xj)  J       fdu  da       a\ 

(du  da       a\ 


(: 


jix  ax       xJa 


cPa     ^W 
317.    If  the  quantity  -^  —     )  ■  which  multiplies  u  under  the 

sign  of  integration  in  the  second  member  were  equal  to  the  pro- 
duct of  o*  by  a  constant  coefficient,  the  terms 


/f£" 


d 


© 


;|-  and  /< 


dx[  and  \audx 


dx       j 
would  be  collected  into  one,  and  we  should  obtain  for  the  required 

integral  \audx  a  value  which  would  contain  only  determined  quan- 
tities, with  no  sign  of  integration.  It  remains  only  to  equate  that 
value  to  zero. 

Suppose  then  the  factor  a  to  satisfy  the  differential  equation  of 

n       JPa     ^(ij 
the  second  orderT<r+-i-5  —    j     =  0  in  the  same  manner  as  the 

k       dor       ax 

function  u  satisfies  the  equation 

m     .  (Pm     Idu     ^ 

F.  H.  20 
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m  and  n  being  constant  coefficients,  we  have 

n  —  mf     J        /du  da-  ,     &\       fdu  da       a\ 

—J — |amte=  I  J- <r  — tt  J- +W-)  —  (3- <r  — w^- +tt- J  . 
k     J  \cuB  ax       xj^     \ax  dx       xj^ 

Between  u  and  cr  a  very  simple  relation  exists,  which  is  dis- 

covered  when  in  the  equation  -<r  +  ^-^  — — p— =  0  we  suppose 
o*  a  ^ ;  as  the  result  of  this  substitution  we  have  the  equation 

-    +  — +  i  — =  0 
k        da?     X  dx       ' 

which  shews  that  the  function  s  depends  on  the  function  u  given 
by  the  equation 

!?    -I-  ^^  a.  "'^  ^^  —  ft 
k        do?     xdx" 

To  find  a  it  is  sufficient  to  change  m  into  n  in  the  value  of  u ; 
the  value  of  v,  has  been  denoted  by  -^  {^hj  r )  >  *^**  <^f  ^  ^^ 

therefore  be  xr^  \^\l  tt  J  • 

We  have  then 

du  da  ^     a 

-J-  a-'U^-  ^u- 
dx  dx        X 

-t(«\/f)t(Vl)+^(Vl)^(*\/l)' 

the  two  last  terms  destroy  each  other,  it  follows  that  on  making 
x^O^  which  corresponds  to  the  suffix  a,  the  second  member 
vanishes  completely.  We  conclude  from  this  the  following  equa- 
tion 


-^\/i"*'(-fVl)*('Vl) V). 
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It  is  easy  to  see  that  the  second  member  of  this  equation  is 
always  nothing  when  the  quantities  m  and  n  are  selected  from 
those  which  we  formerly  denoted  by  m^,  m^,  m^,  &c. 

We  have  in  fact 


hX 


comparing  the  values  of  hX  we  see  that  the  second  member  of  the 
equation  (/)  vanishes. 

It  follows  from  this  that  after  we  have  multiplied  by  adx  the 
two  terms  of  the  equation 

and  integrated  each  side  from  a?  =  0  to  a?  =  X,  in  order  that  each  of 
the  terms  of  the  second  member  may  vanish,  it  suffices  to  take 


for  a  the  quantity  xu  or  ar^  f^V  T")  • 

We  must  except  only  the  case  in  which  n  =  fn,  when  the  value 
of  j<rudx  derived  from  the  equation  (/)  is  reduced  to  the  form  ^, 
and  is  determined  by  known  rules. 

318.    If  a/^  =  ^  and  \/ j  =  ^>  we  have 

If  the  numerator  and  denominator  of  the  second  member  are 
separately  differentiated  with  respect  to  p,  the  fetctor  becomes,  on 
making  fi=^v,  • 

/iZ  V^  -  Zf^^  -  fJLX'^|n|t" 

We  have  on  the  other  hand  the  equation 


20—2 
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and  also  Aa?  -^  +  /lut^'  =  0, 

or,  fc^  +  /i^'  =  0; 


hence  we  have 


{f*'-^)f+M^r=o, 


we  can  therefore  eliminate  the  quantities  y^'  and  -^'^  from  the 
integral  which  is  required  to  be  evaluated,  and  we  shall  find  as  the 
value  of  the  integral  sought 

putting  for  /i  its  value,  and  denoting  by  U^  the  value  which  the 

function  u  or  '^(^V  tt)  takes  when  we  suppose  x  =  X.    The 

index  {  denotes  the  order  of  the  root  m  of  the  definite  equa- 
tion which  gives  an  infinity  of  values  of  nk    If  we  substitute 

1W,  or  —yT  in     o     (1 H 1 ,  we  have 


i^'^  h  Q]  • 


319.  It  follows  from  the  foregoing  analysis  that  we  have  the 
two  equations 

j'xu^u,  tte  =  0  and  /  V«&  =  {l  +  Qj^J}  ^ . 

the  first  holds  whenever  the  number  i  and  J  are  different,  and  the 
second  when  these  numbers  are  equal. 

Taking  then  the  equation  ^  (a?)  =OjWj  +  a,w,  +  ajt*,  +  &c.,  in 
which  the  coefficients  a^,  a,,  a^  &c.  are  to  be  determined,  we  shall 
find  the  coefficient  denoted  by  a,  by  multiplying  the  two  members 
of  the  equation  by  xufixy  and  integrating  from  a?=0  to  £b  =  X; 
the  second  member  is  reduced  by  this  integration  to  one  term 
only,  and  we  have  the  equation 

2  ^x^  {x)  u4x  =  a,  X'U;  |l  +  (^)]  . 
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which  gives  the  value  of  a^  The  coefficients  a^,  a^  a^.^.a^,  being 
thus  determined,  the  condition  relative  to  the  initial  state  expressed 
by  the  equation  <f>  (x)  =  a^u^  +  ajii^  +  ajii^  +  &c.,  is  fulfilled. 

We  can  now  give  the  complete  solution  of  the  proposed  problem; 
it  is  expressed  by  the  following  equation : 

^      /  x^{x)ujlx        ^^0      I  x(l>{x)ujix        _?w^ 

<i^  WW) 

The  function  of  x  denoted  by  u  in  the  preceding  equation  is 
expressed  by 

i  /cos  f  Y^^^sin  qj  dq; 

all  the  integrals  with  respect  to  x  must  be  taken  from  d?  =  Oto 
x^Xy  and  to  find  the  function  u  we  must  integrate  from  j^  =  0  to 
q^ir;  4>  {x)  is  the  initial  value  of  the  temperature,  taken  in  the 
interior  of  the  cylinder  at  a  distance  x  from  the  axis,  which 
function  is  arbitrary,  and  0^,  0^  0^  &c.  are  the  real  and  positive 
roots  of  the  equation 

kX^    0    J_  J_^  _0_       0 
2      1-2-3-4-  5-&C.* 

320.  If  we  suppose  the  cylinder  to  have  been  immersed  for 
an  infinite  time  in  a  liquid  maintained  at  a  constant  temperature, 
the  whole  mass  becomes  equally  heated,  and  the  function  ^  (x) 
which  represents  the  initial  state  is  represented  by  unity.  After 
this  substitution,  the  general  equation  represents  exactly  the 
gradual  progress  of  the  cooling. 

If  t  the  time  elapsed  is  infinite,  the  second  member  contains 
only  one  term,  namely,  that  which  involves  the  least  of  all  the 
Toota  0^,  0^,  0^  &c.;  for  this  reason,  supposing  the  roots  to  be 
arranged  according  to  their  magnitude,  and  0  to  be  the  least,  the 
final  state  of  the  solid  is  expressed  by  the  equation 


U*{ 


^  ■•■  2*^.  ) 
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From  the  general  solution  we  might  deduce  consequences 
similar  to  those  offered  by  the  movement  of  heat  in  a  spherical 
mass.  We  notice  first  that  there  are  an  infinite  number  of 
particular  states,  in  each  of  which  the  ratios  established  between 
the  initial  temperatures  are  preserved  up  to  the  end  of  the  cooling. 
When  the  initial  state  does  not  coincide  with  one  of  these  simple 
states,  it  is  always  composed  of  several  of  them,  and  the  ratios  of 
the  temperatures  change  continually,  according  as  the  time  increases. 
In  general  the  solid  arrives  very  soon  at  the  state  in  which  the 
temperatures  of  the  different  layers  decrease  continually  preserving 
the  same  ratios.    When  the  radius  X  is  very  smalP,  we  find  that 

the  temperatures  decrease  in  proportion  to  the  fraction  e'cux. 

If  on  the  contrary  the  radius  X  is  very  large",  the  exponent  of 
e  in  the  term  which  represents  the  final  system  of  temperatures 
contains  the  square  of  the  whole  radius.  We  see  by  this  what 
influence  the  dimension  of  the  solid  has  upon  the  final  velocity  of 
cooling.  If  the  temperature*  of  the  cylinder  whose  radius  is  X, 
passes  from  the  value  A  to  the  lesser  value  JB,  in  the  time  T,  the 
temperature  of  a  second  cylinder  of  radius  equal  to  X'  will  pass 
from  ^  to  £  in  a  different  time  T'.  If  the  two  sides  are  thin,  the 
ratio  of  the  times  T  and  T'  will  be  that  of  the  diameters.  If,  on 
the  contrary,  the  diameters. of  the  cylinders  are  very  great,  the 
ratio  of  the  times  T  and  T  will  be  that  of  the  squares  of  the 
diameters. 

hx 

^  When  X  is  very  small,  ^= -n-  >  ^ni  the  eqtiation  in  Art.  814.    Henoe 


e   ^^      becomes   e    ^  . 
In  the  text,  h  is  the  surface  condnoibility. 

*  When  X  is  very  large,  a  ralne  of  $  nearly  equal  to  one  of  the  roots  of  the 

B      B      B    0 
quadratic  equation  1  =  —  —  —  -  will  make  the  continued  fraction  in  Art.  814 

assume  its  proper  magnitude.    Hence  ^s  1*446  nearly,  and 

e  ^      becomes   e     ^*  . 
The  least  root  of  /(^=0  is  1-4467,  neglecting  terms  after  &*. 

'  The  temperature  intended  is  the  mean  temperature,  which  is  equal  to 

—^  J  vd(Tx),    or  -^  Jvxdx.        [A.  F.] 


CHAPTEE  VIL 

PROPAGATION  OF  HEAT  IN  A  BECTANQULAR  PRISM. 

321.    The  equation  ^  +  ^  +  3ii  =  0,  which  we  have  stated 

in  Chapter  IL,  Section  lY.,  Article  125,  expresses  the  uniform  move- 
ment of  heat  in  the  interior  of  a  prism  of  infinite  length,  sub- 
mitted at  one  end  to  a  constant  temperature,  its  initial  tempera- 
tures being  supposed  nuL  To  integrate  this  equation  we  shall, 
in  the  first  place,  investigate  a  particular  value  of  v,  remarking 
that  this  function  i;  must  remain  the  same,  when  y  changes  sign 
or  when  z  changes  sign ;  and  that  its  value  must  become  infinitely 
small,  when  the  distance  x  is  infinitely  great.  From  this  it  is 
easy  to  see  that  we  can  select  as  a  particular  value  of  v  the 
function  a6~^  cos  ny  cos  j}^;;  and  making  the  substitution  we  find 
in'  —  n"  —  p'  =  0.  Substituting  for  n  and  p  any  quantities  what- 
ever, we  have  m  =  Jr^  +p\    The  value  of  v  must  also  satisfy  the 

h  /7ii 

definite  equation  t;  ^  + ;/" = 0,  when  y  =  i  or  —  Z,  and  the  equation 

T  t;  +  -r- = 0  when  ^  =  Z  or  —  Z  (Chapter  IT.,  Section  IV.,  Article  126). 
K  we  give  to  v  the  foregoing  value,  we  have 

—  wsinny +  TCOSfiy  =  0  and  — psinp^  +  rCosp^saO, 

or  T^P^  *^"^  P^'    T  ~  **^  ^^  ^^* 

We  see  by  this  that  if  we  find  an  arc  e,  such  that  6  tan  e  is  equal 

to  the  whole  known  quantity  v  h  we  can  take  for  n  or  p  the  quan- 


312  THEORY  OF  HEAT.  [CHAP.  VH. 

tity  y.  Now^  It  is  easy  to  see  that  there  are  an  infinite  number 
of  arcs  which,  multiplied  respectively  by  their  tangents,  give  the 
same  definite  product  -r^,  whence  it  follows  that  we  can  find 
for  n  or  jp  an  infinite  number  of  different  values. 

322.  If  we  denote  by  6^,  e^,  e,,  &c.  the  infinite  number  of 
arcs  which  satisfy  the  definite  equation  e  tan  ^  =  -r  >  ^^  ^^^^  ^^® 

for  n  any  one  of  these  arcs  divided  by  I  The  same  would  be  the 
case  with  the  quantity^;  we  must  then  take  m'  =  n"  +  p\  If  we 
gave  to  n  and  p  other  values,  we  could  satisfy  the  differential 
equation,  but  not  the  condition  relative  to  the  surface.  We  can 
then  find  in  this  manner  an  infinite  number  of  particular  values 
of  V,  and  as  the  sum  of  any  collection  of  these  values  still  satisfies 
the  equation,  we  can  form  a  more  general  value  of  v. 

Take  successively  for  n  and  p  all  the  possible  values,  namely, 

€         €        € 

T,  -f>  ■/,  &c.  Denoting  by  o^,  a^,  a,,  &a,  \y  6,,  6,,  &c.,  con- 
stant coefficients,  the  value  of  v  may  be  expressed  by  the  following 
equation : 

+  [ajR'*  '^^ +"»*  cos  n^  +  a,e"* ^»«* "*"*■"  cos  n^  +  &c.)  i,  cos  n/r 
+  (a^e-* ^*»*+«»*  cos  nj/  +  a^-« ^*«*+*^  cos  nj/  +  &c.)  6,  cos  nji 

+  &C. 

323.  If  we  now  suppose  the  distance  x  nothing,  every  point  of 
the  section  A  must  preserve  a  constant  temperature.  It  is  there- 
fore necessary  that,  on  making  a;  =  0,  the  value  of  v  should  be 
always  the  same,  whatever  value  we  may  give  to  y  or  to  « ;  pro- 
vided these  values  are  included  between  0  and  I.  Now,  on  making 
a:  =  0,  we  find 

V  =  (aj  cos  njf  +  a,  cos  njf  +  a,  cos  njy  +  &a) 
X  (Jj  cos  n^z  +  J,  cos  nj/  +  J,  cos  n^  +  &c.). 
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Denoting  by  1  the  constant  temperature  of  the  end  A,  assume 
the  two  equations 

1  =  Oj  cos  n^  +  a,  cos  n^  +  a,  cos  n^  +  &c , 
1  =  ftj  cos  nj/  +  Jj,  cos  nj/  +  6,  cos  nj/  +  &a 

It  is  sufficient  then  to  determine  the  coefficients  a^,  a,,  a,,  &c., 
whose  number  is  infinite,  so  that  the  second  member  of  the  equa- 
tion may  be  always  equal  to  unity.  This  problem  has  already 
been  solved  in  the  case  where  the  numbers  w^,  n,,  n,,  &c.  form  the 
series  pf  odd  numbers  (Chap.  III.,  Sec.  IL,  Art.  177).  Here 
^if  ^t>  ^8>  ^«  ^^  incommensurable  quantities  given  by  an  equsr 
tion  of  infinitely  high  degree. 

324.    Writing  down  the  equation 

1  =  ttj  cos  n^y  +  a,  cos  nj/  +  a,  cos  n^  +  &c., 

multiply  the  two  members  of  the  equation  by  cos  n^y  dy,  and  take 
the  integral  from  y  =  0  to  y  =  Z.  We  thus  determine  the  first 
coefficient  a^.  The  remaining  coefficients  may  be  determined  in  a 
similar  manner. 

In  general,  if  we  multiply  the  two  members  of  the  equation  by 
cos  vy,  and  integrate  it,  we  have  corresponding  to  a  single  term 
of  the  second   member,   represented   by  acosny,   the  integral 

ajcoBny  cos  vydy  or  sal  cos  (n  —  v)ydy  +-5a /cos(n  +  i/)ye?y, 

or,  2>  I sin  (n  —  i')  y  + sin  (n  +  v)y\ . 

and  making  y  =  2, 

a  f  (n  4  v)  sin  (n  ~  y)  Z  +  (n  -  y)  sin  (n  +  y)  f) 

Now,  every  value  of  n  satisfies  the  equation  ntannZ  =  -7;  the 
same  is  the  case  with  y,  we  have  therefore 

n  tan  vl=^v  tan  vl ; 
or  n  sin  rd  cos  vl  —  v  sin  vl  cos  nl  =  0. 
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Thus  the  foregoing  integral,  which  reduces  to 

-5 i  (n  sin  nl  cos  vl—v  cos  nl  sin  vl). 

is  nothing,  except  only  in  the  case  where  n  =  i/.    Taking  then  the 

integral 

a  f sin  (n  —  y)  Z     sin  (n  +  v)  I) 
21     n-j/      ■*■      n  +  i/     ^j  ' 

we  see  that  if  we  have  n  =  i/,  it  is  equal  to  the  quantity 

1    /,     sin  2nt\ 

It  follows  from  this  that  if  in  the  equation 

1  =  a^  cos  nj/  +  ttj  cos  njf  +  a,  cos  n^  +  &c. 

we  wish  to  determine  the  coefficient  of  a  term  of  the  second 
member  denoted  by  a  cos  ny,  we  must  multiply  the  two  members 
by  cosnydy,  and  integrate  from  y  =  0  to  y  =  L  We  have  the 
resulting  equation 

f «  ,       1    /,     sin  2nl\      1   .      J 

I   coswydj^  =  2aU+— 2^j  =  -smn«, 

whence  we  deduce  x-^ .    ^  ,  **  i  ^«    ^^  *^^s  manner  the  coeffi* 

cients  a^,  a,,  a,,  &c.  may  be  determined;  the  same  is  the  case 
with  6p  6,,  6g,  &a,  which  are  respectively  the  same  as  the  former 
coefficients. 

825.    It  is  easy  now  to  form  the  general  value  of  v.     1st,  it 
satisfies  the  equation  3;?+ 3-1  +  3-8  =  0>  2nd,  it  satisfies  the  two 

dv  cuo 

conditions  k-^-  +  At;  =  0,  and  i-r-  +  Av  =  0;  3rd,  it  gives  a  constant 

value  to  V  when  we  make  a?  =  0,  whatever  else  the  values  of  y  and 
z  may  be,  included  between  0  and  l\  hence  it  is  the  complete 
solution  of  the  proposed  problem. 

We  have  thus  arrived  at  the  equation 

1  _  sin  nj,  cos  n^y     sin  nj,  cos  njy     sin  nj,  cos  njf      « 
5  ~  2n^  +  sin  2,nJ,     2nJ+  sin  2/1,^^     2nJ  +  sin  2/13?  *' 
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or  denoting  by  e^,  €,,  €3,  &c.  the  arcs  n^l,  nj,,  nj,^  &c. 

Bin  Cj  cos  -y^       sin  €,  COS  -¥■       8111  ^8  ^^8    I 

.4      26j  +  sm  ej        2€,  +  sin  e,        2€,  +  sin  e,  * 

an  equation  which  holds  for  all  values  of  y  included  between 
0  and  I,  and  consequently  for  all  those  which  are  included  between 
0  and  —  Z,  when  a;  =  0. 

Substituting  the  known  values  of  a^,  ft^,  a,,  J,,  a^y  A3,  &c.  in 
the  general  value  of  v,  we  have  the  following  equation^  which 
contains  the  solution  of  the  proposed  problem, 

^    ^  sin  n  J  cos  n^z    /sinnjcosn^y  ^.^./-.—j     ^^  \ 
4.4     2nJ-{-Bm2nJ   \2njl  +  sm2nJ  J 


Hm  n  J  cos  njs 
2nJ+  sin  27i, 


z_    /  sin  n,Z  cos  n^yy;;;^^  \ 

.Z   V2V  +  8in2n,Z^  ^  *''•>/ 


I  sin  V  cos  n,^    /  sin  n,Z  cos  n,.y  ^..y;;;;^  ^  ^  \ 
2n3i  +  sin  2  njl   \2nJ  +  sin  2WjZ  7 

+  &C (E). 

The   quantities  denoted  by  n^,   n,,   n^,  &c.  are   infinite   in 
number^  and  respectively  equal  to  the  quantities  4,    4^     •    &c.; 

the  arcs^  6^  63,  63,  &c.,  are  the  roots  of  the  definite  equation 

U 
€  tan  €  =  -J-, 
k 

326.    The  solution  expressed  by  the  foregoing  equation  E  is 
the  only  solution  which  belongs  to  the  problem ;  it  represents  the 

general  integral  of  the  equation  -j-i  +  -j-.  +  ^  *  =  0,  in  which  the 

arbitrary  functions  have  been  determined  from  the  given  condi- 
tions. It  is  easy  to  see  that  there  can  be  no  different  solution. 
In  fact,  let  us  denote  by  -^(a?,  y,  z)  the  value  of  t;  derived  from  the 
equation  {E),  it  is  evident  that  if  we  gave  to  the  solid  initial  tem- 
peratures expressed  by  -^(a?,  y,  z\  no  change  could  happen  in  the 
system  of  temperatures,  provided  that  the  section  at  the  origin 
were  retained  at  the  constant  temperature  1 :   for  the  equation 

-j-^ 4- -T^  +  - ^  =  0  being  satisfied,  the  instantaneous  variation  of 
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the  temperature  is  necessarily  nothing.  The  same  would  not  be 
the  case,  if  after  having  given  to  each  point  within  the  solid  whose 
co-ordinates  are  x,  y,  z  the  initial  temperature  '>fr(x,  y,  z),  we  gave 
to  all  points  of  the  section  at  the  origin  the  temperature  0.  We 
see  clearly,  and  without  calculation,  that  in  the  latter  case  the 
state  of  the  solid  would  change  continually,  and  that  the  original 
heat  which  it  contains  would  be  dissipated  little  by  little  into  the 
air,  and  into  the  cold  mass  which  maintains  the  end  at  the  tem- 
perature 0.  This  result  depends  on  the  form  of  the  function 
'^(x,  y,  z)y  which  becomes  nothing  when  x  has  an  infinite  value  as 
the  problem  supposes. 

A  similar  effect  would  exist  if  the  initial  temperatures  instead 
of  being  +  -^  {x,  y,  z)  were  —  -^(a?,  y,  z)  at  all  the  internal  points 
of  the  prism ;  provided  the  section  at  the  origin  be  maintained 
always  at  the  temperature  0.  In  each  case,  the  initial  tempera* 
tures  would  continually  approach  the  constant  temperature  of  the 
medium,  which  is  0 ;  and  the  final  temperatures  would  all  be  nul. 

327.  These  preliminaries  arranged,  consider  the  movement  of 
heat  in  two  prisms  exactly  equal  to  that  which  was  the  subject  of 
the  problem.  For  the  first  solid  suppose  the  initial  temperatures 
to  be  +  '^{xy  y,  z)^  and  that  the  section  at  origin  A  is  maintained 
at  the  fixed  temperature  1.  For  the  second  solid  suppose  the 
initial  temperatures  to  be  —  -^(o?,  y,  «),  and  that  at  the  origin  A 
all  points  of  the  section  are  maintained  at  the  temperature  0.  It 
is  evident  that  in  the  first  prism  the  system  of  temperatures  can- 
not change,  and  that  in  the  second  this  system  varies  continually 
up  to  that  at  which  all  the  temperatures  become  nul. 

If  now  we  make  the  two  different  states  coincide  in  the  same 
solid,  the  movement  of  heat  is  effected  freely,  as  if  each  system 
alone  existed.  In  the  initial  state  formed  of  the  two  united 
systems,  each  point  of  the  solid  has  zero  temperature,  except  the 
points  of  the  section  -4,  in  accordance  with  the  hypothesis.  Now 
the  temperatures  of  the  second  system  change  more  and  more, 
and  vanish  entirely,  whilst  those  of  the  first  remain  unchanged. 
Hence  after  an  infinite  time,  the  permanent  system  of  tempera- 
tures becomes  that  represented  by  equation  E,  or  v^-^ix,  y,  z). 
It  must  be  remarked  that  this  result  depends  on  the  condition 
relative  to  the  initial  state;  it  occurs  whenever  the  initial  heat 
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contained  in  the  prism  is  so  distributed,  that  it  would  vanish 
entirely,  if  the  end  A  were  maintained  at  the  temperature  0. 

328.    We  may  add  several  remarks  to  the  preceding  solution. 
1st,  it  is  easy  to  see  the  nature  of  the  equation  €  tan  ^  ==  -r-  >  ^^ 

need  only  suppose  (see  fig.  16)  that  we  have  constructed  the  curve 
U'=  €  tan  €,  the  arc  e  being  taken  for  abscissa,  and  u  for  ordinate. 
The  curve  consists  of  asymptotic  branches. 

Kg.  16. 


The  abscissas  which  correspond  to  the  asjonptotes  are  ^tt, 

O  K  IT 

^TT,  ^w,  ^TT,  &c, ;  those  which  correspond  to  points  of  intersec- 
tion are  tt,  2'n;  Sir,  &c.  K  now  we  raise  at  the  origin  an  ordinate 
equal  to  the  known  quantity  -j- ,  and  through  its  extremity  draw 

a  parallel  to  the  axis  of  abscissse;  the  points  of  intersection  will 

M 
give  the  roots  of  the  proposed  equation  €  tan  €  =  ^ .  The  con- 
struction indicates  the  limits  between  which  each  root  lies.  We 
shall  not  stop  to  indicate  the  process  of  calculation  which  must  be 
employed  to  determine  the  values  of  the  roots.  Researches  of 
this  kind  present  no  difiSculty. 

329.     2nd.     We  easily  conclude  from  the  general  equation  (E) 
that  the  greater  the  value  of  x  becomes,  the  greater  that  term  of 

the  value  of  v  becomes,  in  which  we  find  the  fraction  g"'^'»^"»* , 
with  respect  to  each  of  the  following  terms.  In  fact,  w^,  n^,  n,, 
&c.  being  increasing  positive  quantities,  the  fraction  e"*v**»^  is 
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greater  than  any  of  the  analogous  fractions  which  enter  into  the 
subsequent  terms. 

Suppose  now  that  we  can  observe  the  temperature  of  a  point 
on  the  axis  of  the  prism  situated  at  a  very  great  distance  x^  and 
the  temperature  of  a  point  on  this  axis  situated  at  the  distance 
a?  +  1,  1  being  the  unit  of  measure ;  we  have  then  y  =  0,  «  =  0, 
and  the  ratio  of  the  second  temperature  to  the  first  is  sensibly 

equal  to  the  fraction  e"  '^*"*\  This  value  of  the  ratio  of  the  tem- 
peratures at  the  two  points  on  the  axis  becomes  more  exact  as  the 
distance  x  increases. 

It  follows  from  this  that  if  we  mark  on  the  axis  points  each  of 
which  is  at  a  distance  equal  to  the  unit  of  measure  from  the  pre- 
ceding, the  ratio  of  the  temperature  of  a  point  to  that  of  the  point 

which  precedes  it,  converges  continually  to  the  fraction  e"*^*"^*; 
thus  the  temperatures  of  points  situated  at  equal  distances  end 
by  decreasing  in  geometrical  progression.  This  law  always  holds, 
whatever  be  the  thickness  of  the  bar,  provided  we  consider  points 
situated  at  a  great  distance  from  the  source  of  heat. 

It  is  easy  to  see,  by  means  of  the  construction,  that  if  the 
quantity  called  2,  which  is  half  the  thickness  of  the  prism,  is  very 
small,  n^  has  a  value  very  much  smaller  than  n,,  or  t?,,  &c.;  it 

follows  from  this  that  the  first  fraction  e"'^'^*  is  very  much 
greater  than  any  of  the  analogous  fractions.  Thus,  in  the  case  in 
which  the  thickness  of  the  bar  is  very  small,  it  is  unnecessary  to 
be  very  far  distant  from  the  source  of  heat,  in  order  that  the  tem- 
peratures of  points  equally  distant  may  decrease  in  geometrical 
progression.    The  law  holds  through  the  whole  extent  of  the  bar. 

330.  If  the  half  thickness  Z  is  a  very  small  quantity,  the 
general  value  of  v  is  reduced  to  the  first  term  which  contains 

6~'     ***.     Thus  the  function  v  which  expresses  the  temperature  of 

a  point  whose  co-ordinates  are  x,  y,  and  z,  is  given  in  this  case  by 

the  equation 

/     4sinn{    V  -*^^• 

V  =  ( cT-i ■    a  y  cos  ny  cos  m  e  , 

V2nZ  +  sm  2nlJ         ^  ' 

the  arc  e  or  vl  becomes  very  small,  as  we  see  by  the  construction. 
The  equation  e  tan  €  =  -y;  reduces  then  to  e*  =  -r ;  the  first  value  of 
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€,  or  €j,  is  a/t-  ;  by  inspection  of  the  figure  we  know  the  values  of 
the  other  roots,  so  that  the  quantities  e^,  €,,  €,,  e^,  €5,  &c.  are  the 
following  a/  T"  >  ^>  27r,  Sir,  4j7r,  &c.  The  values  of  n^,  n,,  Wg,  n^  n^  &c. 

are,  therefore, 

j^     /A     TT     2^     3^     . 

whence  we  conclude,  as  was  said  above,  that  if  Z  is  a  very  small 
quantity,  the  first  value  n  is  incomparably  greater  than  all  the 
others,  and  that  we  must  omit  from  the  general  value  of  v  all  the 
terms  which  follow  the  first.  If  now  we  substitute  in  the  first 
term  the  value  found  for  n,  remarking  that  the  arcs  nl  and  2nl  are 
equal  to  their  sines,  we  have 

the  factor  a/ -T- which  enters  under  the  symbol  cosine  being  very 

small,  it  follows  that  the  temperature  varies  very  little,  for 
different  points  of  the  same  section,  when  the  half  thickness  I  is 
very  small.  This  result  is  so  to  speak  self-evident,  but  it  is  useful 
to  remark  how  it  is  explained  by  analysis.  The  general  solution 
reduces  in  fact  to  a  single  term,  by  reason  of  the  thinness  of  the 
bar,  and  we  have  on  replacing  by  unity  the  cosines  of  very  small 

arcs  i;  =  e"**^*',  an  equation  which  expresses  the  stationary  tempe- 
ratures in  the  case  in  question. 

"We  found  the  same  equation  formerly  in  Article  76 ;  it  is 
obtained  here  by  an  entirely  different  analysis. 

331.  The  foregoing  solution  indicates  the  character  of  the 
movement  of  heat  in  the  interior  of  the  solid.  It  is  easy  to  see 
that  when  the  prism  has  acquired  at  all  its  points  the  stationary 
temperatures  which  we  are  considering,  a  constant  flow  of  heat 
passes  through  each  section  perpendicular  to  the  axis  towards  the 
end  which  was  not  heated.  To  determine  the  quantity  of  flow 
which  corresponds  to  an  abscissa  x,  we  must  consider  that  the 
quantity  which  flows  during  unit  of  time,  across  one  element  of 
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the  section,  is  equal  to  the  product  of  the  coefficient  h,  of  the  area 
dydz,  of  the  element  dt,  and  of  the  ratio  -r-  taken  with  the  nega- 

tive  sign.    We  must  therefore  take  the  integral  —kldyldz-j-  , 

from  z^O  to  z=^l,  the  half  thickness  of  the  bar,  and  then  from 
y  =  0  to  y  =  Z.    We  thus  have  the  fourth  part  of  tJie  whole  flow. 

The  result  of  this  calculation  discloses  the  law  according  to 
which  the  quantity  of  heat  which  crosses  a  section  of  the  bar 
decreases;  and  we  see  that  the  distant  parts  receive  very  little 
heat  from  the  source,  since  that  which  emanates  directly  from  it 
is  directed  partly  towai'ds  the  surface  to  be  dissipated  into  the  air. 
That  which  crosses  any  section  whatever  of  the  prism  forms,  if  we 
may  so  say,  a  sheet  of  heat  whose  density  varies  from  one  point 
of  the  section  to  another.  It  is  continually  employed  to  replace 
the  heat  which  escapes  at  the  surface,  through  the  whole  end  of 
the  prism  situated  to  the  right  of  the  section :  it  follows  therefore 
that  the  whole  heat  which  escapes  during  a  certain  time  from  this 
part  of  the  prism  is  exactly  compeDsated  by  that  which  penetmt^s 
it  by  virtue  of  the  interior  conducibility  of  the  solid. 

To  verify  this  result,  we  must  calculate  the  produce  of  the  flow 
established  at  the  surface.  The  element  of  surface  is  dxdy,  and  v 
being  its  temperature,  hvdxdy  is  the  quantity  of  heat  which 
escapes  from  this  element  during  the  unit  of  time.    Hence  the 

integral  h  Idxldyv  expresses  the  whole  heat  which  has  escaped 

from  a  finite  portion  of  the  surface.  We  must  now  employ  the 
known  value  of  v  in  y,  supposing  z=^l,  then  integrate  once  from 
y  =  0  to  y=^l,  and  a  second  time  from  x  =  x  up  to  a;  =  oo.  We 
thus  find  half  the  heat  which  escapes  from  the  upper  surface  of 
the  prism ;  and  taking  four  times  the  result,  we  have  the  heat  lost 
through  the  upper  and  lower  surfaces. 

If  we  now  make  use  of  the  expression  h  jdxjdzv,  and  give  to 

y  in  V  its  value  I,  and  integrate  once  from  z^O  to  z  =  lf  and  a 
second  time  from  a;  =  0  to  a;  =  oo ;  we  have  one  quarter  of  the  heat 
which  escapes  at  the  lateral  surfaces. 

The  integral  h  jdx  jdy  v,  taken  between  the  limits  indicated  gives 
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— .  .  sm  nU  COB  fd  e"*^*^  ■*"**, 

and  the  integral  h  Ida  jdz v gives 

ha 


. cos  nU  sin  nl  a-*^*»"+«^. 

Hence  the  quantity  of  heat  which  the  prism  loses  at  its  surface, 
throughout  the  part  situated  to  the  right  of  the  section  whose 
abscissa  is  x,  is  composed  of  terms  all  analogous  to 

.  ^-«>^«**+«"J— sin  mZcos  nZ  +  -  cos  mZ  sin  nZj- . 

On  the  other  hand  the  quantity  of  heat  which  during  the  same 
time  penetrates  the  section  whose  abscissa  is  a;  is  composed  of 
terms  analogous  to 

y. ^  *^"^+'^smmtsmm: 

mn 

the  following  equation  must  therefore  necessarily  hold 

kum^  +  fi?  •       »   •      f  h  .       ,         J 

smmZ  8mm  = .^smmZcosnZ 


h 


cos  7nl  sin  nZ, 


or    k  (m*  +  n^  sin  TnZ  sin  nZ=  Am  cos  mZ  sin  nl  +  hn  sin  mZ cos  nZ ; 
now  we  have  separately, 

km*  sin  mZ  cos  nZ  s=  hm  cos  ml  sin  n  l^ 

msinmZ_A  ^ 

cosmZ   ^k  ' 
we  have  also 

kn*  sin  rU  sin  ml  =  An  cos  nZ  sin  ml,, 

n  sin  nl  ^h 
C03  nl      k  * 

Hence  the  equation  is  satisfied.  This  compensation  which  is  in- 
cessantly established  between  the  heat  dissipated  and  the  heat 
transmitted,  is  a  manifest  consequence  of  the  hypothesis;  and 
analysis  reproduces  here  the  condition  which  has  already  been  ex- 

F.  H.  21 
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pressed;  but  it  was  useful  to  notice  this  conformity  in  a  new 
problem/  which  had  not  yet  been  submitted  to  analysis. 

332.  Suppose  the  half  side  I  of  the  square  which  serves  as  the 
base  of  the  prism  to  be  very  long,  and  that  we  wish  to  ascertain  the 
law  according  to  which  the  temperatures  at  the  diflferent  points  of 
the  axis  decrease ;  we  must  give  to  y  and  z  nul  values  in  the 
general  equation^  and  to  Z  a  very  great  value.     Now  the  construe- 

tion  shews  in  this  case  that  the  first  value  of  €  is  ^ ,  the  second 

■— ,  the  third  -^^  &c.  Let  us  make  these  substitutions  in  the  general 
equation,  and  replace  w^i,  n,Z,  n,Z,  nj,  &c.  by  their  values  « >  -9-  > 
-5-, -^ ,  and  also  substitute  the  fraction  a  for  e"^ *  ;  we  then  find 


—  &c. 

We  see  by  this  result  that  the  temperature  at  different  points 
of  the  axis  decreases  rapidly  according  as  their  distance  from  the 
origin  increases.  If  then  we  placed  on  a  support  heated  and 
maintained  at  a  permanent  temperature,  a  prism  of  infinite  height, 
having  as  base  a  square  whose  half  side  I  is  very  great;  heat  would 
be  propagated  through  the  interior  of  the  prism,  and  would  be  dis- 
sipated at  the  surface  into  the  surrounding  air  which  is  supposed 
to  be  at  temperature  0.  When  the  solid  had  arrived  at  a  fixed 
state,  the  points  of  the  axis  would  have  very  unequal  tempera- 
tureS|  and  at  a  height  equal  to  half  the  side  of  the  base  the 
temperature  of  the  hottest  point  would  be  less  than  one  fifth  part 
of  the  temperature  of  the  base. 


CHAPTER  VIII. 

OF  THE  MOVEMENT  OF  HEAT  IN  A  SOLID  CUBE. 

333.  It  still  remains  for  us  to  make  use  of  the  equation 

dr  vD\fb?^  dif^^  ds?) ^^^' 

which  represents  the  movement  of  heat  in  a  solid  cube  exposed 
to  the  action  of  the  air  (Chapter  II.,  Section  v.).  Assuming,  in 
the  first  place,  for  t;  the  very  simple  value  e~^  cos  nx  coapy  cos  qz^ 
if  we  substitute  it  in  the  proposed  equation,  we  have  the  equa- 
tion of  condition  77)s=A;(n'+^*  +  9*),  the  letter  k  denoting  the 

coefficient  j^j^.    It  follows  from  this  that  if  we  substitute  for 

n,  p,  q  any  quantities  whatever,  and  take  for  m  the  quantity 
i(n" +  !>*  +  ?*)»  *^®  preceding  value  of  v  will  always  satisfy  the 
partial  differential  equation.  We  have  therefore  the  equation 
t;  —  g-*(ii^+p»+9^«cos?ia?cos2>y  cos  j«.  The  nature  of  the  problem 
requires  also  that  if  x  changes  sign,  and  if  y  and  z  remain  the 
same,  the  function  should  not  change ;  and  that  this  should  also 
hold  with  respect  i^y  ot  z:  now  the  value  of  v  evidently  satisfies 
these  conditions. 

334.  To  express  the  state  of  the  surface,  we  must  employ  the 
following  equations : 


Q>)- . 


21—2 
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These  ought  to  be  satisfied  when  a;  =  ±  a,  or  y  =  ±  a,  or  ;?  =  ±  a. 
The  centre  of  the  cube  is  taken  to  be  the  origin  of  co-ordinates  : 
and  the  side  is  denoted  hy]a. 

The  first  of  the  equations  (6)  gives 

T  6 "  ***  n  sin  fW5  cos  |)y  cos  jjj  +  -^  cos  rue  coBjpy  cos  qz  =  0, 


or  TntanfM?  +  '^«0, 

an  equation  which  must  hold  when x^±a. 

It  follows  from  this  that  we  cannot  take  any  value  what- 
ever for  n,  but  that  this  quantity  must  satisfy  the  condition 

na  tan  9iai8-7>a.    We  must  therefore  solve  the  definite  equation 

6  tan  e  =  -^a,  which  gives  the  value  of  e,  and  take  n  =  - .     Now  the 

equation  in  €  has  an  infinity  of  real  roots ;  hence  we  can  find  for 
n  an  infinity  of  dififerent  values.  We  can  ascertain  in  the  same 
manner  the  values  which  may  be  given  to  p  and  to  q ;  they  are 
all  represented  by  the. construction  which  was  employed  in  the 
preceding  problem  (Art  321).  Denoting  these  roots  by  w^,  w,,  n,,  Sec; 
we  can  then  give  to  v  the  particular  value  expressed  by  the 
equation 

v  s  e"*^<**+P*+«*)  cos  nx  COB  py  cos  j«, 

provided  we  substitute  for  n  one  of  the  roots  n^,  n,,  w,,  &c.,  and 
select  p  and  q  in  the  same  manner. 

335,  We  can  thus  form  an  infinity  of  particular  values  of  v, 
and  it  evident  that  the  sum  of  several  of  these  values  will  also 
satisfy  the  difierential  equation  (a),  and  the  definite  equations  (i). 
In  order  to  give  to  v  the  general  form  which  the  problem  requires, 
we  may  unite  an  indefinite  number  of  terms  similar  to  the  term 

£j^-*f  (ii«+p«+j«)  cog  ^^  cospy  cos  qz. 

The  value  of  t;  may  be  expressed  by  the  following  equation : 
t;  =  (ttj  cos  rijX  e"^*^  +  a,  cos  njc  e'^*^  +  a,  cos  njc  c  **»** + &c.), 
(6j  cos  njf  6"  **•»"'  +  \  cos  nju  e"^*^  +  6,  cos  nj/  e"**»**  +  &c.), 
(Cj  cos  n^z  e"^*^  +  c,  cos  n^z  er^*^  +  c,  cos  n^  6-*»»*<  +  &c.). 
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The  second  member  is  formed  of  the  product  of  the  three 
factors  written  in  the  three  horizontal  lines,  and  the  quantities 
<*i>  <*2»  ®s'  ^^'  ^^  unknown  coeflScients.  Now,  according  to  the 
hypothesis,  if  <  be  made  =  0,  the  temperature  must  be  the  same  at 
all  points  of  the  cube.  We  must  therefore  determine  a^,  a,,  a,,  &c., 
so  that  the  value  of  v  may  be  constant,  whatever  be  the  values  of 
X,  y,  and  z,  provided  that  each  of  these  values  is  included  between 
a  and  —  a.  Denoting  by  1  the  initial  temperature  at  all  points  of 
the  solid,  we  shall  write  down  the  equations  (Art.  323) 

1  =  a^  cos  n^x  +  a^  cos  n^x  +  a,  cos  n^x  +  &c., 

1  =  6j  cos  n^y  +  b^  cos  n^  +  6,  cos  n^y  +  &c., 

1  =  Cj  cos  n^z  +  Cj  cos  njs  +  Cg  cos  n^z  +  &a, 

in  which  it  is  required  to  determine  a^  a,,  a,,  &c.  After  multi- 
plying each  member  of  the  first  equation  by  cos  no;,  integrate 
from  x  =  0  to  a?  =  a:  it  follows  then  from  the  analysis  formerly 
employed  (Art.  324)  that  we  have  the  equation 

,  sin  n^er  cos  n^a?       ,       sinned  coan^        ,      sin  n^a  cos  n,ag  , 

~1        /-   .  8in2n,a\      1        /-   .  sin2n,a\      1        /-  .  sin2n.a\ 

i^'n^"^"!^)  r^H^""^^)  2"»H^+-W"] 

+  &C, 

Denoting  by  fl^  the  quantity  5  (l  +  —9 —    )>  ^®  l^^^e 

•  ,     sinn.a              .  sinw.a              .  sin  n.a  .  « 

1  — i- cos  n.a?  ^ —  co8njp+ ^-coatijc  +  ac. 

This  equation  holds  always  when  we  give  to  a;  a  value  included 
between  a  and  —  a. 

From  it  we  conclude  the  general  value  of  v,  which  is  given  by 
the  following  equation 

/sin  n.a  i^,,  ,  sin  n,a  ^^,,  ,  ^    \ 

V  =  ( *-  cos  n^x  e-**»^  +      -  -       cos  njx  6  **•  *  +  &c.- 1 , 

(sin  n.a               -w.«/  .  sin  n^a  ^-w.t#  ,  0    \ 
^  cos  n,v «"***'  •\ ^  cos n^  e  **«'  +  &c.  , 

(sin  n,a                 t^»,   .  sin  n,a  ^i^u  ,  0    \ 
^  cos  ft,« $"**»*  + ^cosnjse  **«*  +  &c.). 
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336.  The  expression  for  v  is  therefore  formed  of  three  similar 
functions,  one  of  x,  the  other  of  y,  and  the  third  of  z,  which  is 
easily  verified  directly. 

In  fact,  if  in  the  equation 

we  suppose  v  =  XYZ;  denoting  by  X  a  function  of  x  and  t, 
by  Fa  function  of  y  and  t,  and  by  Z  a  function  of  z  and  ^,  we  have 

^^-f +^f +^^f  =  'C^e^^^^^^^'S)- 

1  ^  ,  J.  dT     1  dZ_  ,(\  ^     1  d'Y     1  d»^ 
'*''       X  dt'^Y  dt'^Z  dt~    [Xda^'^Ydi^'^Zd^)' 

which  implies  the  three  separate  equations 

dX_,^    dY_,6rY    dZ_,^ 
dt~     dt^'    dt'^di^'   dt~    d^' 

We  must  also  have  as  conditions  relative  to  the  surface, 

^+*F«o  ^+Af=o  ^+*r=o 

whence  we  deduce 

It  follows  from  this,  that^  to  solve  the  problem  completely,  it  is 

du        ddU 
enough  to  take  the  equation  -^*=*  jni>  aiid  to  add  to  it  the 

equation  of  condition  -r-  +  ^m  =  0,  which  must  hold  when  a?  =  a. 

We  must  then  put  in  the  place  of  a?,  either  y  or  z,  and  we  shall 
have  the  three  functions  X,  Y,  Z,  whose  product  is  the  general 
value  of  V. 

Thus  the  problem  proposed  is  solved  as  follows : 
v  =  <^  (a?,  0  ^  (y,  t)  4>  {zy  t) ; 

6  (x,  t)  = ^  cos  riJD  e  *»^'<  +  -    -*  cos  n^x  e  *^^ 

H 5.  cos  n,a:  6  *^^  +  &c.: 
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n^,n^,n^f  &c,  being  given  by  the  following  equation 

ha 
6tane  =  -^, 

in  which  €  represents  na  and  the  value  of  /«« is 

In  the  same  manner  the  functions  ^  (y,  t),  <f>  {z,  t)  are  found. 

337.  We  may  be  assured  that  this  value  of  v  solves  the  pro- 
blem in  all  its  extent^  and  that  the  complete  integral  of  the  partial 
differential  equation  (a)  must  necessarily  take  this  form  in  order 
to  express  the  variable  temperatures  of  the  solid. 

In  fact,  the  expression  for  v  satisfies  the  equation  (a)  and  the 
conditions  relative  to  the  surface.  Hence  the  variations  of  tempe- 
rature which  result  in  one  instant  from  the  action  of  the  molecules 
and  from  the  action  of  the  air  on  the  surface,  are  those  which  we 
should  find  by  differentiating  the  value  of  v  with  respect  to  the 
time  t  It  follows  that  if,  at  the  beginning  of  any  instant,  the 
function  v  represents  the  system  of  temperatures,  it  will  still 
represent  those  which  hold  at  the  commencement  of  the  following 
instant,  and  it  may  be  proved  in  the  same  manner  that  the  vari- 
able state  of  the  solid  is  always  expressed  by  the  function  t;,  in 
which  the  value  of  t  continually  increases.  Now  this  function 
agrees  with  the  initial  state:  hence  it  represents  all  the  later 
states  of  the  solid.  Thus  it  is  certain  that  any  solution  which 
gives  for  v  a  function  different  from  the  preceding  must  be  wrong. 

338.  If  we  suppose  the  time  t,  which  has  elapsed,  to  have 
become  very  great,  we  no  longer  have  to  consider  any  but  the 
first  term  of  the  expression  for  v ;  for  the  values  n^,  n,,  n^  &c.  are 
arranged  in  order  beginning  with  the  least  This  term  is  given 
by  the  equation 

/sin  n,a\*  ^.^^ 

V  =  ( ^—   cos  n.x  cos  n.y  cos  n.z  ^  **»»"^: 

this  then  is  the  principal  state  towards  which  the  system  of  tem- 
peratures continually  tends,  and  with  which  it  coincides  without 
sensible  error  after  a  certain  value  of  t    In  this  state  the  tempo- 


328  THEOBY  OF  HEAT.  [CHAP.  VIII. 

ratnre  at  eveiy  point  decreases  proportionally  to  the  powers  of 
the  firaction  e"*^*;  the  saccessive  states  are  then  all  similar^  or 
rather  they  differ  only  in  the  magnitudes  of  the  temperatures 
which  all  diminish  as  the  terms  of  a  geometrical  progression,  pre- 
serving their  ratios.  We  may  easily  find,  by  means  of  the  pre- 
ceding equation,  the  law  by  which  the  temperatures  decrease  from 
one  point  to  another  in  direction  of  the  diagonals  or  the  edges  of 
the  cube,  or  lastly  of  a  line  given  in  position.  We  might  ascer- 
tain also  what  is  the  nature  of  the  surfaces  which  determine  the 
layers  of  the  same  temperature.  We  see  that  in  the  final  and 
regular  state  which  we  are  here  considering,  points  of  the  same 
layer  preserve  always  equal  temperatures,  which  would  not  hold 
in  the  initial  state  and  in  those  which  immediately  follow  it. 
During  the  infinite  continuance  of  the  ultimate  state  the  mass  is 
divided  into  an  infinity  of  layers  all  of  whose  points  have  a  com- 
mon temperature. 

339«  It  is  easy  to  determine  for  a  given  instant  the  mean 
temperature  of  the  mass,  that  is  to  say,  that  which  is  obtained  by 
taking  the  sum  of  the  products  of  the  volume  of  each  molecule 
by  its  temperature,  and  dividing  this  sum  by  the  whole  volume. 

We  thus  form  the  expression  I  jl — oit"  >  which  is  that  of  the 

mean  temperature  V*  The  integral  must  be  taken  successively 
with  respect  to  «,  y,  and  z,  between  the  limits  a  and  —  a :  i;  being 
equal  to  the  product  X  YZ,  we  have 

-o — )  f  since  the  three  complete 
integrals  have  a  common  value,  hence 

vy^  /smr^aNM  ^.^^^  /sinn^y  1.  ^.^.,^  ^^ 

The  quantity  na  is  equal  to  e,  a  root  of  the  equation  e  tan  ^  =  ~jf  » 

1  /       sin  2€\ 
and  fi  is  equal  to  x  f  1  H — p—  1 .    We  have  then,  denoting  the 

diflferent  roots  of  this  equation  by  e^,  €,,  c,,  &c., 
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€,  is  between  0  and  „  tt,  e,  is  between  ir  and  -^  ,  e,  between  2ir  and 

^TT,  the  roots  €,,  e,,  6^  &c.  approach  more  and  more  nearly  to  the 

inferior  limits  w,  27r,  Sw,  &c.,  and  end  by  coinciding  with  them 
when  the  index  i  is  very  great.  The  double  arcs  26^  26,,  26,,  &c., 
are  included  between  0  and  tt,  between  27r  and  Stt,  between  47r 
and  Stt  ;  for  which  reason  the  sines  of  these  arcs  are  all  positive : 

sm  2^  sin  2^ 

the  quantities  1  +  — « — ^  >  ^  +  "5 — '  >  ^^-^  ^^  positive  and  included 

between  1  and  2.  It  follows  from  this  that  all  the  terms  which 
enter  into  the  value  of  J^T'are  positive. 

340.  We  propose  now  to  compare  the  velocity  of  cooling  in 
the  cube,  with  that  which  we  have  found  for  a  spherical  mass. 
We  have  seen  that  for  either  of  these  bodies,  the  system  of  tem- 
peratures converges  to  a  permanent  state  which  is  sensibly  attained 
after  a  certain  time ;  the  temperatures  at  the  different  points  of 
the  cube  then  diminish  all  together  preserving  the  same  ratios, 
and  the  temperatures  of  one  of  these  points  decrease  as  the  terms 
of  a  geometric  progression  whose  ratio  is  not  the  same  in  the  two 
bodies.    It  follows  from  the  two  solutions  that  the  ratio  for  the 

sphere  is  e"     and  for  the  cube  b    «*  .    The  quantity  n  is  given  by 

the  equation 

cos  na     ^      h 

na =  1  —  -T>a% 

Buina  K 

a  being  the  semi-diameter  of  the  sphere,  and  the  quantity  e  is  given 
by  the  equation  e  tan  €  =  -j^a,  a  being  the  half  side  of  the  cube. 

This  arranged,  let  us  consider  two  different  cases;  that  in 
which  the  radius  of  the  sphere  and  the  half  side  of  the  cube  are 
each  equal  to  a,  a  very  small  quantity ;  and  that  in  which  the 
value  of  a  is  very  great.    Suppose  then  that  the  two  bodies  are  of 


i 

1 
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small  dimensioDs;  -^  having  a  very  small  value,  the  same  is  the 
case  with  e,  we  have  therefore  7^  =  ^>  hence  the  fraction 

e    »•  is  equal  to  e  cDa . 
Thus  the  ultimate  temperatures  which  we  observe  are  expressed  in 

—^  ItA  cos  fl€i  A 

the  form  Ae'CDa,    If  now  in  the  equation  — ; =  1  — -=.a,  we 

sm  na  K 

suppose  the  second  member  to  diflfer  very  little  from  unity,  we  find 
■^=  -^, hence  the  fraction  e        is  «  cDa, 

We  conclude  from  this  that  if  the  radius  of  the  sphere  is  very 
small,  the  final  velocities  of  cooling  are  the  same  in  that  solid  and 
in  the  circumscribed  cube,  and  that  each  is  in  inverse  ratio  of  the 
radius ;  that  is  to  say,  if  the  temperature  of  a  cube  whose  half  side 
is  a  passes  from  the  value  A  to  the  value  B  in  the  time  i,  a  sphere 
whose  semi-diameter  is  a  will  also  pass  from  the  temperature  A 
to  the  temperature  B  in  the  same  time.  If  the  quantity  a  were 
changed  for  each  body  so  as  to  become  a ,  the  time  required  for 
the  passage  from  A  \o  B  would  have  another  value  ^',  and  the 
ratio  of  the  times  t  and  i  would  be  that  of  the  half  sides  a  and  a\ 
The  same  would  not  be  the  case  when  the  radius  a  is  very  great : 
for  6  is  then  equal  to  ^tt,  and  the  values  of  na  are  the  quantities 
TT,  27r,  Stt,  47r,  &c. 

We  may  then  easily  find,  in  this  case,  the  values  of  the  frac- 

-8-*      -fai«  -—  --* 

tions  e    «'  ,  6       ;  they  are  e   **'  and  e  «* . 

From  this  we  may  derive  two  remarkable  consequences:  lst>  when 
two  cubes  are  of  great  dimensions,  and  a  and  a!  are  their  half- 
sides  ;  if  the  fii'st  occupies  a  time  t  in  passing  from  the  temperature 
A  to  the  temperature  By  and  the  second  the  time  i  for  the  same 
interval ;  the  times  t  and  i  will  be  proportional  to  the  squares  o* 
and  a^  of  the  half-sides.  We  found  a  similar  result  for  spheres  of 
great  dimensions.  2nd,  If  the  length  a  of  the  half-side  of  a  cube 
is  considerable,  and  a  sphere  has  the  same  magnitude  a  for  radius, 
and  during  the  time  t  the  temperature  of  the  cube  falls  firom  A  to 
J9,  a  different  time  (  will  elapse  whilst  the  temperature  of  the 
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sphere  is  falling  from  A  U>  B,  and  the  times  t  and  t'  are  in  the 
ratio  of  4  to  3. 

Thus  the  cube  and  the  inscribed  sphere  cool  equally  quickly 
when  their  dimension  is  small ;  and  in  this  case  the  duration  of 
the  cooling  is  for  each  body  proportional  to  its  thickness.  If  the 
dimension  of  the  cube  and  the  inscribed  sphere  is  great^  the  final 
duration  of  the  cooling  is  not  the  same  for  the  two  solids.  This 
duration  is  greater  for  the  cube  than  for  the  sphere,  in  the  ratio  of 
4  to  3,  and  for  each  of  the  two  bodies  severally  the  duration  of  the 
cooling  increases  as  the  square  of  the  diameter. 

# 

341.  We  have  supposed  the  body  to  be  cooling  slowly  in  at- 
mospheric air  whose  temperature  is  constant.  We  might  submit 
the  surface  to  any  other  condition^  and  imagine,  for  example,  that 
all  its  points  preserve,  by  virtue  of  some  external  cause,  the  fixed 
temperature  0.  The  quantities  n,  p,  q,  which  enter  into  the  value 
of  V  under  the  symbol  cosine,  must  in  this  case  be  such  that  cos  nx 
becomes  nothing  when  x  has  its  complete  value  a,  and  that  the 
same  is  the  case  with  cos  py  and  cos  qz.  If  2a  the  side  of  the 
cube  is  represented  by  tt,  27r  being  the  length  of  the  circumference 
whose  radius  is  1 ;  we  can  express  a  particular  value  of  v  by  the 
following  equation,  which  satisfies  at  the  same  time  the  general 
equation  of  movement  of  heat,  and  the  state  of  the  surface^ 

V  =  e"  ~ci)  cos  X .  cos  y .  cos  z. 
This  function  is  nothing,  whatever  be  the  time  t,  when  xaryorz 

IT  IT 

receive  their  extreme  values  4-  ^  or  —  ^  :  but  the  expression  for  the 

temperature  cannot  have  this  simple  form  until  after  a  consider- 
able time  has  elapsed,  unless  the  given  initial  state  is  itself 
represented  by  cos  x  cosy  cos^.  This  is  what  we  have  supposed 
in  Art.  100,  Sect.  vili.  Chap.  I.  The  foregoing  analysis  proves  the 
truth  of  the  equation  employed  in  the  Article  we  have  just  cited. 

Up  to  this  point  we  have  discussed  the  fundamental  problems 
in  the  theory  of  heat,  and  have  considered  the  action  of  that 
element  in  the  principal  bodies.  Problems  of  such  kind  and  order 
have  been  chosen,  that  each  presents  a  new  diflSculty  of  a  higher 
degree.    We   have  designedly  omitted  a  numerous  variety  of 
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intermediate  problems,  such  as  the  problem  of  the  linear  movement 
of  heat  in  a  prism  whose  ends  are  maintained  at  fixed  temperatures, 
or  exposed  to  the  atmospheric  air.  The  expression  for  the  varied 
movement  of  heat  in  a  cube  or  rectangular  prism  which  is  cooling 
in  an  aeriform  medium  might  be  generalised,  and  any  initial 
state  whatever  supposed.  These  investigations  require  no  other 
principles  than  those  which  have  been  explained  in  this  work. 

A  memoir  was  published  by  M.  Fourier  in  the  MSmoirea  de  VAcadSnUe  des 
Scieneei,  Tome  yn.  Pans,  1827,  pp.  605 — 624,  entitled,  Mimoire  sur  la  dittinctumde$ 
racine8  imaginairett  et  sur  Vapplication  des  iMorhnes  d^analyse  algShrique  aux 
^uatUmB  trantcendanUs  qui  dependent  de  la  thSorie  de  la  chaleur.  It  contains  a 
proof  of  two  propositions  in  the  theory  of  heat.  If  there  be  two  solid  bodies  of 
similar  oonvex  forms,  snoh  that  corresponding  elements  haye  the  same  density, 
specific  capacity  for  heat,  and  condnctiTity,  and  the  same  initial  distribution  of 
temperature,  the  condition  of  the  two  bodies  will  always  be  the  same  after  times 
which  are  as  the  squares  of  the  dimensions,  when,  1st,  corresponding  elements 
of  the  surfaces  are  maintained  at  constant  temperatures,  or  2nd,  when  the  tem- 
peratures of  the  exterior  medium  at  corresponding  points  of  the  surface  remain 
constant. 

For  the  velocities  of  flow  along  lines  of  flow  across  the  terminal  areas  «,  t'  of 
corresponding  prismatic  elements  are  as  w-v :  tt'-i/,  where  (u,  v),  (v',  i/)  are  tem- 
peratures at  pairs  of  points  at  the  same  distance  ^  A  on  opposite  sides  of  f  and  ^; 
and  if  n :  n'  is  the  ratio  of  the  dimensions,  u~v:u'-  t/=n' :  n.  If  then,  dt,  dt!  be 
corresponding  times,  [the  quantities  of  heat  receiyed  by  the  prismatic  elements  are 
as  ik{u-v)dA  :  Mf%  (u'  -tf)d(f,  or  as  nhi'dt  :  n^'ndtf.  But  the  volumes  being  as 
n' :  n'*,  if  the  corresponding  changes  of  temperature  are  always  equal  we  must  haye 

'  nV<ft     n'hM        dt     n» 
In  the  seoond  case  we  must  suppose  E :  H'-n* :  n.    [A.  F.] 


CHAPTER   IX 


OF  THE  DIFFUSION  OF  HEAT. 


FIKST  SECTION. 
Of  the  free  movement  of  heat  in  an  infinite  line. 

342.  Here  we  consider  the  movement  of  heat  in  a  solid 
homogeneous  mass,  all  of  whose  dimensions  are  infinite.  The 
solid  is  divided  by  planes  infinitely  near  and  perpendicular  to  a 
common  axis ;  and  it  is  first  supposed  that  one  part  only  of  the 
solid  has  been  heated,  that,  namely,  which  is  enclosed  between 
two  parallel  planes  A  and  B,  whose  distance  is  ^ ;  all  other  parts 
have  the  initial  temperature  0 ;  but  any  plane  included  between 
A  and  JP  has  a  given  initial  temperature,  regarded  as  arbitrary, 
and  common  to  every  point  of  the  plane ;  the  temperature  is  dif- 
ferent for  different  planes.  The  initial  state  of  the  mass  being 
thus  defined,  it  is  required  to  determine  by  analysis  all  the  suc- 
ceeding states.  The  movement  in  question  is  simply  linear,  and 
in  direction  of  the  axis  of  the  plane ;  for  it  is  evident  that  there 
can  be  no  transfer  of  heat  in  any  plane  perpendicular  to  the  axis, 
since  the  initial  temperature  at  every  point  in  the  plane  is  the 
same. 

Instead  of  the  infinite  solid  we  may  suppose  a  prism  of  very 
small  thickness,  whose  lateral  surface  is  wholly  impenetrable  to 
heat*  The  movement  is  then  considered  only  in  the  infinite  line 
which  is  the  common  axis  of  all  the  sectional  planes  of  the  prism. 

The  problem  is  more  general,  when  we  attribute  temperatures 
entirely  arbitrary  to  all  points  of  the  part  of  the  solid  which  has 
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beeu  heated,  all  other  points  of  the  solid  having  the  initial  tem- 
perature 0.  The  laws  of  the  distribution  of  heat  in  an  infinite 
solid  mass  ought  to  have  a  simple  and  remarkable  character; 
since  the  movement  is  not'  disturbed  by  the  obstacle  of  surfaces, 
or  by  the  action  of  a  medium. 

343.  The  position  of  each  point  being  referred  to  three  rect- 
angular axes,  on  which  we  measure  the  co-ordinates  x,  y,  z,  the 
temperature  sought  is  a  function  of  the  variables  x,  y,  z,  and  of 
the  time  t  This  function  v  or  ff>(x,  y,  z,  t)  satisfies  the  general 
equation 

dv      K  fd?v  ^  d^v  ,  cTv 


h7L.+  X7.+ 


dt      CD\dx^"  dy" 

Further,  it  must  necessarily  represent  the  initial  state  which  is 
arbitrary;  thus,  denoting  by  F(x,  y,  z)  the  given  value  of  the 
temperature  at  any  point,  taken  when  the  time  is  nothing,  that  is 
to  say,  at  the  moment  when  the  diffusion  begins,  we  must  have 

if>{x,  y,  z,  0)  =  F{x,  y,  z)  (6). 

Hence  we  must  find  a  function  t;  of  the  four  variables  x,  y,  z,  t^ 
which  satisfies  the  differential  equation  (a)  and  the  definite  equa- 
tion (J). 

In  the  problems  which  we  previously  discussed,  the  integral  is 
subject  to  a  third  condition  which  depends  on  the  state  of  the 
surface :  for  which  reason  the  analysis  is  more  complex,  and  the 
solution  requires  the  employment  of  exponential  terms.  The 
fonn  of  the  integral  is  very  much  more  simple,  when  it  need  only 
satisfy  the  initial  state;  and  it  would  be  easy  to  determine  at 
once  the  movement  of  heat  in  three  dimensions.  But  in  order  to 
explain  this  part  of  the  theory,  and  to  ascertain  according  to  what 
law  the  diffusion  is  effected,  it  is  preferable  to  consider  first  the 
linear  movement,  resolving  it  into  the  two  following  problems :  we 
shall  see  in  the  sequel  how  they  are  applied  to  the  case  of  three 
dimensions. 

344.  First  problem :  a  part  ab  of  an  infinite  line  is  raised  at 
all  points  to  the  temperature  1 ;  the  other  points  of  the  line  are  at 
the  actual  temperature  0 ;  it  is  assumed  that  the  heat  cannot  be 
dispersed  into  the  sun'ounding  medium;   we  have  to  determine 
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what  is  the  state  of  the  line  after  a  given  time.  This  problem 
may  be  made  more  general,  by  supposing,  1st,  that  the  initial 
temperatures  of  the  points  included  between  a  and  h  are  unequal 
and  represented  by  the  ordinates  of  any  line  whatever,  which  we 
shall  regard  first  as  composed  of  two  symmetrical  parts  (see  fig.  16); 

Fig.  16. 


Jk. 


2nd,  that  part  of  the  heat  is  dispersed  through  the  surface  of  the 
solid,  which  is  a  prism  of  very  small  thickness,  and  of  infinite 
length. 

The  second  problem  consists  in  determining  the  successive 
states  of  a  prismatic  bar,  infinite  in  length,  one  extremity  of 
which  is  submitted  to  a  constant  temperature.  The  solution  of 
these  two  problems  depends  on  the  integration  of  the  equation 

dv  _K  d^v  _  HL 
dt'^CDda?     CnS^' 

(Article  105),  which  expresses  the  linear  movement  of  heat,  t;  is 
the  temperature  which  the  point  at  distance  x  from  the  origin 
must  have  after  the  lapse  of  the  time  t;  K,  H,  (7,  Z>,  i,  8^  denote 
the  internal  and  surface  conducibilities,  the  specific  capacity  for 
heat,  the  density,  the  contour  of  the  perpendicular  section,  and 
the  area  of  this  section. 

345.  Consider  in  the  first  instance  the  case  in  which  heat  is 
propagated  freely  in  an  infinite  line,  one  part  of  which  ab  has 
received  any  initial  temperatures;  all  other  points  having  the 
initial  temperature  0.  If  at  each  point  of  the  bar  we  raise  the 
ordinate  of  a  plane  curve  so  as  to  represent  the  actual  tempera- 
ture at  that  point,  we  see  that  after  a  certain  value  of  the  time  f, 
the  state  of  the  solid  is  expressed  by  the  form  of  the  curve. 
Denote  by  v^F{x)  the  equation  which  corresponds  to  the  given 
initial  state,  and  first,  for  the  sake  of  making  the  investigation 
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more  simple,  suppose  the  initial  form  of  the  curve  to  be  composed 
of  two  symmetrical  parts,  so  that  we  have  the  condition 

Let  cn^^'   GDS^^' 

in  the  equation  j7^^^zsl^^^9  make  t;  =  e^**u,  and  we  have 

Assume  a  particular  value  of  u,  namely,  a  cos  qz  e"^^ ;  a  and  q 
being  arbitrary  constants.  Let  g^  q^,  q^,  &c.  be  a  series  of  any 
values  whatever,  and  a^,  a,,  a,,  &c.  a  series  of  corresponding 
values  of  the  coefficient  Q,  we  have 

¥  * 

V  =  ttj  COS  (q^x)  6"*^**  +  a,  cos  {q^)  er*^***  +  a,  cos  {q^)  c-^*"*  +  &c. 
Suppose  first  that  the  values  q^,  q^,  q^,  &c.  increase  by  infinitely 
small  degrees,  as  the  abscissse  9  of  a  certain  curve ;  so  that  they 
become  equal  to  dq,  2dq,  Sdq,  &a ;  dq  being  the  constant  differen- 
tial of  the  abscissa;  next  that  the  values  a^,  a,,  a,,  &c.  are  pro* 
portional  to  the  ordinates  Q  of  the  same  curve,  and  that  they 
become  equal  to  Q^dq,  Qjiq,  Q^dq,&c.,  Q  being  a  certain  function 
of  q.  It  follows  from  this  that  the  value  of  u  may  be  expressed 
thus: 

u  =  Idq  Q  cos  qx  e'^, 

Q  is  an  arbitrary  function  f(q),  and  the  integral  may  be  taken 
from  g  =  0  to  j  =  00 .  The  difficulty  is  reduced  to  determining 
suitably  the  function  Q. 

346.  To  determine  Q,  we  must  suppose  t  =2  0  in  the  expression 
for  u,  and  equate  uto  F  {x).  We  have  therefore  the  equation  of 
condition 


F{x)^{dqQ 


cos  qx. 


K  we  substituted  for  Q  any  function  of  g,  and  conducted  the 
integration  from  j  =  0  to  g  =  00,  we  should  find  a  function  of  x : 
it  is  required  to  solve  the  inverse  problem,  that  is  to  say,  to 
ascertain  what  function  of  q,  after  being  substituted  for  Q,  gives 
as  the  result  the  function  F{x),  a  remarkable  problem  whose 
solution  demands  attentive  examination. 
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Developing  the  sign  of  the  integral,  we  write  as  foUows,  the 
equation  from  which  the  value  of  Q  must  be  derived : 

F{p^  =  dj  Q^  cos  q^  +  dgQ,  cos  q^ja  +  (igrQ,  cos  j,a?  +  &c. 

In  order  to  make  all  the  terms  of  the  second  member  dis- 
appear, except  one,  multiply  each  side  by  c£rcosra?,  and  then 
integrate  with  respect  to  x  from  a;  =  0  to  a?  =  titt,  where  n  is  an 
infinite  number,  and  r  represents  a  magnitude  equal  to  any  one 

^^  ?i>  ?s>  ?8'  ^^'>  ^^  which  is  the  same  thing  dq,  2dq,  Sdq,  &c.  Let 
q^  be  any  value  whatever  of  the  variable  q,  and  qj  another  value, 
namely,  that  which  we  have  taken  for  r;  we  shall  have  r  ^'jdq, 
and  q  «=  idq.  Consider  then  the  infinite  number  n  to  express  how 
many  times  unit  of  length  contains  the  element  dq^  so  that  we 

1 

have  n  =  -7- . '  Proceeding  to  the  integration  we  find  that  the 

value  of  the  integral  Idx  cos  qx  cos  rx  is  nothing,  whenever  r  and 

q  have  different  magnitudes;  but  its  value  is  q^it,  when  q  =  r. 

This  follows  from  the  fact  that  integration  eliminates  from  the 
second  member  all  the  terms,  except  one ;  namely,  that  which 
contains  qj  or  r.  The  function  which  affects  the  same  term 
is  Qj,  we  have  therefore 


/■ 


dx  F  (x)  cos  qx  =  dq  Qj  x  nir, 


and  substituting  for  ndq  its  value  1,  we  have 

cos  qx. 


^^jdxF^x) 


We  find  then,  in  general,  ^=1  dxF{x} cos  qx.    Thus,  to 

determine  the  function  Q  which  satisfies  the  proposed  condition, 
we  must  multiply  the  given  function  F(ps)  by  dxcosqx,  and  in- 

2 

tegrate  from  x  nothing  to  x  infinite,  multiplying  the  result  by  -  ; 

that  is  to  say,  from  the  equation  F{x)  =  jdqfijq)  cos  qx,  we  deduce 

f  (q)=- Idx  F{x)  cos  qr,    the    function   F(ar)    representing    the 
F.  H.  22 
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initial  temperatures  of  an  infinite  prism,  of  which  an  intermediate 
part  only  is  heated.  Substituting  the  value  oif(q)  in  the  expres- 
sion for  F{x),  we  obtain  the  general  equation 

^F(a:)  =  l  dqcosqxi  dxF{x)cosqx (e). 

347.  If  we  substitute  in  the  expre^ion  for  v  the  value  which 
we  have  found  for  the  function  Q,  we  have  the  following  integral, 
which  contains  the  complete  solution  of  the  proposed  problem, 

—  s e"^  I  dq 008  jaj6"*«*'  ldxF(x)  cos  qx. 

The  integral,  witb  respect  to  x,  being  taken  from  x  nothing 
too?  infinite,  the  result  is  a  function  of  q;  and  taking  then  the 
integral  with  respect  to  *q  from  y  =  Otoj  =  oo,we  obtain  for  v  a 
function  of  w  and  t,  which  represents  the  successive  states  of  the 
solid.  Since  the  integration  with  respect  to  x  makes  this  variable 
disappear,  it  may  be  replaced  in  the  expression  of  t;  by  any  varia- 
ble a,  the  integral  being  taken  between  the  same  limits,  namely 
from  a  ss  0  to  a  =  00 .    We  have  then 

—  =  e-wi   dqcoQqxe'^^j  dxF{pi)co&q%, 


or 


-—  sse"^!  d%F[pi)  I  dqp'^  cos  JO?  cos  J2. 


The  integration  with  respect  to  q  will  give  a  function  of  a?, 
t  and  a,  and  taking  the  integral  with  respect  to  a  we  find  a  func- 
tion of  X  and  t  only.  In  the  last  equation  it  would  be  easy  to 
effect  the  integration  with  respect  to  q^  and  thus  the  expression 
of  V  would  be  changed.  We  can  in  general  give  different  forms 
to  the  integral  of  the  equation 

dv     J  d^v      y 
-3-  —  k  -,~^  —  hxK 
dt       dj^         ' 

they  all  represent  the  same  function  of  x  and  U 

348.  Suppose  in  the  first  place  that  all  the  initial  tempera- 
tures of  points  included  between  o  and  6,  from  a?  =  —  1,  to  a?  =  1, 
have  the  common  value  1,  and  that  the  temperatures  of  all  the 
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other  points  are  nothing,  the  function  F(x)  will  be  given  by  this 
condition.  It  will  then  be  necessary  to  integrate,  with  respect  to 
X,  from  a?  =  0  to  a?  =  l,  for  the  rest  of  the  integral  is  nothing 
according  to  the  hypothesis.     We  shall  thus  find 

Q  = *  and  -s-  =  e"^  1    --6"*«*^coso'a?sin  a. 

The  second  member  may  easily  be  converted  into  a  convergent 
series,  as  will  be  seen  presently;  it  represents  exactly  the  state 
of  the  solid  at  a  given  instant,  and  if  we  make  in  it  <  as  0,  it  ex- 
presses the  initial  state* 

Thus  the  function  -  I    —  sin  j  cos  ja?  is  equivalent  to  unity,  if 

irJo   q 

we  give  to  x  any  value  included  between  —  1  and  1 :  but  this 

function  is  nothing  if  to  x  any  other  value  be  given  not  included 

between  —  1  and  !•    We  see  by  this  that  discontinuous  functions 

also  may  be  expressed  by  definite  integrals. 

349.  In  order  to  give  a  second  application  of  the  preceding 
formula^  let  us  suppose  the  bar  to  have  been  heated  at  one  of  its 
points  by  the  constant  action  of  the  same  source  of  heat,  and 
that  it  has  arrived  at  its  permanent  state  which  is  known  to  be 
represented  by  a  logarithmic  curve. 

It  is  required  to  ascertain  according  to  what  law  the  diffusion 
of  heat  is  effected  after  the  source  of  heat  is  withdrawn.  Denoting 
by  F{x)  the  initial  value  of  the  temperature,  we  shall  have 

/hl 
F{x)^Ae         ^^\  A   \^  the  initial  temperature  of  the  point 
most  heated.    To  simplify  the  investigation  let  us  make  ^  =  1, 

or 

and  -i7^=l*     We   have    then   JP(a;)  =  e"',  whence   we  deduce 

Qss  jdxe'*coBqXf  and  taking  the  integral  from  x  nothing  to  x 

infinite,  ^  =  t ^.     Thus  the  value  of  v  in  x  and  t  is  given  by 

1  +  2 

the  following  equation : 


2      '     j( 


0      l+q' 

22—2 
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350.  If  we  make  t  =  0,  we  have  ^  =  /   --2 2L.  which  cor- 

2      Jo     1  +  g'   ' 

responds  to  the  initial  state.    Hence  the  expression  -  |   -^ f— 

is  equal  to  e-*.  It  must  be  remarked  that  the  function  F(x), 
which  represents  the  initial  state,  does  not  chauge  its  value  accord- 
ing to  hypothesis  when  x  becomes  negative.  The  heat  communi- 
cated by  the  source  before  the  initial  state  was  formed,  is 
propagated  equally  to  the  right  and  the  left  of  the  point  0,  which 
directly  receives  it:  it  follows  that  the  line  whose  equation  is 

y  =  ~  /      ^       jf-  is  composed  of  two  symmetrical  branches  which 

are  formed  by  repeating  to  right  and  left  of  the  axis  of  y  the  part 
of  the  logarithmic  curve  which  is  on  the  right  of  the  axis  of  y,  and 
whose  equation  is  y  =  e"*.  We  see  here  a  second  example  of  a 
discontinuous  function  expressed  by  a  definite   integral    This 

function  -  I   -2 i-  is  equivalent  to  c"^  when  x  is  positive,  but 

IT  J  0     •*■  +  3 

it  is  e*  when  x  is  negative*. 

351.  The  problem  of  the  propagation  of  heat  in  an  infinite 
bar,  one  end  of  which  is  subject  to  a  constant  temperature,  is 
reducible,  as  we  shall  see  presently,  to  that  of  the  diffusion  of  heat 
in  an  infinite  line;  but  it  must  be  supposed  that  the  initial  heat, 
instead  of  affecting  equally  the  two  contiguous  halves  of  the  solid, 
is  distributed  in  it  in  contrary  manner;  that  is  to  say  that  repre- 
senting by  F{x)  the  temperature  of  a  point  whose  distance  from 
the  middle  of  the  line  is  x,  the  initial  temperature  of  the  opposite 
point  for  which  the  distance  is  —  a?,  has  for  value  —  F{ic), 

This  second  problem  differs  very  little  from  the  preceding,  and 
might  be  solved  by  a  similar  method:  but  the  solution  may 
also  be  derived  from  the  analysis  which  has  served  to  determine 
for  us  the  movement  of  heat  in  solids  of  finite  dimensions. 

Suppose  that  a  part  ah  of  the  infinite  prismatic  bar  has  been 
heated  in  any  manner,  see  fig.  (16*),  and  that  the  opposite  part 
afi  is  in  like  state,  but  of  contrary  sign ;  all  the  rest  of  the  solid 
having  the  initial  temperature  0.   Suppose  also  that  \the  surround- 

1  Of.  Riemann,  Part.  D\f,  Oleich,  §  16,  p.  84.    [A.  F.] 
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ing  medium  is  maintained  at  the  constant  temperature  0,  and  that 
it  receives  heat  from  the  bar  or  communicates  heat  to  it  through 

Fig.  16». 


the  external  surface.     It  is  required  to  find,  after  a  given  time  t> 
what  will  be  the  temperature  v  of  a  point  whose  distance  from  the 


origin  is  x. 


We  shall  consider  first  the  heated  bar  as  having  a  finite 
length  2X,  and  as  being  submitted  to  some  external  cause  which 
maintains  its  two  ends  at  the  constant  temperature  0;  we  shall 
then  make  X=  oo, 

352.    We  first  employ  the  equation 

m 

and  making  v^e'^^u  we  have 

du  ^,  d^u 
dt^    dc^' 

the  general  value  of  u  may  be  expressed  as  follows : 

u  =  afi'^**  sin  g^x  +  a^e'^^**^  sin  g^x  +  a^e'^^  sin  g^x  +  &c. 

Making  then  a;  =  X,  which  ought  to  make  the  value  of  t; 
nothing,  we  have,  to  determine  the  series  of  exponents  g,  the 
condition  sin  gX^  0,  or  flrX=  iV,  %  being  an  integer. 

Hence 

-*^.«    .    wx  .       -*x-^*  •     27ra?^. 
Wj  =  a^e    ^     sm  -^  +  a^e    ^     sm  —y  +  &c. 

It  remains  only  to  find  the  series  of  constants  a^,  a^,  a,,  &c. 
Making  t  =  0  we  have 

u  =  F{x)  =  ttj  sm  -p^"  a, sin  -y-  +  «g8m  -jp-  +  &c. 
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Let  -TT  ==  r,  and  denote  F  [x)  or  Fi —  j  by /(r) ;  we  have 

/(r)  =  ttj  sin  r  +  a,  sin  2r .+  a,  sin  3r  +  &a 

Now,  we  have  previously  found  a<  =  -  \drf{r)  sin  ir,  the  inte- 
gnd  being  taken  from  r  «  0  to  r  =  tt.    Hence 

^  a,  s=  Idlr  i^(a?)  sin -^  . 

The  integral  with  respect  to  a  must  be  taken  from  a?  »  0  to 
x^X.    Making  these  substitutions,  we  form  the  equation 

v=-^6"**|«    -^  sin^l    dxF{x)&ii'^ 

353.  Such  would  be  the  solution  if  the  prism  had  a  finite 
length  represented  by  2X  It  is  an  evident  consequence  of  the 
principles  which  we  have  laid  down  up  to  this  point;  it  remains 
only  to  suppose  the  dimension  X  infinite.  Let  X—  nir^  n  being 
an  infinite  number;  also  let  f  be  a  variable  whose  infinitely  small 

increments  dq^  are  all  equal ;  we  write  -r-  instead  of  ru  The  general 

term  of  the  series  which  enters  into  equation  (a)  being 

e    ^     sm -^|{toir(aj)sm-«r, 

we  represent  by  j-  the  number  i,  which  is  variable  and  becomes 
infinite.    Thus  we  have 

dq  dq  aq 

Making  these  substitutions  in  the  term  in  question  we  find 
6~*3'*  BinqxldxF  {x)  sin  qx.    Each  of  these  terms  must  be  divided 

by  Xor  T-,  becoming  thereby  an  infinitely  small  quantity,  and 
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the  sum  of  the  series  is  simply  an  integral,  which  must  be  taken 
with  respect  to  q  from  j  =  0  to  g  =  oo .    Hence 

tj=r-  e"***  jcZgre~*2**  sin  jj?  ldxF(x)Anqx.... (a),- 

the  integral  with  respect  to  x  must  be  taken  from  a;  =  0  to  xc  =  oo. 
We  may  also  write 

^sse'^l   dqe"^*^ mi qx j   (2xF (a) sin j^o. 


or 


--.  =  ^- w  J    ^2  jjT^a)  /    dq  e'^^ sin  qx sin qou 
^  Jo  Jo 


Equation  (a)  contains  the  general  solution  of  the  problem; 
and,  substituting  for  i^(a;)  any  function  "whatever,  subject  or  not 
to  a  continuous  law,  we  shall  always  be  able  to  express  the  value 
of  the  temperature  in  terms  of  x  and  t :  only  it  must  be  remarked 
that  the  function  F(x)  corresponds  to  a  line  formed  of  two  equal 
and  alternate  parts\ 

354.  If  the  initial  heat  is  distributed  in  the  prism  in  such  a 
manner  that  the  line  FFFF  (fig.  17),  which  represents  the  initial 

Kg.  17. 


state,  is  formed  of  two  equal  arcs  situated  right  and  left  of 
the  fixed  point  0,  the  variable  movement  of  the  heat  is  expressed 
by  the  equation 

—  sse"**!    d%F{7)\   cZj «■*«*' cos jaj cos jx 

Fig.  18. 


If  the  line  ffff  (fig.  18),  which  represents  the  initial  state,  is 

1  That  is  to  say,    F(x)^'F(-»).    [A.F.] 
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formed  of  two  similar  and  alternate  arcs^  the  integral  which  gives 
the  value  of  the  temperature  is 


irv 
~2 


Too  Tod 

=  e~*^  1    difia)  I    d^  6"*«''sin  qx  sin  ja. 
Jo  •/o 


If  we  suppose  the  initial  heat  to  be  distributed  in  any  manner, 
it  will  be  easy  to  derive  the  expression  for  v  from  the  two  preced- 
ing solutions.  In  fact,  whatever  the  function  ^  {x)  may  be,  which 
represents  the  given  initial  temperature,  it  can  always  be  decom- 
posed into  two  others  F{x)  +f(x),  one  of  which  corresponds  to  the 
line  FFFF,  and  the  other  to  the  lineffff,  so  that  we  have  these 
three  conditions 

F(x)  =  F(-x),/(x)  =  -fi-x),  <f>ia>)  =  F(x)+fix). 

We  have  already  made  use  of  this  remark  in  Articles  233  and 
234.  We  know  also  that  each  initial  state  gives  rise  to  a  variable 
partial  state  which  is  formed  as  if  it  alone  existed.  The  composi- 
tion of  these  different  states  introduces  no  change  into  the  tem- 
peratures whick""  would  have  occurred  separately  from  each  of 
them.  It  follows  from  this  that  denoting  by  v  the  variable  tem- 
perature produced  by  the  initial  state  which  represents  the  total 
function  ^  (x),  we  must  have 


-  =  e"*^  [  I    dq  e-*«^cos  qxj    daF  (a)  cos  qz 


2  ,_ 

+ 


I    dq  e-^^  sin  qx  I    dafip)  sin  ja  j. 


If  we  took  the  integrals  with  respect  to  a  between  the  limits 
—  00  and  +  00 ,  it  is  evident  that  we  should  double  the  results. 
We  may  then,  in  the  preceding  equation,  omit  from  the  first 
member  the  denominator  2,  and  take  the  integrals  with  respect  to 
a  in  the  second  form  a=5  —  co  toa  =  +  oo.    We  easily  see  also 

that  we  could  write  I      da  ^  (a)  cos  qxj  instead  of  I      da.  F{a)  cos  qa ; 

J   —00  J  -00 

for  it  follows  from  the  condition  to  which  the  function /(a)  is  sub- 
ject, that  we  must  have 


r+oo 
0  =  I      daf{oi)  cos  for. 

J  —00 
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We  can  also  write 

I      doL  <f>  (a)  sin  qx  instead  of  I      doLf{a)  cos  jo, 

J   —00  J   -00 

for  we  evidently  have 

/+00 
dx  F  (a)  sin  qou 
-00 

We  conclude  from  this 

7n;  =  6~**l    dqe-^^n      da<l>  {a)  COS  qa  cos  qx 


+  1      doLif}  (a)  sin  q%  sin  ja;  j  , 


Too  r+oo 

or,  7rt;  =  e-**/    dqe^^^l      da ^  (a)  cos  j  (a? - o). 


I 


or,^  wi;=e~**l      da^(a)  I    (^e-*«''cosj  (a?-a). 

J  -00  Jo 

355.  The  solution  of  this  second  problem  indicates  clearly 
what  the  relation  is  between  the  definite  integrals  which  we  have 
just  employed,  and  the  results  of  the  analysis  which  we  have 

applied  to  solids  of  a  definite  form.    When,  in  the  convergent 

series  which   this  analysis  furnishes,  we  give  to  the  quantities 

which    denote    the    dimensions    infinite    values;     each    of   the 

terms  becomes  infinitely  small,  and  the  sum   of  the  series  is 

nothing  but  an  integral.    We  might  pass  directly  in  the  same 

manni^r  and  without  any  physical  considerations  from  the  different 

trigonometrical  series  which  we  have  employed  in  Chapter  in.  to 

definite  integrals ;  it  will  be  sufficient  to  give  some  examples  of 

these  transformations  in  which  the  results  are  remarkable. 

•\ 

356.  In  the  equation 

1  .  1   .  1 

-r  7r  =  sin  w  +  5  sin  3m  +  r  sin  5i^  +  &c, 
4  d  5 

we  shall  write  instead  of  u  the  quantity  - ;  re  is  a  new  variable, 

1 

and  n  is  an  infinite  number  equal  to  -7-  ;  jj^  is  a  quantity  formed  by 

the  successive  addition  of  infinitely  small  parts  equal  to  dq.    We 
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shall  represent  the  variable  number  »  by  ^  .    If  in  the  general 

1  X 

term  ^. — r  sin  (2t  + 1)  -  we  put  for  i  and  n  their  values,  the  term 

becomes  ^&iii2qx.  Hence  the  sum  of  the  series  is  \  l—wi2qx, 
the  integral  being  taken  from  fssOto^^oo  ;  we  have  therefore 
the  equation  i  tt  =  J  I    —  sin  2 jjb  which  is  always  true  whatever 

be  the  positive  value  of  x.    Let   2qx  ^r,  r  being  a  new  varia- 

ClO     dt*  I  *  df 

ble,  we  have  — =  — and47r=  I    — sinr :  this  value  of  the  defi- 

q       r         "^        Jq    r 

/dr 
—  sin  r  has  been  known  for  some  time.    If  on 

supposing  r  negative  we  took  the  same  integral  from  r  =  0  to 
r  =  —  00 ,  we  should  evidently  have  a  result  of  contrary  sign  —  ^  ir. 

357.    The  remark  which  we  have  just  made  on  the  value  of 

/dr 
—  sin  r,  which  is  J  tt  or  —  J  w,  serves  to  make  known 

the  natmre  of  the  expression 

dq  sin  q 


-f 


cos  2^^ 


whose  value  we  have  already  found  (Article  348)  to  be  equal  to 
1  or  0  according  as  ^  is  or  is  not  included  between  1  and  —  1. 

We  have  in  fact 

I  -2  cos  ja?  sin  J  =  J  I  -2.  sin  J  (a?  + 1 )  —  J I  -2  sin  g  (a:  -- 1) ; 

the  first  term  is  equal  to  Jir  or  —  J^r  according  as  oj  +  l  is  a 

positive  or  negative  quantity;  the  second  J  I  -^  sin  ^(a?  - 1)  is  equal 

to  J  TT  or  —  J  TT,  according  as  a;  —  1  is  a  positive  or  negative  quantity. 
Hence  the  whole  integral  is  nothing  if  a;  + 1  and  a;  —  1  have  the 
same  sign ;  for,  in  this  case,  the  two  terms  cancel  each  other.  But 
if  these  quantities  are  of  different  sign,  that  is  to  say  if  we  have  at 
the  same  time 

«?+l>Oanda?-l<0, 
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the  two  terms  add  together  and  the  value  of  the  integral  is  ^  tt. 

Hence  the  definite  integral^  -  I    —  sin  j  cos  qx  is  a  function  of  x 

equal  to  1  if  the  variable  x  has  any  value  included  between  1  and 
—  1 ;  and  the  same  function  is  nothing  for  every  other  value  of  x 
not  included  between  the  limits  1  and  —  1. 

338.    We  might  deduce  also  firom  the  transformation  of  series 
into  integrals  the  properties  of  the  two  expressions' 

2  r*  dq  cos  qx         ^    ^  T*  qdq  sin  qx 

the  first  (Art.  350)  is  equivalent  to  e^  when  x  is  positive,  and  to 
^  when  X  is  negative.  The  second  is  equivalent  to  6~*  if  a;  is  positive, 
and  to  —6^  if  x'is  negative,  so  that  the  two  integrals  have  the 
same  value,  when  x  is  positive,  and  have  values  of  contrary  sign 
when  x  is  negative.  One  is  represented  by  the  line  eeee  (fig.  19), 
the  other  by  the  line  €€€e  (fig.  20). 

Fig.  19.  Fig.  20. 


The  equation 
1    .    Traj^sinasinaj     sin  2a  sin  23?     sin  Sa  sin  Sa?  ,  ^ 

which  we  have  arrived  at  (Art  226),  gives  immediately  the  integral 

2  f'^  da  sin  OTT  sin  qx       , .  ,  -a-  •     i     x  x      •        t 

■"  I       — -i     jt —     y  which  expression'  is  equivalent  to  sm  ^,  if  a; 

is  included  between  0  and  tt,  and  its  value  is  0  whenever  x  ex- 
ceeds ir» 

1  At  the  limiting  ▼aloes  of  x  the  value  of  this  integral  is  } ;  Biemann,  §  15. 
*Cf.  Biemann,  §16. 

*  The  enhstitutions  required  in  the  equation  are  —  f or  as,  dg  toi  -,q  for  t-. 

We  then  have  sin  x  eqnal  to  a  series  equivalent  to  the  above  integral  for  values  of  x 
between  0  and  r,  the  original  equation  being  true  for  values  of  x  between  0  and  a. 

[A.F.] 
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859.  The  same  transformation  applies  to  the  general  equation 
i'rr<f>{u)  =  sin u  Idu  <f>  (u)  sin  u  +  sin  2ec  jdu <f>  (u)  sin  2u  +  &a 

Making  t*  =  - ,  denote  <f>  (m)  or  ^  f -j  by  f(x),  and  introduce  into 
the  analysis  a  quantity  q  which  receives  infinitely  small  incre- 

1  a 

ments  equal  to  dq,  n  will  be  equal  to  t-  and  i  to  ~- ;  substituting 

these  values  in  the  general  term 

.    ix  Cdx  .  fx\    .    ix 

we  find  dq%mqx\dxf{£)Bmqx.    The  integral  with  respect  to  u 

is  taken  from  u  =  0  to  i^  =  7r,  hence  the  integration  with  respect  to 
X  must  be  taken  from  a;  =  0  to  a;  =  nir^  or  from  x  nothing  to  x 
infinite. 

We  thus  obtain  a  general  result  expressed  by  the  equation 

/•«  ^  Too 

^7r/(aj)  =  |    dq^vaqxl    dxf(x)sinqx  («), 

Jo  Jo 

for  which  reason^  denoting  by  Q  a  function  of  q  such  that  we  have 
f{u)=i  I dqQ  sin  qu  an  equation  in  which /(w)  is  a  given  function, 

we  shall  have  0  =  -  lduf{u)  sinjw,  the  integral  being  taken  fit)m 

u  nothing  to  u  infinite.  We  have  already  solved  a  similar  problem 
(Art.  846)  and  proved  the  general  equation 

Too  roo 

J7ri'(a?)  =  |   dqcoBqxj   dxF{x)coBqx (e), 

^0  Jo 

which  is  analogous  to  the  preceding. 

860.  To  give  an  application  of  these  theorems,  let  us  suppose 
/(x)  —af,  the  second  member  of  equation  (e)  by  this  substitution 

becomes  Idq siaqx  jdxsixiqx of. 
The  integral 

Idxsiaqx  a?*"  or  -7^1  jidx  sin  qx  {qxY 
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is  equivalent  to  -^^IduBinuu^  the  integral  being  taken  from  u 

nothing  to  u  infinite. 
Let  fi  be  the  integral 


/, 


00 

du  sin  u  \C  \ 

0 


it  remains  to  form  the  integral 

/d,sin,x^4M>orK/<^„sin««-(-); 

denoting  the  last  integral  by  v^  taken  from  u  nothing  to  u  infinite, 
we  have  as  the  result  of  two  successive  integrations  the  term 
0^  IMf.  We  must  then  have,  according  to  the  condition  expressed 
by  the  equation  (e), 

^Traf  =  /Avaf  or  ^i/=s^7r; 
thus  the  product  of  the  two  transcendants 

I  duv!^  sinw  and  I    —  u"*"  sin  u  is  iw. 
Jo  Jo   w 

1 

For  example,  if  r  =  —  5  ,  we  find  the  known  result 


in  the  same  manner  we  find 


r*cfusinii         lie  /  ^ 

io-7^=v2 ^-y^ 


f  *  du  cos  W  /tt  rL\ 


and  from  these  two  equations  we  might  also  conclude  the  following  \ 
J    ^^'^^2  ^/^»  which  has  been  employed  for  some  time. 

361.  By  means  of  the  equations  {e)  and  (e)  we  may  solve  the 
following  problem,  which  belongs  also  to  partial  differential 
analysia   What  function  Q  of  the  variable  q  must  be  placed  under 

*  The  way  is  simply  to  use  the  ezpressioiiB  «-•=  +co8  J^^»+  >A~1  sinv  - 1 «, 
traneforming  a  and  h  by  writiiig  y*  for  u  and  recolleoting  that  v  v-1  *=  —  /r —  • 
Cf .  §  407.    [R.  I .  B.] 
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the  integral  sign  in  order  that  the  expression  I  djQ  6"  «*  may  be 

equal  to  a  given  function,  the  integral  being  taken  from  q  nothing 
to;  infinite'?  But  without  stopping  for  different  consequences, 
the  examination  of  which  would  remove  us  from  our  chief  object, 
we  shall  limit  ourselves  to  the  following  result,  which  is  obtained 
by  combining  the  two  equations  (e)  and  (e). 

They  may  be  put  under  the  form 

5  't/'C^)  =  /    dqmiqal   dif  (a)  sin  qi, 

and  o^^(^)='/  dqcosqxl  diF {a)  cos qou 

If  we  took  the  integrals  with  respect  to  a  from  —  oo  to  +  oo, 
the  result  of  each  integration  would  be  doubled,  which  is  a  neces- 
saiy  consequence  of  the  two  conditions 

/(«)  =  -/(-«)  and  F{a)=F(:-a). 

We  have  therefore  the  two  equations 

irf(x)  =  1  dq  sin  qx  I  daf(a)  sin  jx, 

and  irF  (x)  =  I  dq  cos  qx  j  daF{2)  cos  j2. 

We  have  remarked  previously  that  any  function  <f>  {x)  can 
always  be  decomposed  into  two  others,  one  of  which  F(x)  satisfies 
the  condition  F{x)  =  F{-'x),  and  the  other /(x)  satisfies  the 
condition /(a;)  =  — /(—  x).     We  have  thus  the  two  equations 

/+00  iH-00 

doF  (a)  sin  ja,     and  0  =  I     dxf{(x)  cos  jar, 
-flO  J  —00 

*  To  do  this  write  :^x^  - 1  in  f{x)  and  add,  therefore 

2fQQ03qxdq=f{xJ~l)+f(-x,J^lh 
which  remains  the  same  on  writing  -  ae  for  as, 

therefore  Q=-  fdx  [/{xj'-i)  +/( -xj'^)] cob  qx dx. 

Again  we  may  subtract  and  use  the  sine  but  the  difficnlty  of  dealing  with 
imaginary  qnantities  recurs  continually.      [B.  L.  E.] 
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whence  we  conclude 

TT  [F{x)  +f{x)]  =  TT^  (a?)  =  1  dq  sin  qx  j     dxf(a)  sin  qa 


-so  i»+qo 

/  dq  COS  qx  i     daJT  (a)  cos  qa, 

Jo  J  -co 


e^  sin  ^o;  I    di^  (a)  sin  ;a 


-00  -+C0 

I  dj  cos  2«  I     da^  (a)  cos  qi, 

Jo  J  -co 


or 


or 


+ 
'n'<f>  {x)  =  I     da^  (a)  I  dj  (sin  jar  sin  qx  +  cos  ja?  cos  qi); 

J  -  00  JO 

lastly\      A(x)  =  -(     (iai(a)(  eZ^cos j(a;  — a) (jE). 

The  integration  with  respect  to  jr  gives  a  function  of  x  and 
a,  and  the  second  integration  makes  the  variable  a  disappear. 

Thus  the  function  represented  by  the  definite  integral  Idqcosq  (aj— a) 

has  the  singular  property,  that  if  we  multiply  it  by  any  function 
if)  (a)  and  by  da,  and  integrate  it  with  respect  to  a  between  infinite 
limits,  the  result  is  equal  to  irif>  (x) ;  so  that  the  effect  of  the  inte- 
gration ia  to  change  a  into  x,  and  to  multiply  by  the  number  ir, 

362,    We  might  deduce  equation  (E)  directly  from  the  theorem 

1  PoiBson, in  his  Mimoire  ntr  la  Thiorie  de$  Ondet,  in  the Mimoires  de  VAcadSmie 
des  Sciencet,  Tome  i. ,  Paris,  1818,  pp.  85 — 87,  fiist  gave  a  direct  proof  of  the  theorem 

f{x)  =  lj'^dqJ^dae-'*^QOB{qx--qa)f{a), 

in  which  k  is  supposed  to  be  a  small  positive  quantity  which  is  made  equal  to  0 
after  the  integrations. 

Boole,  On  the  Analynt  of  Discontinuous  Functions,  in  the  Transactions  of  the 
Hoyal  Irish  Academy,  Vol.  xxi.,  Dublin,  1848,  pp.  126—180,  introduces  some  ana- 
lytical representations  of  discontinuity,  and  regards  Fourier's  Theorem  as  unproved 
unless  equiyalent  to  the  above  proposition. 

Deflers,  at  the  end  of  a  Note  sur  quelques  integrates  difinies  Ac.,  in  the  BuUetht 
des  Sciences,  Soeiit^  Philomatique,  Paris,  1819,  pp.  161—166,  indicates  a  proof  of 
Fourier's  Theorem,  which  Poisson  repeats  in  a  modified  form  in  the  Journal  Poly- 
technique,  Cahier  19,  p.  454.  The  special  difficulties  of  this  proof  have  been 
noticed  by  Be  Morgan,  Differential  and  Integral  Calculus,  pp.  619,  628. 

An  excellent  discussion  of  the  class  of  proofs  here  alluded  to  is  given  by 
Mr  J.  W.  L.  Glaisher  in  an  article  On  sin  oo  and  cos  oo ,  Messenger  of  Mathematics 
Ser.  I.,  Vol.  v.,  pp.  232—244,  Cambridge,  1871.    [A.  F.] 
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stated  in  Article  234,  which  gives  the  development  of  any  func- 
tion F(x)  in  a  series  of  sines  and  cosines  of  multiple  arcs.  We 
pass  from  the  last  proposition  to  those  which  we  have  just  demon- 
strated, by  giving  an  infinite  value  to  the  dimensions.  Each  term 
of  the  series  becomes  in  this  case  a  differential  quantity  \  Trans- 
formations of  functions  into  trigonometrical  series  are  some  of  the 
elements  of  the  analytical  theory  of  heat;  it  is  indispensable  to 
make  use  of  them  to  solve  the  problems  which  depend  on  this 
theory. 

The  reduction  of  arbitrary  functions  into  definite  integrals, 
such  as  are  expressed  by  equation  (^,  and  the  two  elementary 
equations  from  which  it  is  derived,  give  rise  to  dijBFerent  conse- 
quences which  are  omitted  here  since  they  have  a  less  direct  rela- 
tion with  the  physical  problem.  We  shall  only  remark  that  the 
same  equations  present  themselves  sometimes  in  analysis  under 
other  forms.    We  obtain  for  example  this  result 

<f>(x)=-     did) (a)  I  dgrcosg(a?  — a) (J?) 

wVo  Jo 

which  differs  from  equation  (E)  in  that  the  limits  taken  with 
respect  to  a  are  0  and  x  instead  of  being  —  oo  and  +  oo  • 

In  this  case  it  must  be  remarked  that  the  two  equations  (E) 
and  {E')  give  equal  values  for  the  second  member  when  the 
variable  x  is  positive.  If  this  variable  is  negative,  equation  (E) 
always  gives  a  nul  value  for  the  second  member.  The  same  is 
not  the  case  with  equation  {E),  whose  second  member  is  equiva- 
lent to  TT^  (a?),  whether  we  give  to  a;  a  positive  or  negative  value. 
As  to  equation  (E)  it  solves  the  following  problem.  To  find  a 
function  of  x  such  that  if  a;  is  positive,  the  value  of  the  function 
may  be  ^  (x),  and  if  x  is  negative  the  value  of  the  function  may 
be  always  nothing*. 

363.  The  problem  of  the  propagation  of  heat  in  an  infinite 
line  may  besides  be  solved  by  giving  to  the  integral  of  the  partial 
differential  equation  a  different  form  which  we  shall  indicate  in 

*  Biemann,  Part,  Diff,  OlHch.  §  32,  gives  the  proof,  and  deduces  the  formaln 
corresponding  to  the  oases  F  (x)  =  ct  ^  ( -  a;). 

•  These  remarks  are  essential  to  clearness  of  view.  The  equations  from  which 
{E')  and  its  cognate  form  may  be  derived  will  be  fonnd  in  Todhunter's  Integral 
Calctihu,  Cambridge,  1862,  §  316,  Equations  (3)  and  (4).     [A.  F.] 
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the  following  article.  We  shall  first  examine  the  case  in  which 
the  source  of  heat  is  constant. 

Suppose  that^  the  initial  heat  being  distributed  in  any  manner 
throughout  the  infinite  bar^  we  maintain  the  section  ^  at  a 
constant  temperature,  whilst  part  of  the  heat  communicated  is  dis- 
persed through  the  external  surface*  It  is  required  to  determine 
the  state  of  the  prism  after  a  given  time,  which  is  the  object  of  the 
second  problem  that  we  have  proposed  to  ourselves.  Denoting  by 
1  the  constant  temperature  of  the  end  A,  by  0  that  of  the  medium, 

we  have  e  "^^  as  the  expression  of  the  final  temperature  of  a 
point  situated  at  the  distance  x  from  this  extremity,  or  simply 

e*^  assuming  for  simplicity  the  quantity  ^r^  to  be  equal  to  unity. 

Denoting  by  v  the  variable  temperature  of  the  same  point  after 
the  time  t  has  elapsed,  we  have,  to  determine  v,  the  equation 

dt'CUda?     CDS^' 

let  now  t?  =  a       "^^  +  w , 

,  du  _  K  d^u       HL    , 

we  nave  _»__«__,^; 

du      J  d^u      ,  / 
repladng  ^  by  A;  and  ^jjj^  by  h. 

■ 

If  we  make  w' =  «"**«  we  have  jt  =i  ^-,;  the  value  of  u'  or 
dt        dor 

v-^e  -"^  is  that  of  the  difference  between  the  actual  and  the 
final  temperatures ;  this  difference  u\  which  tends  more  and  more 
to  vanish,  and  whose  final  value  is  nothing,  is  equivalent  at  first  to 

denoting  by  F  {x)  the  initial  temperature  of  a  point  situated  at  the 
distance  x^    Let /(a?)  be  the  excess  of  the  initial  temperature  over 

F.  H.    •  23 
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the  final  temperatiu-e,  we  must  find  for  u  a  function  which  satisfies 
the  equation  ~ji^^'x^''^'^>  ^^^  whose  initial  value  is  f{x),  and 

final  value  0.  At  the  point  A,  or  x  =  0,  the  quantity  v  —  e  ^^ 
has,  by  hypothesis,  a  constant  value  equal  to  0.  We  see  by  this 
that  u  represents  an  excess  of  heat  which  is  at  first  accumulated  in 
the  prism,  and  which  then  escapes,  either  by  being  propagated  to 
infinity,  or  by  being  scattered  into  the  medium.  Thus  to  represent 
the  effect  which  results  from  the  uniform  heating  of  the  end  A  of 
a  line  infinitely  prolonged,  we  must  imagine,  1st,  that  the  line  is 
also  prolonged  to  the  left  of  the  point  A,  and  that  each  point 
situated  to  the  right  is  now  affected  with  the  initial  excess  of 
temperature ;  2nd,  that  the  other  half  of  the  line  to  the  left  of 
the  point  ^  is  in  a  contrary  state ;  so  that  a  point  situated  at  the 
distance  —  x  from  the  point  A  has  the  initial  temperature  ^f(x)  : 
the  heat  then  begins  to  move  freely  through  the  interior  of  the 
bar,  and  to  be  scattered  at  the  surface. 

The  point  A  preserves  the  temperature  0,  and  all  the  other 
points  arrive  insensibly  at  the  same  state.  In  this  manner  we  are 
able  to  refer  the  case  in  which  the  external  source  incessantly  com- 
municates new  heat,  to  that  in  which  the  primitive  heat  is  propa- 
gated through  the  interior  of  the  solid.  We  might  therefore  solve 
the  proposed  problem  in  the  same  manner  as  that  of  the  diffusion 
of  heat.  Articles  347  and  353;  but  in  order  to  multiply  methods  of 
solution  in  a  matter  thus  new,  we  shall  employ  the  integral  under 
a  diffierent  form  from  that  which  we  have  considered  up  to  this 
point. 

364,    The  equation  ^  =  &  ^-j  is  satisfied  by  supposing  u  equal 

to  6"*  e**.    This  function  of  x  and  t  may  also  be  put  under  the  form 
of  a  definite  integral,  which  is  very  easily  deduced  from  the  known 

value  of  jdqe'^^    We  have  in  {axitjTr=^jdqe'^\  when  the  integral 
is  taken  from  j  =  -ootogr  =  +oo.    We  have  therefore  also 


Jrr—\dqe 


-(«+6)* 
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b  being  any  constant  whatever  and  the  limits  of  the  integral  the 
same  as  before.    From  the  equation 


J  —00 


we  conclude,  by  making  V  —  kt 

1   r+ 


si  IT  J  ^^ 


hence  the  preceding  value  of  w  or  e"*  e**  is  equivalent  to 


1     ^+*        -««^-^+2gVJ^, 


J 


L    r+» 


e  '  e 


we  might  also  suppose  u  equal  to  the  function 


!  . 


a  and  n  being  any  two  constants ;  and  we  should  find  in  the  same 
way  that  this  function  is  equivalent  to 

We  can  therefore  in  general  take  as  the  value  of  u  the  sum  of  an 
infinite  number  of  such  values,  and  we  shall  have 

+  &C.) 

The  constants  a^,  a^,  a^,  &c.,  and  n^,  n^,  n^,  &c.  being  undetermined, 
the  series  represents  any  function  whatever  of  a;  +  2qjkt;  we  have 

therefore  u=:jdqe'^*<f>(x  +  2qjkt).  The  integral  should  be  taken 
from  j=a— atoj=s+x,  and  the  value  of  u  will  necessarily  satisfy 
the  equation  -ji^k  -j^l  •  This  integral  which  contains  one  arbi- 
trary function  was  not  known  when  we  had  undertaken  our  re- 
searches on  the  theoiy  of  heat,  which  were  transmitted  to  the- 
Institute  of  France  in  the  month  of  December,  1807:  it  has  been 

23—2 
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given  by  M.  Laplace^  in-a  work  which  forms  part  of  yolume  viii 
of  the  M^moires  de  r£cole  Polytechnique;  we  apply  it  simply  to 
the  determination  of  the  linear  movement  of  heat.  From  it  we 
oondude 

when  * «  0  the  value  o{uisF(x)^e    ^'^  orf(x)\ 
hence 

f{x)  =£*dj6-«-  4>{x)  and  ^  {x)  =  ^/(^). 

Thus  the  arbitrary  function  which  enters  into  the  int^pral,  is  deter- 
mined by  means  of  the  given  function /(a;),  and  we  have  the 
following  equation,  which  contains  the  solution  of  the  problem, 


it  is  easy  to  represent  this  solution  by  a  construction. 

366.  Let  us  apply  the  previous  solution  to  the  case  in  which 
all  points  of  the  line  AB  having  the  initial  temperatiu*e  0,  the  end 
A  is  heated  so  as  to  be  maintained  continually  at  the  tempera- 
ture 1.    It  follows  from  this  that  F  {x)  has  a  nul  value  when  x 

diflfers  from  0.  Thus /(a?)  is  equal  to  —  c  "  whenever  x  differs 
from  0,  and  to  0  when  x  is  nothing.  On  the  other  hand  it  is 
necessary  that  on  making  x  negative,  the  value  oif{x)  should  change 
sign,  so  that  we  have  the  condition/(— a;)  =— /(a;).  We  thus 
know  the  nature  of  the  discontinuous  function /(a;);  it  becomes 

—  e  when  x  exceeds  0,  and  +  6      ^  when  x  is  less  than  0. 

We  must  now  write  instead  of  x  the  quantity  x  +  i^q^kt.    To  find 

/■+•  1 

w  or  J     ^^'^~r-f{x+2q'/H)i  we  must  first  take  the  integral 

from 

x+2q^t=:0  to  x  +  2q^E=^co, 

^  Jownal  de  VEcole  Polytechniquet  Tome  vni.  pp.  235 — ^244,  PaziB,  1809. 
lAplaoe  shews  also  that  the  complete  integral  of  the  equation  contains  onlj  one 
arbitrary  hmotion,  but  in  this  respect  he  had  been  anticipated  by  Polsson.    [A.  F.] 
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and  then  from 

a?  +  2jV^=:-oo   to  a:  +  2 jVii  =s 0. 
For  the  first  part,  we  have 

Niri  * 

and  replacing  h  by  its  value  7^  we  have 

Ox/ 


or 


or  ^1 


I JJJ  f 

Denoting  the  quantity  ff  +  y  ^7^  by  t  the  preceding  expression 
becomes 


Wir  J 


this  integral  jdre"**  must  be  taken  by  hypothesis  from 

^  +  2j>y/^  =  0  to  a^  +  2jy^^  =  oo, 


or  from  ?  =  —        J       to  J  =  00 , 


or  from  »-  =  V^ y^tor=oo. 


CD 


The  second  part  of  the  int^^ral  is 


^die''  e('+Wf.yi 
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or  -^-  6*^^  [dqe^^e^"^^^, 

Vtt  J 

or  .—  e^^e<^^l  dre-  **, 

Vtt  J 

denoting  by  r  the  quantity  g  — a/  ppq>     The  integral  jdre~^ 
must  be  taken  by  hypothesis  from 

«^+2jyy/-^  =  -oo  toa?  +  2g^^  =  0, 
or  from  ^  =  —  00  to  0^  =  —         , — ^ ,  that  is 

2  /^« 


V 


from  r  =  -«  to  r  =  -y  ^-^- 


CD 

X 


y  VD 


The  two  last  limits  may,  from  the  nature  of  the  frmction  e'*",  be 
replaced  by  these: 

„_    /Hit   ,         X  , 


^V 


CD 


It  follows  from  this  that  the  value  of  u  is  expressed  thus: 

w  =  e  "^^  e^^  dre     '-e''^ '^ e^^  jdre-'^^ 
the  first  integral  must  be  taken  from 


HLt  X 

VD 
and  the  second  from 


-VCD8\  JM 

V  CD 


,  HLt  at      ^ 
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Let  us  represent  now  the  integral  -7=  jdre'^  from  r  =  iJ  to  r  =  00 

Mj-rrJ 

by  -^  (jB),  and  we  shall  have 
-   »J^  •  /    /^^^  . 


£  CDS  £        V  XJ 


hence  w',  which  is  equivalent  to  e'cns^  is  expressed  by 


X 


CDS         /Zt 

(72), 


V- 


and 


The  function  denoted  by  -^  (5)  has  been  known  for  some  time, 
and  we  can  easily  calculate,  either  by  means  of  convergent  series, 
or  by  continued  fractions,  the  values  which  this  function  receives, 
when  we  substitute  for  R  given  quantities;  thus  the  numerical 
application  of  the  solution  is  subject  to  no  difficulty\ 

^  The  following  references  are  given  by  Eiemann: 

Eramp.    Analyse  des  rSfractions  attronomiquei  et  terretire$,    Leipsio  and  Paris, 

An.  vn.  4to.    Table  I.  at  the  end  contains  the  valnes  of  the  integral  /    e~^dfi 

from  lk=0-00  to  2;=8*00. 

Legendre.  TraiU  detfonetionM  elUpHques  et  des  inUgrdUs  EvJSrietma.  Tome  n. 
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366.    If  H  be  made  nothing,  we  have 


"'^11'^ 


This  equation  represents  the  propagation  of  heat  in  an  infinite 
bar,  all  points  of  which  were  first  at  temperature  0,  except  those  at 
the  extremity  which  is  maintained  at  the  constant  temperature  1. 
We  suppose  that  heat  cannot  escape  through  the  external  surface 
of  the  bar ;  or,  which  is  the  same  thing,  that  the  thickness  of  the 
bar  is  infinitely  great.  This  value  of  v  indicates  therefore  the  law 
according  to  which  heat  is  propagated  in  a  solid,  terminated  by 
an  infinite  plane,  supposing  that  this  infinitely  thick  wall  has  first 
at  all  parts  a  constant  initial  temperature  0,  and  that  the  surface  is 
submitted  to  a  constant  temperature  1.  It  will  not  be  quite 
useless  to  point  out  several  results  of  this  solution. 

Denoting  by  ^  (i?)  the  integral  -j^ldre'^  taken  from  r  =  0  to 
r=R,  we  have,  when  JJ  is  a  positive  quantity, 

Vr(i2)  =  i-^(i?)  and  t(-i?)  =  i  +  ^(i?)/ 
hence 

^(-i?)-^(S)  =  2^(fi)  and  v  =  l-2<j> 


developing  the  integral  <f>  (R)  we  have 

Paris,  1826.    4to.  pp.  620—1.    Table  of  the  values  of  the  integral  fix  (log^V*. 

The  first  part  for  yalaes  of  Hog  -J  from  0-00  to  0-60;  the  second  part  for  valued 
of  X  from  0*80  to  0*00. 

Enoke.    AttrorumUches  JahrbuehfUr  1884.    Berlin,  1832,  8vo.    Table  I.  at  the 

2     /*< 
end  gives  the  values  of  -^  j  e^^dt  from  «=0-00  to  ts2*00.    [A.  F.] 
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hence 

1        ,-1,-  CO  .11/         <D        \'      11/         g         V.0-. 


X      .11/     g     V    11/     «     V 


Ist^  if  we  suppose  x  nothing,  we  find  i;  ^  1 ;   2nd^  if  x  not 
being  nothings  we  suppose  t^Q,  the  sum  of  the  terms  which 

contain  x  represents  the  integral  jdre'^  taken  from  r  =  0  to  r  =  oo , 

and  consequently  is  equal  to  ^sfir;  therefore  v  is  nothing;  3rd, 

different  points  of  the  solid  situated  at  different  depths  x^,  x^,  x^, 

&C.  arrive  at  the  same  temperature  after  different  times  t^,  t^,  t^, 

&c.  which  are  proportional  to  the  squares  of  the  lengths  x^,  x^,  x^, 

&c.;  4th,  in  order  to  compare  the  quantities  of  heat  which  during 

an  infinitely  small  instant  cross  a  section  8  situated  in  the  interior 

of  the  solid  at  a  distance  x  from  the  heated  plane,  we  must  take 

dv 
the  value  of  the  quantity  —  KS  -r-  and  we  have 


ax 
2 


2K8  (       1/      X      Y 


—  &c. 


dv 
thus  the  expression  of  the  quantity  -r-  is  entirely  disengaged  from 

the  integral  sign.    The  preceding  value  at  the  surface  of  the 

heated  solid  becomes  8      , —   ,  which  shews  how  the  flow  of  heat 

at  the  surface  varies  with  the  quantities  (7,  D^  K,t;  to  find  how 
much  heat  the  source  commimicates  to  the  solid  during  the  lapse 
of  the  time  t,  we  must  take  the  integral 
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/ 


thus  tbe  heat  acquired  increases  proportionally  to  the  square  root  of 
the  time  elapsed. 

367.  By  a  similar  analysis  we  may  treat  the  problem  of  the 
diffusion  of  heat,  which  also  depends  on  the  integration  of  the 

equation -^  =  A: -1-j  —  Av.  Representing  hj  f(x)  the  initial  tem- 
perature of  a  point  in  the  line  situated  at  a  distance  a  from  the 
origin,  we  proceed  to  determine  what  ought  to  be  the  temperature 
of  the  same  point  after  a  time  t.    Making  v  =  e~^  Zj  we  have 

dz       cPz  f^*  

-r  —  k-j^,  and  consequently  z=l     dqe''^*<f>(x+2q  Jkt).     When 

^  =  0,  we  must  have 
hence 

To  apply  this  general  expression  to  the  case  in  which  a  part  of 
the  line  from  a?  =  —  atoa?  =  ais  uniformly  heated,  all  the  rest  of 
the  solid  being  at  the  temperature  0,  we  must  consider  that  the 
factor/ (a?  +  2q  JJd)  which  multiplies  e~«'  has,  according  to  hypo- 
thesis, a  constant  value  1,  when  the  quantity  which  is  under  the 
sign  of  the  function  is  included  between  —  a  and  a,  and  that  all 
the  other  values  of  this  factor  are  nothing.     Hence  the  integral 

/dje'«*  ought  to  be  taken  from  a;  +  2 j ^^A^  =  —  a  toa?  +  2jis/^  =  «> 
or  from  j=  ^^"7^"  to  g  =  .   Denoting  as  above  by  -p  -^  (i?) 

the  integral  \dr  e~^  taken  from  r  =  -Btor  =  oo,we  have 
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368.    We  shall  next  apply  the  general  equation 


V  =  J^f^fi  «"^/(^  +  2^^/^) 


to  the  case  in  which  the  infinite  bar,  heated  by  a  source  of 
constant  intensity  1,  has  arrived  at  fixed  temperatures  and  is 
then  cooling  freely  in  a  medium  maintained  at  the  temperature 
0.    For  this  purpose  it  is  sufficient  to  remark  that  the  initial 

function  denoted  by /(a?)  is  equivalent  to  e  ^*  so  long  as  the 
variable  x  which  is  under  the  sign  of  the  function  is  positive, 

and  that  the  same  function  is  equivalent  to  6*^*  when  the 
variable  which  is  affected  by  the  symbol /is  less  than  0.    Hence 

the  first  integral  must  be  taken  from 

(c  +  2q»Jki  =  0  to  w-\-2qJki=oo , 
and  the  second  from 

x+2qJki^  —  co   to  x+2qjkt^0. 
The  first  part  of  the  value  of  v  is 


6-*^/l 

or 


'-^Ifc 


or        — j^-ldre'^i 


making  r  s  j^  +  ijlu.    The  integral  should  be  taken  from 

orfwm  r  =  VA«-4=tor=oo.        * 

2jkt 
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The  second  part  of  the  value  of  v*is 

-7=e^Jljdq  6-«*  e^^    or  e^'^wldr  e'^ ; 

making  r  =  j  -  Jhi.    The  integral  should  be  taken  from 


r  =  — 00   to  r^'-Jht^ 


X 


2jkt' 


or  from  r  =  ^ht  +  ^-7^  to  r  =*  oo , 

whence  we  conclude  the  following  expression : 

369.    We  have  obtained  (Art.  367)  the  equation 

to  express  the  law  of  diffusion  of  heat  in  a  bar  of  small  thickness, 
heated  uniformly  at  its  middle  point  between  the  given  limits 

We  had  previously  solved  the  same  problem  by  following  a 
different  method,  and  we  had  arrived,  on  supposing  a— 1>  at 
the  equation 

v  s=  -  e"*M      -^  cos  qx  sin  qe'^  (Art.  348). 

To  compare  these  two  results  we  shall  suppose  in  each  x^O; 

denoting  again  by  ^(5)  the  integral  Idre"^  taken  from  rs=0 
tor«jB,  we  have 

2e-**(   a       1 1  /   o   \*     1  1  /   o   V     „   1 
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on  the  other  hand  we  ought  to  have 

v  =  -  e^^  I — sin  fl'  e"«"*^, 
TT        J  q        * 

t,=.^e-«|(22e-«'«(l-g+^-&c). 

Now  the  integral  jdue"^  tf^  taken  from  u  =  0  to  m  =  «  has 

a  known  value,  m  being  any  positive  integer.     We   have  in 
general 

1.3.5.7... (2m-l)l 

VUUff     "    u       = 

0 

The  preceding  equation  gives  then,  on  making  ^kt  =  u', 


r 


or 


_2e-*«r  1      11/1  Y   11/1  Y      1 


This  equation  is  the  same  as  the  preceding  when  we  suppose 
a  =  l.  We  see  by  this  that  integrals  which  we  have  obtained 
by  different  processes,  lead  to  the  same  convergent  series,  and 
we  arrive  thus  at  two  identical  results,  whatever  be  the  value 
of  X, 

We  might,  in  this  problem  as  in  the  preceding,  compare  the 
quantities  of  heat  which,  in  a  given  instant,  cross  different 
sections  of  the  heated  prism,  and  the  general  expression  of  these 
quantities  contains  no  sign  of  integration ;  but  passing  by  these 
remarks,  we  shall  terminate  this  section  by  the  comparison  of 
the  different  forms  which  we  have  given  to  the  integral  of  the 
equation  which  represents  the  diffusion  of  heat  in  an  infinite 
line. 

370.    To  satisfy  the  equation   -r  =  ^j;ji>  ^®  ^^7  assume 

u  =  «■*  e**,  or  in  general  u  =  e~»*  e****,  whence  we  deduce  easily 
(Art.  364)  the  integral 

u^\     dqe-9*4>{x  +  2qjkt). 

1  Cf.  Biemann,  $  18. 
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From  the  known  equation 

J  — ao 


we  conclude 


JiT^l    dg «"(«+«)*,    a  being  any  constant;  we  have  therefore 

J  —00 

e«*=--=^[rfje-«"6"*««,    or 

This  equation  holds  whatever  be  the  value  of  a.    We  may  de- 
velope  the  first  member;  and  by  comparison  of  the  terms  we  shall 

obtain  the  already  known  values  of  the  integral  Idq  e"^  j*.     This 


value  is  nothing  when  n  is  odd,  and  we  find  when  n  is  an  even 
number  2m, 

r^     -^  im     1.3.5.7... (2m-l)  ,_ 


I 


371.    We  have  employed  previously  as  the  integral  of  the 
equation  -^  =  A? -j-^  the  expression 

u  =s  a^e"*****  cos  w^a;  +  ajT^^  cos  w,a?  +  a,e~"»**  cos  «^  +  &c. ; 

or  this, 

u  =  a^e""****  sin  11^0?^+  a,e""«***  sin  Wj«  +  a^"^^  sin  rigX  +  &c. 

Oi>  c^a>  ctg,  &c.,  and  n^,  w,,  w,,  &c.,  being  two  series  of  arbitrary 
constants.  It  is  easy  to  see  that  each  of  these  expressions  is 
equivalent  to  the  integral 

Idj  e"«*  sin  n  (cc  +  2^  Vie),    or  Idj e'^'" cos n  («?  +  2j \^). 
In  fact,  to  determine  the  value  of  the  integral 


I    dSj' e-^"  sin  (a;  +  2^  V&i) ; 
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we  shall  give  it  the  following  form 

W  e"**  sin  a;  cos  22  VAf  +  ldqe~^coaw8in2q'/kt', 
or  else, 

+J_d2  e  ^  COS  «(27rf- 27^1). 
which  is  e<^uivalent  to 

e-^  sin  X  Ujdq  e"^^'  ^-«^*  +  i  fc  e-<«+^-«>') 

+  6-«  cos  a;  (2— p^  fe  e-<«-^^=*^  -  2;^  fe  e-<«+^^)" j , 

the  integral jdge'^«*^^  taken  from  j  =  -x   toj  =  «   is  V^, 

we  have  therefore  for  the  value  of  the  integral  /dj6-«'  sin  {x-\-2q  ^kt)* 
the  quantity  Vtt  e"**  sin  a:,  and  in  general 

V^ e"*»** sin nd?=j  fl&^ e-^ sin w  (a?  +  2j  Vii), 
we  could  determine  in  the  same  manner  the  integral 

the  value  of  which  is  s/ir  e~*^  cos  nx. 
We  see  by  this  that  the  integral 
e"*i*  (a^  sin  n^o?  +  6^  cos  n^x)  +  e~***^  (a^  sin  »,»  +  6,  cos  w^^) 

+  e-»«**<  (a,  sin  n^a  +  6,  cos  njxi)  +  &c. 
is  equivalent  to 

1    r+*      _^  fttj  sin n^  («  +  22  Viif)  +  a, sin n,  {x  +  2q^B)+&c.] 
VttJ-*  l6iC08nj(aj  +  22V*^)  +  6,cosn,(a?  +  22V'&F)+&cJ* 
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The  value  of  the  seriea  represente,  as  we  have  seen  previously, 
any  function  whatever  of  x  +  2q  s/Tct ;  hence  the  general  integral 
can  be  expressed  thus 


V  ^jdq  €r^^{x  +  2q  \fB). 


The  integral  of  the  equation  -^  =  k-r-^  may  besides  be  pre- 
sented under  diverse  other  forms\  All  these  expressions  ai'e 
necessarily  identical. 


SECTION  II. 
0/  the  free  movement  of  heat  in  an  infinite  solid. 

872.    The  integral  of  the  equation  -^  =  j^  -r-^  (a)  furnishes 

immediately  that  of  the  equation  with  four  variables 

dv_K  fcPv     ^^\  ... 

dt^CDW^df^dzV ^"^^' 

as  we  have  already  remarked  in  treating  the  question  of  the  pro* 
pagation  of  heat  in  a  solid  cube.  For  which  reason  it  is  sufficient 
in  general  to  consider  the  effect  of  the  diffusion  in  the  linear 
case.  When  the  dimensions  of  bodies  are  not  infinite,  the  distri- 
bution of  heat  is  continually  disturbed  by  the  passage  from  the 
solid  medium  to  the  elastic  medium;  or«  to  employ  the  expres- 
sions proper  to  analysis,  the  function  which  determines  the 
temperature  must  not  only  satisfy  the  partial  differential  equa- 
tion and  the  initial  state,  but  is  further  subjected  to  conditions 
which  depend  on  the  form  of  the  surface.  In  this  case  the  integral 
has  a  form  more  difficult  to  ascertain,  and  we  must  examine  the 
problem  with  very  much  more  care  in  order  to  pass  from  the  case 
of  one  linear  co-ordinate  to  that  of  three  orthogonal  co-ordinates : 
but  when  the  solid  mass  is  not  interrupted,  no  accidental  condition 
opposes  itself  to  the  free  diffusion  of  heat.  Its  movement  is  the 
same  in  all  directions. 

1  See  an  article  by  Sir  W.  Thomson,  **  On  the  Linear  Motion  of  Heat,*'  Part  I, 
Caxnb.  Math,  Journal,  Vol.  iii.  pp.  170—174.     [A.  F.] 


SECT»  II.]  LINEAB  MOVEMENT.  3^9 

The  variable  temperature  v  of  a  point  of  an  infinite  line  is 
expressed  by  the  equation 


*  =  7-/3*"^-/'(*  +  2jVf) (t). 

X  denotes  the  distance  between  a  fixed  point  0,  and  the  point  m, 
whose  temperature  is  equal  to  v  after  the  lapse  of  a  time  t  We 
suppose  that  the  heat  cannot  be  dissipated  through  the  external 
surface  of  the  infinite  bar,  and  that  the  initial  state  of  the  bar  is 
expressed  by  the  equation  v=f(x).  The  differential  equation^ 
which  the  value  of  v  must  satisfy,  is 

di^CD  d^ ^^^• 

But  to  simplify  the  investigation;  we  write 

dv     d^v  ,,. 

s=dp (*)' 

which  assumes  that  we  employ  instead  of  i  another  unknown 
equal  to  j^. 

If  in  /  {x),  a  function  of  x  and  constants,  we  substitute  x  +  2n*/t 

dtt 
for  X,  and  if,  after  having  multiplied  by  -t^  e'^,  we  integrate  with 

Wtt 
respect  to  n  between  infinite  limits,  the  expression 


1  at^OO 

7=  r  dn  e-*'/(a:  +  2n  V^) 


satisfies,  as  we  have  proved  above,  the  differential  equation  (h) ; 
that  is  to  say  the  expression  has  the  property  of  giving  the  same 
value  for  the  second  fluxion  with  respect  to  x,  and  for  the  first 
fluxion  with  respect  to  t  From  this  it  is  evident  that  a  function 
of  three  variables/ (a?, y,-ar)  will  enjoy  a  like  property,  if  we  substi- 
tute for  X,  jfy  z  the  quantities 

X  +  2njty  y  +  2p>/F,  z  +  iqjt, 

provided  we  integrate  after  having  multiplied  by 


—pre         ,--#=»    -^  ,      ._€?». 
tJlT  tjtr  tjTT 


F.  H. 


24 


87j)  THEORY  OF  HEAT.  [CHAP. 

In  fact,  the  function  which  we  thus  form, 
ir-^jdnjdpjdq  e-C-'+p'+^VC*  +  2n7^  y  +  2pji,  z  +  2qji), 

gives  three  terms  for  the  fluxion  with  respect  to  t,  and  these  three 
terms  are  those  which  would  be  found  by  taking  the  second  fluxion 
'  with  respect  to  each  of  the  three  variables  x,  y,  £• 

Hence  the  equation 

(A 

gives  a  value  of  v  which  satisfies  the  partial  differential  equation 

di^^'^d/'^dz* ^^^• 

373.  Suppose  now  that  a  formless  solid  mass  (that  is  to  say 
one  which  fills  infinite  space)  contains  a  quantity  of  heat  whose 
actual  distribution  is  known.  Let  v  =  F(x,  y,  z)  be  the  equation 
which  expresses  this  initial  and  arbitrary  state,  so  that  the 
molecule  whose  co-ordinates  are  x,  y,  z  has  an  initial  temperature 
equal  to  the  value  of  the  given  function  F{x,y,z).  We  can 
imagine  that  the  initial  heat  is  contained  in  a  certain  part  of 
the  mass  whose  first  state  is  given  by  means  of  the  equation 
v=^F(x,  y,  z),  and  that  all  other  points  have  a  nul  initial  tem- 
perature 

It  is  required  to  ascertain  what  the  system  of  temperatures 
will  be  after  a  given  time.  The  variable  temperature  v  must 
consequently  be  expressed  by  a  function  ^  {x,  y,  z,  t)  which  ought 
to  satisfy  the  general  equation  (A)  and  the  condition  <f>  {x,  y,  z,  0) 
=  F{Xf  y,  z).  Now  the  value  of  this  function  is  given  by  the 
integral 

V  ^w--^  I  dn  I  dp  j dqe'^'''-^^-^^^  F  (x  +  2nj^^ 

In  fact,  this  function  v  satisfies  the  equation  (A),  and  if  in  it  we 
make  f  ==  0,  we  find 

w-^jdnjdpjdq  e-^**+*"+«">  F{x,  y,  z), 

or,  effecting  the  integrations,  F  (x,  y,  z). 
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374.  Since  the  function  v  or  ^  (x,  y,  z,  t)  represents  the 
initial  state  when  in  it  we  make  t^O,  and  since  it  satisfies  the 
di£ferential  equation  of  the  propagation  of  heat,  it  represents  also 
that  state  of  the  solid  which  exists  at  the  commencement  of  the 
second  instant,  and  making  the  second  state  vary,  we  conclude 
that  the  same  function  represents  the  third  state  of  the  solid,  and 
all  the  subsequent  states.  Thus  the  value  of  v,  which  we  have 
just  determined,  containing  an  entirely  arbitrary  function  of  three 
variables  x,  y,  z,  gives  the  solution  of  the  problem ;  and  we  cannot 
suppose  that  there  is  a  more  general  expression,  although  other- 
wise the  same  integral  may  be  put  under  very  different  forms. 

Instead  of  employing  the  equation 


^^j^ldqe''^f{x  +  2q^). 


we  might  give  another  form  to  the  Integral  of  the  equation 

-ji^-rjt\  wid  it  would  always  be  easy  to  deduce  from  it  the 

integral  which  belongs  to  the  case  of  three  dimensions.  The 
result  which  we  should  obtain  would  necessarily  be  the  same  as 
the  preceding. 

To  give  an  example  of  this  investigation  we  shall  make  use  of 
the  particular  value  which  has  aided  us  in  forming  the  exponential 
integral 

Taking  then  the  equation  -^  =  ^ . . .  (6),  let  us  give  to  v  the 

very    simple  value  e"*^co8wa?,    which    evidently    satisfies    the 

differential  equation  (&).    In  fact*  we  derive  from  i*  ^  =  —  ^^ 

and  -r-s  s  —  n'r.    Hence  also,  the  integral 


L 


dne"^  COS  nx 

belongs  to  the  equation  (6) ;  for  this  value  of  v  is  formed  of  the 
sum  of  an  infinity  of  particular  values.    Now,  the  integral 


c 


dn  fl""**  cos  nx 
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is  known,  and  is  known  to  be  equivalent  to  /-  /-  (see  the  follow- 
ing article).  Hence  this  last  function  of  x  and  t  agrees  also  with 
the  differential  equation  (b).    It  is  besides  very  easy  to  verify 

directly  that  the  particular  value  — yp  satisfies    the  equation   in 

question. 

The  same  result  will  occur  if  we  replace  the  variable  x  by 
a?  —  a,  a  being  any  constant.    We  may  then  employ  as  a  particular 

value  the  function y= —  ,  in  which  we  assign  to  a  any  value 

/A  o       4f 
dififl) p —  also  satisfies 

the  differential  equation  (6) ;    for  this  sum  is  composed  of  an 

infinity  of  particular  values  of  the  same  form,  multiplied   by 

arbitrary  constants.     Hence  we  can  take  as  a  value  of  9  in  the 

dv     cPv  ,     /.  „ 
equation  ^  =  -y-,  the  following, 

A  being  a  constant  coeflScient.  If  in  the  last  integral  we  suppose 
^p^  =  ?•,  making  also  A  =  ^7=  >  ^e  stall  have 

"'  "jif'i'-*f('*^'ft) (.■). 

We  see  by  this  how  the  employment  of  the  particular  values 


e"*''costwp  or 


6~« 


leads  to  the  integral  under  a  finite  form. 


na 
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375.  The  relation  in  which  these  two  particular  values  are  to 
each  other  is  discovered  when  we  evaluate  the  integral^ 

r+oo 

I     dn  e'^*^  COB  nx. 

To  effect  the  integration^  we  might  develope  the  factor  cos  nx 
and  integrate  with  respect  to  n.  We  thus  obtain  a  series  which 
represents  a  known  development;  but  the  result  may  be  derived 

more  easily  from  the  following  analysis.  The  integral  /  dn  e"*"'cos 

is  transformed  to  I  dp  6"^cos  2pw,  by  assuming  nU  =y  and  nx  =  2pu. 
We  thus  have 

I     rfn  6-*'*  cos  «aj  = -T=  /     dp  e'f^  COB  2pu. 
We  shall  now  write 
jdp  e"^  cos  2pu  =  1  I  (fp  6-1^+*^ ^^*  +  i  [rfp  e"i^-^^^i 

Now  each  of  the  integrals  which  enter  into  these  two  terms  is 
equal  to  ij^.    We  have  in  fact  in  general 

and  consequently 

whatever  be  the  constant  b.  '  We  find  then  on  making 

6  =  Tw^/— 1,  jdqe~^C0B2qu  —  e'^*s/''r, 

hence  I    dner^coBnx^ — t=— > 

1  The  valae  is  obtained  by  a  different  method  in  Todhnnter's  InUgraX  CaUuUu, 
§376.    [A.  P.] 


r 
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and  puttiog  for  u  its  value   — =,  we  have 


r- 


dn6"***  COB  nx  =  — -- Vw*. 


6    4^  . 


Moreover  the  particular  value  — t=-  is  simple  enough  to  present 

itself  directly  without  its  being  necessary  to  deduce  it  from  the 
value  6"*^co8naj.     However  it  may  be,  it  is  certain  that  the 

function  —rr  satisfies  the  differential  equation  ■—=:---;  it  is  the 
Jt  »*     oar 

same  consequently  with  the  function  — 7= — ,  whatever  the  quan- 
tity  a  may  ba 

376.    To  pass  to  the  case  of  three  dimensions,  it  is  sufficient 

to  multiply  the  function  of  x  and  t,  — T=r— ,  by  two  other  similar 

functions,  one  of  y  and  t^  the  other  of  z  and  t\  the  product  will 
evidently  satisfy  the  equation 

dv  _  ^     d*t>     cPt> 
We  shall  take  then  for  v  the  value  thus  expressed: 

If  now  we  multiply  the  second  member  by  <fo,  dfi,  drf,  and  by 
any  function  whatever/  (a,  )8,  7)  of  the  quantities  a,  /8,  7,  we  find, 
on  indicating  the  integration,  a  value  of  t;  formed  of  the  sum  of  an 
infinity  of  particular  values  multiplied  by  arbitrary  constants. 

It  follows  from  this  that  the  function  v  may  be  thus  ex- 
pressed : 

di\    dpi    drYf{a,fi,y)rie  S  ....(j). 

This  equation  contains  the  general  integral  of  the  proposed 
equation  {A) :  the  process  which  has  led  us  to  this  integral  ought 
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to  be  remarked  since  it  is  applicable  to  a  great  varietj  of  cases ; 
it  is  useful  chiefly  when  the  integral  must  satisfy  conditions 
relative  to  the  surface.  If  we  examine  it  attentively  we  perceive 
that  the  transformations  which  it  requires  are  all  indicated  by 
the  physical  nature  of  the  problem.  We  can  also,  in  equation  (j), 
change  the  variables.    By  taking 

we  have,  on  multiplying  the  second  member  by  a  constant  co- 
efficient A, 

v  =  ^AJdnJdpfdqer('^^i^^<^f{x  +  2nJl  y-\-2pJi,  z  +  2q»Ji). 

Taking  the  three  integrals  between  the  limits  —  oo  and  +  oo, 

and  making  ^  ==  0  in  order  to  ascertain  the  initial  state,  we  find 

s 

v  =  2*A'n''^f{x,y,z),    Thus,  if  we  represent  the  known  initial 

temperatures  by  F  {x,  y,  z),  and  give  to  the  constant  A  the  value 
2-\-\.  we  amve  at  the  integral 

V  =  7r"a/rfn  j    dpjdqer^^er^e'^F{x+2nJi,  y +2pV^,  «+  2qji), 

which  is  the  same  as  that  of  Article  372. 

The  integral  of  equation  (A)  may  be  put  under  several  other 
forms,  from  which  that  is  to  be  chosen  which  suits  best  the 
problem  which  it  is  proposed  to  solve. 

It  must  be  observed  in  general,  in  these  researches,  that  two 
functions  <^  {x,  y,  z,  t)  are  the  same  when  they  each  satisfy  the 
differential  equation  (A),  and  when  they  are  equal  for  a  definite 
value  of  the  time.  It  follows  from  this  principle  that  integrals, 
which  are  reduced,  when  in  them  we  make  ^^=0,  to  the  same 
arbitrary  function  F(x,  y,  z),  all  have  the  same  degree  of  generality; 
they  are  necessarily  identical 

The  second  member  of  the  differential  equation  (a)  was 
multiplied  by  ^^ ,  and  in  equation  (6)  we  supposed  this  coefficient 
equal  to  unity.    To  restore  this  quantity,  it  is  sufficient  to  write 
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Kt 

jq^  instead  of  i,  in  the  integral  (t)  or  in  the  integral  (J).    We 

shall  now  indicate  some  of  the  results  which  follow  from  these 
equations. 

377.  The  function  which  serves  as  the  exponent  of  the 
number  6*  can  only  represent  an  absolute  number^  which  follows 
from  the  general  principles  of  analysis,  as  we  have  proved  ex- 
plicitly in  Chapter  II.,  section  ix.     If  in  this  exponent  we  replace 

Kt 
the  unknown  t  by  ^^j,  we  see  that  the  dimensions  of  ^,  (7,2)  and  tj 

with  reference  to  unit  of  length,  being  —  1,  0,  —  3,  and  0,  the 

Kt 
dimension  of  the  denominator  ^^  is  2  the  same  as  that  of  each 

term  of  the  numerator,  so  that  the  whole  dimension  of  the  expo- 
nent is  0.  Let  us  consider  the  case  in  which  the  value  of  t  increases 
more  and  more;  and  to  simplify  this  examination  let  us  employ 
first  the  equation 

which  represents  the  diffusion  of  heat  in  an  infinite  line.  Suppose 
the  initial  heat  to  be  contained  in  a  given  portion  of  the  line, 
from  a?  =  —  Atoa;  =  +5r,  and  that  we  assign  to  a?  a  definite  value  X^ 
which  fixes  the  position  of  a  certain  point  m  of  that  line.    If  the 

time  t  increase  without  limit,  the  terms  -jj-  and  — ^t"  which 

enter  into  the  exponent  will  become  smaller  and  smaller  absolute 

numbers,  so  that  in  the  product  e^^e'^  e"^  we  can  omit 
the  two  last  factors  which  sensibly  coincide  with  unity.  We  thus 
find 


*=^^/-M^ ^^- 


This  is  the  expression  of  the  variable  state  of  the  line  after  a 
very  long  time;  it  applies  to  all  parts  of  the  line  which  are  less 
distant  from  the  origin  than  the  point  m.    The  definite  integral 


In  Buoh  quantitieB  as  e~  ^.    [A.  F.] 
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/. 


dafifC)  denotes  the  whole  quantity  of  heat  B  contained  in  the 

solid,  and  we  see  that  the  primitive  distribution  has  no  influence 
on  the  temperatures  after  a  very  long  time.  They  depend  only 
on  the  sum  B,  and  not  on  the  law  according  to  which  the  heat  has 
been  distributed. 

378.  If  we  suppose  a  single  element  a>  situated  at  the  origin 
to  have  received  the  initial  temperature/,  and  that  all  the  others 
had  initially  the  temperature  0,  the  product  mf  will  be  equal  to 

daf{a)  or  B.    The  constant /is  exceedingly  great 
— ii 

since  we  suppose  the  line  6>  very  smalL 

The  equation  v  —  — 7=~7=  ^f  represents  the  movement  which 

would  take  place,  if  a  single  element  situated  at  the  origin  had 
been  heated.    In  fact,  if  we  give  to  x  any  value  a,  not  infinitely 

small,  the  function  —j=r  will  be  nothing  when  we  suppose  f  =  0. 

The    same   would    not    be    the  case  if  the  value  of  a  were 

*f 

uothing.    In  this  case  the  function  — —  receives  on  the  contrary 

an  infinite  value  when  ^  =  0.  We  can  ascertain  distinctly  the 
nature  of  this  function,  if  we  apply  the  general  principles  of  the 
theory  of  curved  surfaces  to  the  surface  whose  equation  is 


^ 


The  equation  v  =  — 7=— 7=  0/ expresses  then  the  variable  tem- 
perature at  any  point  of  the  prism,  when  we  suppose  the  whole 
initial  heat  collected  into  a  single  element  situated  at  the  origin. 
This  hypothesis,  although  special,  belongs  to  a  general  problem, 
since  after  a  sufficiently  long  time,  the  variable  state  of  the  solid  is 
always  the  same  as  if  the  initial  heat  had  been  collected  at  the 
origin.    The  law  according  to  which  the  heat  was  distributed,  has 
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much  ixifluence  on  the  variable  temperatures  of  the  prism ;  but 
this  effect  becomes  weaker  and  weaker,  and  ends  with  being  quite 
insensible. 

379.  It  is  necessary  to  remark  that  the  reduced  equation  (y) 
does  not  apply  to  that  part  of  the  line  which  lies  beyond  the  point 
m  whose  distance  has  been  denoted  by  X 

In  fistct,  however  great  the  value  of  the  time  may  be,  we  might 

choose  a  value  of  w  such  that  the  term  a  ^  would  differ  sensibly 
from  unity,  so  that  this  factor  could  not  then  be  suppressed.  We 
must  therefore  imagine  that  we  have  marked  on  either  side  of  the 
origin  0  two  points,  m  and  m\  situated  at  a  certain  distance  X  or 
—  X,  and  that  we  increase  more  and  more  the  value  of  the  time, 
observing  the  successive  states  of  the  part  of  the  line  which  is 
included  between  m  and  m\  These  variable  states  converge  more 
and  more  towards  that  which  is  expressed  by  the  equation 

Whatever  be  the  value  assigned  to  X,  we  shall  always  be  able  to 
find  a  value  of  the  time  so  great  that  the  state  of  the  line  tnom 
does  not  differ  sensibly  from  that  which  the  preceding  equation  (y) 
expresses. 

If  we  require  that  the  same  equation  should  apply  to  other 
parts  more  distant  from  the  origin,  it  will  be  necessary  to  suppose 
a  value  of  the  time  greater  than  the  preceding. 

The  equation  (y)  which  expresses  in  all  cases  the  final  state  of 
any  line,  shews  that  after  an  exceedingly  long  time,  the  different 
points  acquire  temperatures  almost  equal,  and  that  the  temperatures 
of  the  same  point  end  by  varying  in  inverse  ratio  of  the  square 
root  of  the  times  elapsed  since  the  commencement  of  the  diffusion. 
The  decrements  of  the  temperature  of  any  point  whatever  always 
become  proportional  to  the  increments  of  the  time. 

380.    If  we  made  use  of  the  integral 

^^fda/Me^y 
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to  ascertain  the  variable  state  of  the  points  of  the  line  situated  at 
a  great  distance  from  the  heated  portion,  and  in  order  to  express 

a*-taX 

the  ultimate  condition  suppressed  also  the  factor  e  ^^  ,  the 
results  which  we  should  obtain  would  not  be  exact.  la  fact^ 
supposing  that  the  heated  portion  extends  only  from  a  »  0  to  a=^ 
and  that  the  limit  g  is  very  small  with  respect  to  the  distance  w  of 
the  point  whose  temperature  we  wish  to  determine ;  the  quantity 

—    j^ji.     which  forms  the  exponent  reduces  in  fact  to  —  jrj >  ^^^^ 

is  to  say  the  ratio  of  the  two  quantities     .^  '  and  jrr  approaches 

more  nearly  to  unity  as  the  value  of  x  becomes  greater  with 
respect  to  that  of  a :  but  it  does  not  follow  that  we  can  replace 
one  of  these  quantities  by  the  other  in  the  exponent  of  e.  In 
general  the  omission  of  the  subordinate  terms  cannot  thus  take 
place  in  exponential  or  trigonometrical  expressions.  The  quanti- 
ties arranged  under  the  symbols  of  sine  or  cosine,  or  under  the 
exponential  symbol  e^  are  always  absolute  numbers,  and  we  can 
omit  only  the  parts  of  those  numbers  whose  value  is  extremely 
small ;  their  relative  values  are  here  of  no  importance.  To  decide 
if  we  may  reduce  the  expression 

Tcfa/Ca)  6""*«"  to  6"*«  fda/(a), 

Jo  •'0 

we  must  not  examine  whether  the  ratio  of  a;  to  a  is  very  great, 
but  whether  the  terms  77^  ,  -7^  are  very  small  numbera  This 
condition  always  exists  when  i  the  time  elapsed  is  extremely  great ; 
but  it  does  not  depend  on  the  ratio  -  • 

381.  Suppose  now  that  we  wish  to  ascertain  how  much  time 
ought  to  elapse  in  order  that  the  temperatures  of  the  part  of  the 
solid  included  between  a; » 0  and  x^X^  may  be  represented  very 
nearly  by  the  reduced  equation 


*=27&/>^^*>' 
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and  that  0  and  g  may  be  the  limits  of  the  portion  originally 
heated. 


The  exact  solution  is  given  by  the  equation 

Jo        2jirkt 


2jwki 
and  the  approximate  solution  is  given  by  the  equation 


-.-^il'*'/« «• 


k  denoting  the  value  ^^  of  the  conducibility.    In  order  that  the 

equation  (y)  may  be  substituted  for  the  preceding  equation  {%),  it 

is  in  general  requisite  that  the  factor  e  ^  ,  which  is  that  which 
we  omit,  should  diflfer  very  little  from  unity ;  for  if  it  were  1  or  ^ 
we  might  apprehend  an  error  equal  to  the  value  calculated  or  to 

the  half  of  that  value.    Let  then  e  ^   =  1  +  fl»,  co  being  a  small 

fraction,  as  =777^  or  tttt^]  from  this  we  derive  the  condition 


2ax  -  a" 

=  «,      OT  t 


1  f2ax-a?\ 


4tkt 

and  if  the  greatest  value  g  which  the  variable  a  can  receive  is 
very  small  with  respect  to  x,  we  have  ^  =  "  fr  • 

We  see  by  this  result  that  the  more  distant  from  the  origin 
the  points  are  whose  temperatures  we  wish  to  determine  by  means 
of  the  reduced  equation,  the  more  necessary  it  is  for  the  value  of 
the  time  elapsed  to  be  great.  Thus  the  heat  tends  more  and  more 
to  be  distributed  according  to  a  law  independent  of  the  primitive 
heating.  After  a  certain  time,  the  diffusion  is  sensibly  effected, 
that  is  to  say  the  state  of  the  solid  depends  on  nothing  more  than 
the  quantity  of  the  initial  heat,  and  not  on  the  distribution  which 
was  made  of  it.  The  temperatures  of  points  sufficiently  near  to 
the  origin  are  soon  represented  without  error  by  the  reduced 
equation  (y) ;  but  it  is  not  the  same  with  points  very  distant  from 
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the  source.  We  can  then  make  use  of  that  equation  only  when 
the  time  elapsed  is  extremely  long.  Numerical  applications  make 
this  remark  more  perceptihle. 

382.  Suppose  that  the  substance  of  which  the  prism  is  formed 
is  iron,  and  that  the  portion  of  the  solid  which  has  been  heated  is 
a  decimetre  in  length,  so  that  g  =  01.  If  we  wish  to  ascertain 
what  will  be,  after  a  given  time,  the  temperature  of  a  point  m 
whose  distance  from  the  origin  is  a  metre,  and  if  we  employ  for 
this  investigation  the  approximate  integral  (y),  we  shall  commit 
an  error  greater  as  the  value  of  the  time  is  smaller.  This  error 
will  be  less  than  the  hundredth  part  of  the  quantity  sought,  if  the 
time  elapsed  exceeds  three  days  and  a  half. 

In  this  case  the  distance  included  between  the  origin  0  and  the 
point  m,  whose  temperature  we  are  determining,  is  only  ten  times 
greater  than  the  portion  heated.  If  this  ratio  is  one  hundred 
instead  of  being  ten,  the  reduced  integral  (y)  will  give  the  tem- 
perature nearly  to  less  than  one  hundredth  part,  when  the  value 
of  the  time  elapsed  exceeds  one  month*  In  order  that  the  ap- 
proximation may  be  admissible,  it  is  necessary  in  general,  1st  that 

the  quantity — -rj- —  should  be  equal  to  but  a  very  small  fraction 

as  :rzr^  or  i^r^  or  less ;    2nd,  that  the  error  which  must  follow 

should  have  an  absolute  value  very  much  less  than  the  small 
quantities  which  we  observe  with  the  most  sensitive  thermometers. 

When  the  points  which  we  consider  are  very  distant  from  the 
portion  of  the  solid  which  was  originally  heated,  the  temperatures 
which  it  is  required  to  determine  are  extremely  small ;  thus  the 
error  which  we  should  commit  in  employing  the  reduced  equation 
would  have  a  very  small  absolute  value;  but  it  does  not  follow 
that  we  should  be  authorized  to  make  use  of  that  equation.  For 
if  the  error  committed,  although  very  small,  exceeds  or  is  equal  to 
the  quantity  sought;  or  even  if  it  is  the  half  or  the  fourth,  or  an 
appreciable  part,  the  approximation  ought  to  be  rejected.  It  is 
evident  that  in  this  case  the  approximate  equation  (y)  would  not 
express  the  state  of  the  solid,  and  that  we  could  not  avail  ourselves 
of  it  to  determine  the  ratios  of  the  simultaneous  temperatures  of 
two  or  more  points. 
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383.    It  follows  from  this  examination  that  we  ought  not  to 
conclude  from  the  integral  t;  =  — 7==  (  dif{a)  e    *«     that  the 

law  of  the  primitive  distribution  has  no  influence  on  the  tempera- 
ture of  points  very  distant  from  the  origin.  The  resultant  effect 
of  this  distribution  soon  ceases  to  have  influence  on  the  points 
near  to  the  heated  portion;  that  is  to  say  their  temperature 
depends  on  nothing  more  than  the  quantity  of  the  initial  heat^ 
and  not  on  the  distribution  which  was  made  of  it:  but  greatness 
of  distance  does  not  concur  to  efface  the  impress  of  the  distribu- 
tion, it  preserves  it  on  the  contrary  during  a  very  long  time 
and  retards  the  diffusion  of  heat.    Thus  the  equation 


_    1    «"**« 


/d./(a) 


only  after  an  immense  time  represents  the  temperatures  of  points 
extremely  remote  from  the  heated  part.  If  we  applied  it  without 
this  condition,  we  should  find  results  double  or  triple  of  the  true 
results,  or  even  incomparably  greater  or  smaller;  and  this  would 
not  only  occur  for  very  small  values  of  the  time,  but  for  great 
values,  such  as  an  hour,  a  day,  a  year.  Lastly  this  expression 
would  be  so  much  the  less  exact,  all  other  things  being  equal,  as 
the  points  were  more  distant  from  the  part  originally  heated. 

384.  When  the  diffusion  of  heat  is  effected  in  all  directions, 
the  state  of  the  solid  is  represented  as  we  have  seen  by  the 
integral 


-m 


If  the  initial  heat  is  contained  in  a  definite  portion  of  the  solid 
mass,  we  know  the  limits  which  comprise  this  heated  part,  and 
the  quantities  a,  fi,  7,  which  vary  under  the  integral  sign,  cannot 
receive  values  which  exceed  those  limits.  Suppose  then  that  we 
mark  on  the  three  axes  six  points  whose  distances  are  +X,  +  F,  +Z, 
and  —  X,  —  y,  —  Z,  and  that  we  consider  the  successive  states  of 
the  solid  included  within  the  six  planes  which  cross  the  axes  at 
these  distances;  we  see  that  the  exponent  of  e  under  the  fdgn  of 
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integration,  reduces  to  —  f  — Kf   ^)»  ^^®^  *^®  value  of  the  time 

2(xx  a' 

increases  without  limit.    In  fact,  the  terms  such  as  jtt  and  -yt. 

receive  in  this  case  very  small  absolute  values,  since  the  numera* 
tors  are  included  between  fixed  limits,  and  the  denominators 
increase  to  infinity.  Thus  the  factors  which  we  omit  differ 
extremely  little  from  unity.  Hence  the  variable  state  of  the 
solid,  after  a  great  value  of  the  time,  is  expressed  by 

The  factor  jdi  jdfi  ldy/(a,  fi,  7)  represents  the  whole  quantity 

of  heat  B  which  the  solid  contains.  Thus  the  system  of  tempera- 
tures depends  not  upon  the  initial  distribution  of  heat,  but  only 
on  its  quantity.  We  might  suppose  that  all  the  initial  heat  was 
contained  in  a  single  prismatic  elemeiit  situated  at  the  origin, 
whose  extremely  small  orthogonal  dimensions  were  od^,  o,,  0)3.  The 
initial  temperature  of  this  element  would  be  denoted  by  an 
exceedingly  great  number  /,  and  all  the  other  molecules  of ,  the 
solid  would  have  a  nul  initial  temperature.  The  product 
^i^s^s/  ^  equal  in  this  case  to  the  integral 

jdajdfij^fia,  /3.  y). 

Whatever  be  the  initial  heating,  the  state  of  the  solid  which 
corresponds  to  a  very  great  value  of  the  time,  is  the  same  as  if  all 
the  heat  had  been  collected  into  a  single  element  situated  at  the 
origin. 

385.  Suppose  now  that  we  consider  only  the  points  of  the 
solid  whose  distance  from  the  origin  is  very  great  with  respect 
to  the  dimensions  of  the  heated  part;  we  might  first  imagine 
that  this  condition  is  sufficient  to  reduce  tha  exponent  of  6  in 
the  general  integral.     The  exponent  is  in  fact 

(«-«»)*+ 08-y)'  +  (7-«)'. 
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and  the  variables  a,  /3,  7  are,  by  hypothesis,  included  between 
finite  limits,  so  that  their  values  are  always  extremely  small 
with  respect  to  the  greater  co-ordinate  of  a  point  very  remote 
from  the  origin.  It  follows  from  this  that  the  exponent  of  e 
is  composed  of  two  parts  M-\-ii,  one  of  which  is  very  small 
with  respect  to  the  other.     But  from  the  fact  that   the   ratio 

^  is  a  very  small  fraction,  we  cannot  conclude  that  the  ex- 
ponential 6^+'*  becomes  equal  to  «^,  or  differs  only  from  it  by 
a  quantity  very  small  with  respect  to  its  actual  value.  We  must 
not  consider  the  relative  values  of  M  and  /i,  but  only  the  absolute 
value  of  /i.  In  order  that  we  may  be  able  to  reduce  the  exact 
integral  (J)  to  the  equation 


2  VTr'ifc'^  ' 

it  is  necessary  that  the  quantity 

2ag  +  2)9y  4-  27^-  of -/y--  7* 

4Jct 

whose  dimension  is  0,  should  always  be  a  very  small  number. 
If  we  suppose  that  the  distance  from  the  origin  to  the  point  m, 
whose  temperature  we  wish  to  determine,  is  very  great  with 
respect  to  the  extent  of  the  part  which  was  at  first  heated, 
we  should  examine  whether  the  preceding  quantity  is  always 
a  very  small  fraction  a>.  This  coDdition  must  be  satisfied  to 
enable  us  to  employ  the  approximate  integral 

but  this  equation  does  not  represent  the  variable  state  of  that 
part  of  the  mass  which  is  very  remote  from  the  source  of  heat. 
It  gives  on  the  contrary  a  result  so  much  the  less  exact,  all 
other  things  being  equal,  as  the  points  whose  temperature  we 
are  determining  are  more  distant  from  the  source. 

The  initial  heat  contained  in  a  definite  portion  of  the  solid 
mass  penetrates  successively  the  neighbouring  parts,  and  spreads 
itself  in  all  directions;  only  an  exceedingly  small  quantity  of 
it  arrives  at  points  whose  distance  from  the  origin  is  very  great. 
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When  we  express  analytically  the  temperature  of  these  point«, 
the  object  of  the  investigation  is  not  to  determine  numerically 
these  temperatures,  which  are  not  measurable,  but  to  ascertain 
their  ratios.  Now  these  quantities  depend  certainly  on  the  law 
according  to  which  the  initial  heat  has  been  distributed,  and  the 
effect  of  this  initial  distribution  lasts  so  much  the  longer  as  the 
parts  of  the  prism  are  more  distant  from  the  source.     But  if  the 

terms  which  form  part  of  the  exponent,  such  as  -77-  and  ^^^rj,  have 

absolute  values  decreasing  without  limit,  we  may  employ  the 
approximate  integrals. 

This  condition  occurs  in  problems  where  it  is  proposed  to 
determine  the  highest  temperatures  of  points  very  distant  from 
the  origin.  We  can  demonstrate  in  fact  that  in  this  case  the 
values  of  the  times  increase  in  a  greater  ratio  than  the  distances, 
and  are  proportional  to  the  squares  of  these  distances,  when  the 
points  we  are  considering  are  very  remote  from  the  origin.  It  is 
only  after  having  established  this  proposition  that  we  can  effect 
the  reduction  under  the  exponent.  Problems  of  this  kind  are  the 
object  of  the  following  section. 


SECTION  III. 

Of  the  highest  temperatures  in  an  infinite  solid. 

386.  We  shall  consider  in  the  first  place  the  linear  move- 
ment in  an  infinite  bar,  a  portion  of  which  has  been  unifonnly 
heated,  and  we  shall  investigate  the  value  of  the  time  which  must 
elapse  in  order  that  a  given  point  of  the  line  may  attain  its 
highest  temperature. 

Let  us  denote  by  2g  the  extent  of  the  part  heated,  the  middle 
of  which  corresponds  with  the  origin  0  of  the  distances  x.  All  the 
points  whose  distance  from  the  axis  of  y  is  less  than  jr  and  greater 
than  —  g,  have  by  hypothesis  a  common  initial  temperature  /,  and 
all  other  sections  have  the  initial  temperature  0.  We  suppose 
that  no  loss  of  heat  occurs  at  the  external  surface  of  the  prism,  or, 
which  is  the  same  thing,  we  assign  to  the  section  perpendicular  to 
the  axis  infinite  dimensions.     It  is  required  to  ascertain  what  will 

F.  H.  25 
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be  the  time  t  which  corresponds  to  the  maximum  of  temperature 
at  a  given  point  whose  distance  is  x. 

We  have  seen,  in  the  preceding  Articles,  that  the  yariable 
temperature  at  any  point  is  expressed  by  the  equation 

1    .  r  («-x)« 

The  coefficient  k  represents  ^^,  K  being  the  specific  con- 

ducibility,  C  the  capacity  for  heat,  and  D  the  density. 

To  simplify  the  investigation,  make  A;  s  1,  and  in  the  result 

write  kt  or  Yff.  instead  of  t.    The  expression  for  t;  becomes 

t;  =  — 7=  ^     due     «  .. 

This  is  the  integral  of  the  equation  j1  =■  33  •  Th^  function  ^ 
measures  the  velocity  with  which  the  heat  flows  along  the  axis  of 
the  prism.  Now  this  value  of  -v-  is  given  in  the  actual  problem 
without  any  integral  sign.     We  have  in  fact 

^^         /     {\^  «-^  -'^ 
da:     2.JirtJ-g  ^^ 

or,  effecting  the  integration, 

dv         f      f  ^l£±2L*       j£z^M 
—  ^     ^      U     u    ^e     ^    K 


dx       ijTTt 


387.     The  function  -r-,  may  also  be  expressed  without  the 

dv 
sign  of  integration :  now  it  is  equal  to  a  fluxion  of  the  first  order  ^; 

dv 
hence  on  equating  to  zero  this  value  of  -y- ,  which  measufes  the 

instantaneous  increase  of  the  temperature  at  any  point,  we  have 
the  relation  sought  between  x  and  t    We  thus  find 

^ /     (-2(<»  +  ff)  -^  ,  2  jx-g)   J^\  _ dv 
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which  gives 


ix+ff)*  {x-!fy 


whence  we  conclude 


it    ' 


«  = 


-(f^)' 


K 

We  have  8uppose<}   TTfi'^^-    "^^  restore  the  coefficient  we 

must  write  ^m  instead  of  t,  and  we  have 

gCD         X 

The  highest  temperatures  follow  each  other  according  to  the 
law  expressed  by  this  equation^  If  we  suppose  it  to  represent  the 
varying  motion  of  a  body  which  describes  a  straight  line,  x  being 
the  space  passed  over,  and  t  the  time  elapsed,  the  velocity  of 
the  moving  body  will  be  that  of  the  maximum  of  temperature. 

When  the  quantity  ^  is  inftnitely  small,  that  is  to  say  when  the 
initial  heat  is  collected  into  a  single  element  situated  at  the 

origin,  the  value  of  t  is  reduced  to  ^,  and  by  differentiation  or 

Kt     X* 
development  in  series  we  find  r™  =  -5- . 

We  have  left  out  of  consideration  the  quantity  of  heat  which 
escapes  at  the  surface  of  the  prism;  we  now  proceed  to  take  account 
of  that  loss,  and  we  shall  suppose  the  initial  heat  to  be  contained 
in  a  single  element  of  the  infinite  prismatic  bar. 

388.  In  the  preceding  problem  we  have  determined  the 
variable 'stats  of  aa  infinite  prism  a  definite  portion  of  which  was 
affected  throughout  with  an  initial  temperature  f.  We  sup|K>ae 
that  the  initial  heat  was  distributed  through  a  finite  space  from 
a?  =  0  to  a?  =  J. 

We  now  suppose  that  the  same  quantity  of  heat  bfis  contained 
in  an  infinitely  small  element,  from  a  =  0  to  a:  =*  cd.     The  tempera- 

25—2 
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ture  of  the  heated  layer  will  therefore  be  — ,  and  from  this  follows 

what  was  said  before,  that  the  variable  state  of  the  solid   is 
expressed  by  the  equation 

v  =  -^ — 7=e  ** (a); 

K 

this  result  holds  when  the  coefficient  yyv^  which  enters  into  the 

differential  equation  -^  =  y^  -j-j  —  Kv,  is  denoted  by  i.    As  to  the 

HI 

coefficient  A,  it  is  equal  to  t^tt^;    ^S^  denoting  the  area  of  the 

section  of  the  prism,  I  the  contour  of  that  section,  and  H  the 
conducibility  of  the  external  surface. 

Substituting  these  values  in  the  equation  (a)  we  have 

f  =  ■^■^-7=e"SSS' (^); 


V 


CD 


f  represents  the  mean  initial  temperature,  that  is  to  say,  that 
which  a  single  point  would  have  if  the  initial  heat  were  distributed 
equally  between  the  points  of  a  portion  of  the  bar  whose  length 
is  Z,  or  more  simply,  unit  of  measure.  It  is  required  to  determine 
the  value  i  of  the  time  elapsed,  which  corresponds  to  a  maximum 
of  temperature  at  a  given  point. 

To  solve  this  problem,  it  is  sufficient  to  derive  from  equation 
(a)  the  value  of  t-  ,  and  equate  it  to  zero ;  we  have 

^"-'^''+ijfc?*-2«'  "^^  e-i?-r-^ ^*>' 

hence  the  value  d,  of  the  time  which  must  elapse  in  order  that  the 
point  situated  at  the  distance  x  may  attain  its  highest  temperature, 
is  expressed  by  the  equation 

6k^  J  (c). 
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To  ascertain  the  highest  temperature  F,  we  remark  that  the 
exponent  of  e~^  in  equation  (a)  is  ^  +  TTi-    Now  equation  (J) 

gives  A^  =  ^^-^;  hence  ^  +  45^-^  =  24^2'  ^''^  putting  for  \  its 

^  /l       A — 

known  value,  we  have  **  +  4^^  -  \/  j  +  ^  ^' ;  substituting  this  ex- 
ponent of  6"*  in  equation  (a),  we  have 

and  replacing  j0k  by  its  known  value,  we  find,  as  the  expression 
of  the  maximum  V, 

TT      hf     -Vra,/!^    /4A1      1  ,, 

The  equations  (c)  and  {d)  contain  the  solution  of  the  problem ; 

let  us  replace  h  and  h  by  their  values  jrfTa  ^^'^  pj)  I  ^^t  us  also 

1  S 

write  5  g  instead  of  j,  representing  by  g  the  semi-thickness  of  the 

prism  whose  base  is  a  square.    We  have  to  determine  Fand  0, 
the  equations 


m. 


v.vC±2lJi^iJ^^^l 

These  equations  are  applicable  to  the  movement  of  heat  in  a 
thin  bar,  whose  length  is  very  great.  We  suppose  the  middle  of 
this  prism  to  have  been  affected  by  a  certain  quantity  of  heat  bf 
which  is  propagated  to  the  ends,  and  scattered  through  the  convex 
surface.  F  denotes  the  maximum  of  temperature  for  the  point 
whose  distance  from  the  primitive  source  is  a;;  ^  is  the  time 
which  has  elapsed  since  the  beginning  of  the  diffusion  up  to  the 
instant  at  which  the  highest -temperature  F  occurs.     The  coeffi- 
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cients  C,  H,  K,  D  denote  the  same  specific  properties  as  in  the 
preceding  problems,  and  g  is  the  half-side  of  the  square  formed  by 
a  section  of  the  prism. 

S89.  In  order  to  make  these  results  more  intelligible  by  a 
numerical  application,  we  may  suppose  that  the  substance  of  which 
the  prism  is  formed  is  iron,  and  that  the  side  2^  of  the  square  is 
the  twenty-fifth  part  of  a  metre. 

We  measured  formerly,  by  our  experiments,  the  values  of  H 
and  K\  those  of  C  and  D  were  already  known.  Taking  the  metre 
as  the  unit  of  length,  and  the  sexagesimal  minute  as  the  unit  of 
time,  and  employing  the  approximate  values  of  jET,  K,  C,  D,  we 
shall  determine  the  values  of  V  and  d  corresponding  to  a  given 
distance.  For  the  examination  of  the  results  which  we  have  in  view, 
it  is  not  necessary  to  know  these  coefficients  with  great  precision. 

We  see  at  first  that  if  the  distance  x  is  about  a  metre  and  a 

2J7 

half  or  two  metres,  the  term  -^^»  which  enters  under  the  radical, 

has  a  large  value  with  reference  to  the  second  term  7 .    The  ratio 

of  these  terms  increases  as  the  distance  increases. 

Thus  the  law  of  the  highest  temperatures  becomes  more  and 
more  simple,  according  as  the  heat  removes  from  the  origin.  To 
determine  the  regular  law  which  is  established  through  the  whole 
extent  of  the  bar,  we  must  suppose  the  distance  a?  to  be  very 
great,  aod  we  find 


tS 


v-^^[-^.\ («). 


(i)' 


(y). 


CD       2     /2iT  iSJiX 

y  Kg 

390.  We  see  by  the  second  equation  that  the  time  which  c(»rre- 
spends  to  the  maximum  of  temperature  increases  proportionally 
with  the  distance.  Thus  the  velocity  of  the  wave  (if  however  we 
may  apply  this  expression  to  the  movement  in  question)  is  constant^ 
or  rather  it  more  and  more  tends  to  become  so,  and  preserves  this 
property  in  its  movement  to  infinity  from  the  origin  of  heat. 
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We  may  remark  also  in  the  first  equation  that  the  quantity 

ft  ^  expresses  the  permanent  temperatures  which  the 
different  points  of  the  bar  would  take,  if  we  affected  the  origin 
with  a  fixed  temperature  /,  as  may  be  seen  in  Chapter  i.. 
Article  76. 

In  order  to  represent  to  ourselves  the  value  of  V,  we  must 
therefore  imagine  that  all  the  initial  heat  which  the  source  con- 
tains is  equally  distributed  through  a  portion  of  the  bar  whose 
length  is  6,  or  the  unit  of  measure.  The  temperature/,  which 
would  result  for  each  point  of  this  portion,  is  in  a  manner  the 
mean  temperature.  If  we  supposed  the  layer  situated  at  the 
origin  to  be  retained  at  a  constant  temperature/ during  an  infinite 
time,  all  the  layers   would   acquire  fixed  temperatures  whose 

general  expression  is  /a  ^ ,  denoting  by  x  the  distance  of  the 
layer.  These  fixed  temperatures  represented  by  the  ordinates  of 
a  logarithmic  curve  are  extremely  small,  when  the  distance  is 
considerable ;  they  decrease,  as  is  known,  very  rapidly,  according 
as  we  remove  from  the  origin. 

Now  the  equation  (8)  shews  that  these  fixed  temperatures, 
which  are  the  highest  each  point  can  acquire,  much  exceed  the 
highest  temperatures  which  follow  each  other  during  the  diffusion 
of  heat.  To  determine  the  latter  maximum,  we  must  calculate 
the  value  of  the  fixed  maximum,  multiply  it  by  the  constant 

number  (^j  "/=»  ^^^  divide  by  the  square  root  of  the  dis- 
tance X. 

Thus  the  highest  temperatures  follow  each  other  through  the 
whole  extent  of  the  line,  as  the  ordinates  of  a  logarithmic  curve 
divided  by  the  square  roots  of  the  abscisssB,  and  the  movement  of 
the  wave  is  uniform.  According  to  this  general  law  the  heat 
collected  at  a  single  point  is  propagated  in  direction  of  the  length 
of  the  solid. 

891.  If  we  regarded  the  conducibility  of  the  external  surface 
of  the  prism  as  nothing,  or  if  the  conducibility  K  or  the  thickness 
2gr  were  supposed  infinite,  we  should  obtain  very  different  results. 
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2ff 

We  could  then  omit  tbe  term  -^r  «•  and  we  should  have' 

Kg 

In  this  case  the  value  of  the  maximum  is  inversely  propor- 
tional to  the  distance.  Thus  the  movement  of  the  wave  would 
not  he  uniform.  It  must  he  remarked  that  this  hypothesis  is 
purely  theoretical,  and  if  the  conducibility  H  is  not  nothing,  hut 
only  an  extremely  small  quantity,  the  velocity  of  the  wave  is  not 
variahle  in  the  parts  of  the  prism  which  are  very  distant  from  the 
origin.  In  fact,  whatever  he  the  value  of  Hy  if  this  value  is  given, 
as  also  those  of  K  and  g,  and  if  we  suppose  that  the  distance  x 

increases  without  limit,  the  term  -^  a?  will  always  hecome  much 

greater  than  ^.     The  distances  may  at  first  he  small  enough  for 

2H 
the  term  -tf-  o^  to  he  omitted  under  the  radical.    The  times  are 

J^g 

then  proportional  to  the  squares  of  the  distances ;  hut  as  the  heat 
flows  in  direction  of  the  infinite  length,  the  law  of  propagation 
alters,  and  the  times  become  proportional  to  the  distances.  The 
initial  law,  that  is  to  say,  that  which  relates  to  points  extremely 
near  to  the  source,  differs  very  much  from  the  final  law  which  is 
established  in  the  very  distant  parts,  and  up  to  infinity :  but,  in 
the  intermediate  portions,  the  highest  temperatures  follow  each 
other  according  to  a  mixed  law  expressed  by  the  two  preceding 
equations  (Z>)  and  (C). 

392.  It  remains  for  us  to  determine  the  highest  temperatures 
for  the  case  in  which  heat  is  propagated  to  infinity  in  every  direc- 
tion within  the  material  solid.  This  investigation,  in  accordance 
with  the  principles  which  we  have  established,  presents  no 
difficulty. 

When  a  definite  portion  of  an  infinite  solid  has  been  heated, 
and  all  other  parts  of  the  mass  have  the  same  initial  temperature  0, 
heat  is  propagated  in  all  directions,  and  after  a  certain  time  the 
state  of  the  solid  is  the  same  as  if  the  heat  had  been  originally 
collected  in  a  single  point  at  the  origin  of  co-ordinates.     The  time 

1  See  equations  (D)  and  (C),  article  888,  making  &.-sl.     [A.  F.] 
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which  must  elapse  before  this  last  effect  is  set  up  is  exceedingly 
great  when  the  points  of  the  mass  are  very  distant  from  the  origin. 
Each  of  these  points  which  had  at  first  the  temperature  0  is 
imperceptibly  heated;  its  temperature  then  acquires  the  greatest 
value  which  it  can  receive^  and  it  ends  by  diminishing  more  and 
more,  until  there  remains  no  sensible  heat  in  the  mass.  The 
variable  state  is  in  general  represented  by  the  equation 

v^jdajdbjdc'^'      ^J-^ /(a,  b,c) {E). 

The  integrals  must  be  taken  between  the  limits 

a  =  — a^,  a  =  a,,  J  =  —  6,,  ft  =  6,,  c  =  —  c^t  c  =  Cg. 

The  limits  —  a^,  +«,,  —  ft^,  +6,,  —  c^,  +c,  are  given;  they 
include  the  whole  portion  of  the  solid  which  was  originally  heated. 
The  function  f(a,  b,  c)  is  also  given.  It  expresses  the  initial 
temperature  of  a  point  whose  co-ordinates  are  a,  b,  c.  The  defi- 
nite integrations  make  the  variables  a,  b,  c  disappear,  and  there 
remains  for  v  a  function  of  x,  y,  z,  t  and  constants.  To  determine 
the  time  0  which  corresponds  to  a  maximum  of  v,  at  a  given  point 

dm 

m,  we  must  derive  from  the  preceding  equation  the  value  of  -^; 

we  thus  form  an  equation  which  contains  0  and  the  co-ordinates  of 
the  point  m.  From  this  we  can  then  deduce  the  value  of  0.  K 
then  we  substitute  this  value  of  0  instead  of  ^  in  equation  (E),  we 
find  the  value  of  the  highest  temperature  F  expressed  in  x,  y,  z 
and  constants. 

Instead  of  equation  (jE^  let  us  write 

V  =  Ida  Idb  jdc  Pf{(i,  6,  c), 
denoting  by  P  the  multiplier  o£ /{a,  b,  c),  we  have 

5i==""2  i+l<^j<^^j<^' 4/        '-PAaAc)...{e). 

393.  We  must  now  apply  the  last  expression  to  points  of  the 
solid  which  are  very  distant  from  the  origin.  Any  point  what- 
ever of  the  portion  which  contains  the  initial  heat,  having  for  co- 
ordinates the  variables  a,  b,  c,  and  the  co-ordinates  of  the  point  m 
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whose  temperatare  we  wish  to  determine  being  x,  y,  b,  the  square  of 
the  distance  between  these  two  points  is  (a  —  ar)*  +  (6  —  y)'+  (c  —  «)*; 

and  this  quantity  enters  as  a  factor  into  the  second  term  of  -r- . 

Now  the  point  m  being  very  distant  from  the  origin,  it  is 
evident  that  the  distance  A  from  any  point  whatever  of  the  heated 
portion  coincides  with  the  distance  D  of  the  same  point  from  the 
origin ;  that  is  to  say,  as  the  point  in  removes  farther  and  farther 
from  the  primitive  source,  which  contains  the  origin  of  co<ordinates, 
the  final  ratio  of  the  distances  D  and  A  becomes  1. 

It  follows  from  this  that  in  equation  (e)  which  gives  the  value 
of  ^  the  factor  (a  —  a?)'  +  (6  —  y)*  +  (c  —  «)*  may  be  replaced  by 

aj"  +  y*  +  -8'  or  r^,  denoting  by  r  the  distance  of  the  point  m  fix)m 
the  origin.     We  have  then 


or 


Kt 
If  we  put  for  V  its  value,  and  replace  t  by  77^1  in  order  to 

re-establish  the  coefficient  ^rn  which  we  had  supposed  equal  to  1, 
we  have 

(a-g)«+(6-y)«+(g-g)« 

Jt  " 


4 


T        s  1  /*   r   f  ^         ^^ 


394.  This  result  belongs  only  to  the  points  of  the  solid  whose 
distance  from  the  origin  is  very  great  with  respect  to  the  greatest 
dimension  of  the  source.  It  must  always  be  carefully  noticed  that 
it  does  not  follow  from  this  condition  that  we  can  omit  the  varia- 
bles a,  6,  c  under  the  exponential  symbol  They  ought  only  to  be 
omitted  outside  this  symbol.  In  fact,  the  term  which  enters  under 
the  signs  of  integration,  and  which  multiplies  /(a,  &,c},  is  the 
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product  of  several  factors,  such  as 

-a*  taof  -«■ 


.si         7M         IM 
e^cD^     e^cD^      e^cD^ 

Now  it  is  not  sufficient  for  the  ratio  -  to  be  always  a  very 

great  number  in  order  that  we  may  suppress  the  two  first  factors. 
If,  for  example,  we  suppose  a  equal  to  a  decimetre,  and  x  equal  to 
ten  metres,  and  if  the  substance  in  which  the  heat  is  propagated  is 
iron,  we  see  that  after  nine  or  ten  hours  hare  elapsed,  the  factor 

lax 


4^ 

e  CD  is  still  greater  than  2;  hence  by  suppressing  it  we  should 

reduce  the  result  sought  to  half  its  yalue«    Thus  the  value  of  -^ , 

as  it  belongs  to  points  very  distant  from  the  oiigin,  and  for  any 
time  whatever,  ought  to  be  expressed  by  equation  (a).  But  it  is 
not  the  same  if  we  consider  only  extremely  large  values  of  the 
time,  which  increase  in  proportion  to  the  squares  of  the  distances : 
in  accordance  with  this  condition  we  must  omit,  eten  under  the 
exponential  symbol,  the  terms  which  contain  a,  h,  or  c.  Now  this 
condition  holds  when  we  wish  to  determine  the  highest  tempera- 
ture^hich  a  distant  point  can  acquire,  as  lve  pi'oceed  to  prove. 

395.    The  value  of  -^  must  in  &ct  be  nothing  in  the  case  in 
question ;  we  have  therefore 

r^  8        ^  JT,     1  . 


Thus  the  time  which  must  elapse  in  order  that  a  very  distant 
point  may  acquire  its  highest  temperature  is  proportional  to  the 
square  of  the  distance  of  this  point  from  the  origin. 

If  in  the  expression  for  v  we  replace  the  denominator  -tttt 

2 

by  its  value  ^  r*,  the  exponent  of  e^  which  is 

(a-a;)'-f(6-.v)'-Kc-g)' 

I" 
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3     . 

may  be  reduced  to  ^ ,  since  the  factors  which  we  omit  coincide  with 

unity.     Consequently  we  find 

3 


t;  = 


\  p  ((^jdbjdcf  (a,  6,  c). 


(2'7rey 

The  integral  Idajdb  ldcf{a,  h,  c)  represents  the  quantity  of 

the  initial  heat :  the  volume  of  the  sphere  whose  radius  is  r  is 

4 

sWT^,  so  that,  denoting  by /the  temperature  which  each  molecule 

o 

of  this  sphere  would  receive,  if  we  distributed  amongst  its  parts 

all  the  initial  beat>  we  shall  have  v  ~  a/  --g/ 

The  results  which  we  have  developed  in  this  chapter  indicate 
the  law  according  to  which  the  heat  contained  in  a  definite  portion 
of  an  infinite  solid  progressively  penetrates  all  the  other  parts 
whose  initial  temperature  was  nothing.  This  problem  is  solved 
more  simply  than  that  of  the  preceding  Chapters,  since  by 
attributing  to  the  solid  infinite  dimensions,  we  make  the  con- 
ditions relative  to  the  surface  disappear,  and  the  chief  difiBiculty 
consists  in  the  employment  of  those  conditions.  The  general 
results  of  the  movement  of  heat  in  a  boundless  solid  mass  are 
very  remarkable,  since  the  movement  is  not  disturbed  by  the 
obstacle  of  surfaces.  It  is  accomplished  freely  by  means  of  the 
natural  properties  of  heat.  This  investigation  is,  properly 
speaking,  that  of  the  irradiation  of  heat  within  the  material 
solid. 

SECTION  IV, 

Comparison  of  the  integrals. 

396.  The  integral  of  the  equation  of  the  propagation  of  heat 
presents  itself  under  different  forms,  which  it  is  necessary  to  com-  ' 
pare.  It  is  easy>  as  we  have  seen  in  the  second  section  of  this 
Chapter,  Articles  372  and  376,  to  refer  the  case  of  three  dimen- 
sions to  that  of  the  linear  movement ;  it  is  sufficient  therefore  to 
integrate  the  equation 

dv ^^ 

dt^  CDda?' 
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or  the  equation 

dv     oPv  f  . 

di'd^ (")• 

To  deduce  from  this  differential  equation  the  laws  of  the  propa- 
gation of  heat  in  a  body  of  definite  form,  in  a  ring  for  example, 
it  was  necessary  to  know  the  integral,  and  to  obtain  it  under  a 
certain  form  suitable  to  the  problem,  a  condition  which  could  be 
fulfilled  by  no  other  form.  This  integral  was  given  for  the  first 
time  in  our  Memoir  sent  to  the  Institute  of  France  on  the 
21st  of  December,  1807  (page  124,  Art.  84) :  it  consists  in  the 
following  equation,  which  expresses  the  variable  system  of  tem- 
peratures of  a  solid  ring  : 

f  =  2^2|(faJ'(a)e-^co8*^^^) W' 

jS  is  the  radius  of  the  mean  circumference  of  the  ring ;  the  integral 
with  respect  to  a  must  be  taken  from  a  =  0  to  a  =  27rJB,  or,  which 
gives  the  same  result,  from  a  =  —  irlt  to  a  =  tt-B  ;  i  is  any  integer, 
and  the  sum  2  must  be  taken  from  i  =  —  oo  to  t  =  +  oo  ;  v  denotes 
the  temperature  which  would  be  observed  after  the  lapse  of  a 
time  t^  at  each  point  of  a  section  separated  by  the  arc  x  from  that 
which  is  at  the  origin.  We  represent  by  v  =  jP  (o;)  the  initial  tem- 
perature at  any  point  of  the  ring.  We  must  give  to  i  the  succes- 
sive values 

0,  +1,  +2,  +3,  &c.,  and  -1,  -2,  -3,  &c., 

and  instead  of  cos  -^r*—  write 

H 

ix       xoL       .    ix   .   ioL 
cos  -n  cos  ^  +  sin  -^  sm  ^ . 

We  thus  obtain  all  the  terms  of  the  value  of  t;.  Such  is  the 
form  under  which  the  integral  of  equation  (a)  must  be  placed,  in 
order  to  express  the  variable  movement  of  heat  in  a  ring  (Chap.  IV., 
Art.  241).  We  consider  the  case  in  which  the  form  and  extent  of 
the  generating  section  of  the  ring  are  «uch,  that  the  points  of  the 
same  section  sustain  temperatures  sensibly  equal.  We  suppose 
also  that  no  loss  of  heat  occurs  at  the  surface  of  the  ring. 
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397.  The  equation  (a)  being  applicable  to  all  values  of  B^  we 
can  suppose  in  it  ^  infinite;  in  which  case  it  gives  the  solution  of 
the  following  problem.  The  initial  state  of  a  solid  prism  of 
small  thickness  and  of  infinite  length,  being  known  and  expressed 
by  tf  s=  F{x),  to  determine  all  the  subsequent  states.  Consider  the 
radius  jB  to  contain  numerically  n  times  the  unit  radius  of  the 
trigonometrical  tables.  Denoting  by  ;  a  variable  which  successively 
becomes  dq,  2dq,  ddq^.,.idq,  &c.>  the  infinite  number  n  may 

1  a 

be  expressed  by  -i-,  and  the  variable  number  »  by  -^ .    Making 
these  substitutions  we  find 

v  =  g—  2  rfj  I  da  -F  (a)  e'"^  cos  g  (a;  -  a). 

The  terms  which  enter  under  the  sign  2  are  differential  quan- 
tities, so  that  the  sign  becomes  that  of  a  definite  integral;  and 
we  have 

w=2^J     daF(a)j    dqc^cos  (ja?-ga) (J3). 

This  equation  is  a  second  form  of  the  integral  of  the  equation 
(a) ;  it  expresses  the  linear  movement  of  heat  in  a  prism  of  infinite 
length  (Chap,  vn.,  Art.  854).  It  is  an  evident  consequence  of  the 
first  integral  (a). 

398.  We  can  in  equation  (/8)  effect  the  definite  integration 
with  respect  to  q;  for  we  have,  according  to  a  known  lemma,  which 
we  have  already  proved  (Art.  376), 

I    dz  e"'*  cos  2hz  =  6~*'  Jir. 

J  —00 

Making  then  «*  =  ^f,  we  find 

I    dqe'^cogCqx-qaS^'^e  ^*^<^- 

-^-00  sjt 


Hence  the  integral  (J9)  of  the  preceding  Article  becomes 


'< 


^^ie  ^svi'   (^), 


SECT.  IV.]     LAPLACE'S  FORM  OF  THE  INTEGRAL.  399 

If  we  employ  instead  of  a  another    unknown  quantity  0, 


a-^x 


making 'i::^=/S.  we  find 


27< 


V  =  j^jd0e-i^F  {x+  2^  /t) , 


.(«). 


This  form  (8)  of  the  integral  *  of  equation  (a)  was  given  in 
Volume  VIII.  of  the  Mimoires  de  VEcole  Polytechnique,  by  M.  Laplace, 
who  arrived  at  this  result  by  considering  the  infinite  series  which 
represents  the  integral 

Each  of  the  equations  (/9),  (7),  (S)  expresses  the  linear  diffusion 
of  heat  in  a  prism  of  infinite  length.  It  is  evident  that  these  are 
three  forms  of  the  same  integral,  and  that  not  one  can  be  con- 
sidered more  general  than  the  others.  Each  of  them  is  contained 
in  the  integral  (a)  from  which  it  is  derived^  by  giving  to  £  an 
infinite  valua 

399.  It  is  easy  to  develope  the  value  of  v  deduced  from 
equation  (a)  in  series  arranged  according  to  the  increasing  powers 
of  one  or  other  variable.  These  developments  are  self-evident, 
and  we  might  dispense  with  referring  to  them;  but  they  give  rise 
to  remarks  useful  in  the  investigation  of  integrals.    Denoting  by 

<f),  <f)\  <f)",  &C.,  the  functions  ^^(^)>  ;o^(^)>  X?  ^(^)»  ^^'»  ^^ 
have 

-^  =  v',   and  v  =  c-\-ldtv'; 
1  A  direet  proof  of  the  equivalence  of  the  forms 

•  7^  L  ^/^  *^^  (« + 2/9^/?)  and  •  *^  ^  (x),     (see  Art.  401), 

lias  been  given  by  Mr  Glaisher  in  the  Mesienger  of  Mathematics,  June  1876,  p.  80. 
Expanding  4»(x-\-2p4^)  by  Taylor*8  Theorem,  integra,te  each  term  separately: 
terms  involving  mieven  powers  of  ^Jt  vanish,  and  we  have  the  second  form ; 
which  is  therefore  equivalent  to 


-I     da\    d2«"^C0S5(a-aj)^(a), 


from  which  the  first  form  may  be  derived  as  above.    We  have  thus  a  slightly 
generalized  form  of  Fourier's  Theorem,  p.  851.    [A.  F.] 
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here  the  constant  represents  any  function  of  x.    Putting  for  v"  its 
value  c''+  Idt'd^^  and  continuing  always  similar  substitutions,  we 


find 


=  c  +  jdt  \c''  +jdt  (c«'  +jdt  vA\ , 


or  ,;  =  c  +  ^c"+i5c»'  +  ^c'»  +  ,5c'^  +  &c {T). 

12         12        L? 

In  this  series,  c  denotes  an  arbitrary  function  of  x.  If  we  wish 
to  arrange  the  development  of  the  value  of  v,  according  to  ascend- 
ing powers  of  0?,  we  employ 

(ft?  ^dv 
d^^di' 

and,  denoting  by  <f>^,  ^^^,  ^^^^,  &c.  the  functions 

d.      ^  ^     d^  ^     j^ 
di'f'^    5?*'    rf?*'    *^' 

we  have  first  v  =  a  +  6a?  +  Idx  Ida:  v^ ;  a  and  &  here  represent  any 
two  functions  of  t     We  can  then  put  for  t;  its  value 

a,  +  b^x  +  Idx  Idx  v^^ ; 

and  for  v^^  its  value  a,^  +  b^jx  +  Idx  Idx  v^^^,  and  so  on.   By  continued 
substitutions 

v-a-]-bx+  Idx  Idx  v^ 
=  a  +  bx  +  Idx  Idx  (a^  +  b^x  -h  Idx  jdxv^ 
=  a  +  bx+jdxjdx    a,  +  bx  +  jdx  Idx  (a^^  +  b^x  +  Idx  jdx  v^^Xl 
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X*        X*       .  a;' 


or  »  =  a  +  |2a,  +  rj«„  +  TgO„/  +  &c- 


+  a!b  +  ^b,  +  ^J„  +  &c (X). 


In  this  series,  a  and  5  denote  two  arbitrary  functions  of  t 

If  in  the  series  given  by  equation  (X)  we  put,  instead  of 
a  and  b,  two  functions  <f>  {t)  and  -i/r  (t),  and  develope  them  according 
to  ascending  powers  of  t,  we  find  only  a  single  arbitrary  function 
of  a?,  instead  of  two  functions  a  and  b.  We  owe  this  remark  to 
M.  Pois8on,  who  has  given  it  in  Volume  VI.  of  the  M^moires  de 
TEcole  Polytechnique,  page  HO. 

Reciprocally,  if  in  the  series  expreased  by  equation  {T)  we  de- 
velope the  function  c  according  to  powers  of  a?,  arranging  the 
result  with  respect  to  the  same  powers  of  x,  the  coefficients  of 
these  powers  are  formed  of  two  entirely  arbitrary  functions  of  t ; 
which  can  be  easily  verified  on  making  the  investigation. 

400.  The  value  of  v,  developed  according  to  powers  of  t^ 
ought  in  fact  to  contain  only  one  arbitrary  function  of  x ;  for  the 
differential  equation  (a)  shews  clearly  that,  if  we  knew,  as  a 
function  of  or,  the  value  of  v  which  corresponds  to  ^  =  0,  the 
other  values  of  the  function  v  which  correspond  to  subsequent 
values  of  t,  would  be  determined  by  this  value. 

It  is  no  less  evident  that  the  function  v,  when  developed 
according  to  ascending  powers  of  Xy  ought  to  contain  two  com- 
pletely arbitrary  functions  of  the  variable  t   In  fact  the  differential 

equation  -j-^  =  -^  shews  that,  if  we  knew  as  a  function  of  t  the 

value  of  V  which  corresponds  to  a  definite  value  of  a?,  we  could 
not  conclude  from  it  the  values  of  v  which  correspond  to  all  the 
other  values  of  x.  It  would  be  necessary  in  addition,  to  give  as 
a  function  of  t  the  value  of  v  which  corresponds  to  a  second  value 
of  ic,  for  example,  to  that  which  is  infinitely  near  tathe  first.  All 
the  other  states  of  the  function  v,  that  is  to  say  those  which  corre- 
spond to  all  the  other  values  of  a?,  would  then  be  determined.  The 
differential  equation  (a)  belongs  to  a  curved  surface,  the  vertical 
ordinate  of  any  point  being  v,  and  the  two  horizontal  co-ordinates 

F.  H.  26 
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X  and  and  t.  It  follows  evidently  from  this  equation  (a)  that  the 
form  of  the  surface  is  determined,  when  we  give  the  form  of  the 
vertical  section  in  the  plane  which  passes  through  the  axis  of  a : 
and  this  follows  also  from  the  physical  nature  of  the  problem ;  for 
it  is  evident  that,  the  initial  state  of  the  prism  being  given,  all  the 
subsequent  states  are  determined.  But  we  could  not  construct 
the  surface,  if  it  were  only  subject  to  passing  through  a  curve 
traced  on  the  first  vertical  plane  of  t  and  v.  It  would  be  necessary 
to  know  fuither  the  curve  traced  on  a  second  vertical  plane 
parallel  to  the  first,  to  which  it  may  be  supposed  extremely  near. 
The  same  remarks  apply  to  all  partial  differential  equations,  and 
we  see  that  the  order  of  the  equation  does  not  determine  in  all 
cases  the  number  of  the  arbitrary  functions. 

401.    The  series  {T)  of  Article  399,  which  is  derived  from  the 
equation 

5^""^ ^''^' 

may  be  put  under  the  form  v  =  ^^  if>{x).  Developing  the  ex- 
ponential  according  to  powers  of  D,  and  writing  -r-j  instead  of  i>*, 
considering  t  as  the  order  of  the  differentiation,  we  have 

Following  the  same  notation,  the  first  part  of  the  series  (X) 
(Art  899),  which  contaius  only  even  powers  of  x,  may  be  expressed 

under  the  form  cos  {x  J—  D)  (f>  (t).    Develope  according  to  powers 

of  x,  and  write  ^  instead  of  I/,  considering  t  as  the  order  of  the 

differentiation.  The  second  part  of  the  series  {X)  can  be  derived 
from  the  first  by  integrating  with  respect  to  x,  and  changing  the 
function  <f>  {t)  into  another  arbitrary  function  yjr  {t).  We  have 
therefore 

and  W=  '  I  dx  cos  (:r  J-£>)\  yjr  {t). 


SECT.  IV.]  SYMBOLICAL  METHODS.  403 

This  known  abridged  notation  is.  derived  from  the  analogy 
which  exists  between  integrals  and  powers.  As  to  the  use  made 
of  it  here^  the  object  is  to  express  series,  and  to  verify  them 
without  any  development.  It  is  sufficient  to  difiFerentiate  under 
the  signs  which  the  notation  employs.  For  example,  from  the 
equation  v  =  e*^'  ^  (x),  we  deduce,  by  differentiation  with  respect 
to  t  only, 

which  shews  directly  that  the  series  satisfies  the  differential 
equation  (a).  Similarly,  if  we  consider  the  first  part  of  the  series 
{X),  writing 

V  =  cos  (a  J-D)  4>  (t), 
we  have,  differentiating  twice  with  respect  to  x  only. 

Hence  this  value  of  v  satisfies  the  differential  equation  (a). 

We  should  find  in  the  same  manner  that  the  differential 
equation 

d^«  +  5P  =  ^ ^^^' 

gives  as  the  expression  for  v  in  a  series  developed  according  to 
increasing  powers  of  y, 

t;  =  cos  (i/D)  <f>  (x). 

We  must  develope  with  respect  to  y,  and  write  -r-  instead  of 
D:  from  this  value  6f  t;  we  deduce  in  fact, 

^  =  -D'co8(y2))^(^)  =  -2)'«  =  -£.t,. 

The  value  sin  (yD)  -^  (x)  satisfies  also  the  differential  equation; 
hence  the  general  value  of  t;  is 

V  =  cos  (yD)  <f)  {x)  +  TT,    where  W=  sin  (yD)  -i^  (x). 

26—2 


404  THEOBT  OF  HEAT.  [CHAP.  IX. 

402.    If  the  proposed  differential  equation  is 

l^'"^^d^ ^^'' 

and  if  we  wish  to  express  v  in  a  series  arranged  according  to 
powers  of  i^  we  may  denote  by  D^  the  function 

and  the  equation  being  ^  =  Dv,  we  have 

v  s  cos  (^  J'-D)  ^  (x,  y) . 
From  this  we  infer  that 

We  must  develope  the  preceding  value  of  v  according  to  powers 

/dp      d* \*  . 
of  fe  ^*®  (;s>  +  T"«)'  "^*^^  oiD,  and  then  regard  i  as  the  order 

of  differentiation. 

The  following  value  \dt  cos  if  J—D)  ^  (x,  y)  satisfies  the  same 
condition;  thus  the  most  general  value  of  i;  is 

and  W^jdt  cos  {t  V^)  ^  {x,  y) ; 

v  is  a  function  f(w,  y,  t)  of  three  variables.    If  we  make  ^  =  0,  we 
have/=  {a, y,  0)  =  ^  {x, y) ;  and  denoting  ^/(a?, y,  0  by/  (a?,  y, «), 
we  have/  (aj,  y,  0)  =  ^  {x,  y). 
If  the  proposed  equation  is 

d'v     d^v     ^  ,n 

the  value  of  t;  in  a  series  arranged  according  to  powers  of  t  will 
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be  V  =i cos  {tiy) <f> (x, y),  denoting^  by  D;  for  we  deduce  from 
this  value 

The  general  value  of  v^  which  can  contain  only  two  arbitrary 
functions  of  x  and  y^  is  therefore 

t;=:cos  {tD^  4>  (x,y)  +  W, 

and  TF  =  I  dtcos  [tU)  -Jr  ix, y). 

Jo 

Denoting  v  by  f(ps,  y,  t)^  and  -ji^J  f  (^>  Jf^  ^)>  we  have  to 
determine  the  two  arbitrary  functions^ 

^  i^>  y)  =/(«*  Vr  %  a^d  ir  (^>  y)  =/  («>  y>  o)- 

403.    If  the  proposed  differential  equation  is 

^^  J.  ^  J.  9    ^^    J-  ^^  -  n  f\ 

dP'^dx^'^^dafdy'^dy^'^^  W» 


we 


may  denote  by  2)^  the  function  ;o+;75»  ^  *^**  DD^ 


or  l?"^  can  be  formed  by  raising  the  binomial  [ -13  +  -^,]  to  the 

second  degree,  and  regarding  the  exponents  as  orders  of  di£feren- 

d^v 
tiation.    Equation  («)  then  becomes  ~t^  +  JD^v  =  0;  and  the  value 

of  V,  arranged  according  to  powers  of  t,  is  cos  (tD)  <f>  (x,  y) ;  for 
from  this  we  derive 

The  most  general  value  of  v  being  able  to  contain  only  two 
arbitrary  functions  of  x  and  y^  which  is  an  evident  consequence  of 
the  form  of  the  equation,  may  be  expressed  thus : 

t?  =  cos  (^2?)  ^  (a?,  y)  +  I  i<  cos  (^D) -^/r  (a;,  y). 
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The  functions  <f>  and  -^  are  determined  as  follows,  denoting  the 
function  v  by /(a?,  y,  t),  and  ^/  {x,  y,  t)  by/  (a?,  y,  <), 

*  (^>  y)  =/  (^>  y>  0),      t  (^,  y)  =/i  (^,  y»  <>)• 

Lastly^  let  the  proposed  diflferential  equation  be 

the  coefficients  a,  6,  c,  d  are  known  numbers,  and  the  order  of  the 
equation  is  indefinite. 

The  most  general  value  of  v  can  only  contain  one  arbitrary 
function  of  x ;  for  it  is  evident,  from  the  very  form  of  the  equa- 
tion, that  if  we  knew,  as  a  function  of  x,  the  value  of  v  which 
corresponds  to  ^  =  0,  all  the  other  values  of  v,  which  correspond  to 
successive  values  of  t,  would  be  determined.  To  express  v,  we 
should  have  therefore  the  equation  v  =  e^^<f>  {x). 

We  denote  by  D(f>  the  expression 

cP^        e?0       c?'0  ,   « 

that  is  to  say,  in  order  to  form  the  value  of  v,  we  must  develop 
according  to  powers  of  t,  the  quantity 

g<(a«8+6a*+Ca«+da«+&C.) 

and  then  write  -r-  instead  of  a,  considering  the  powers  of  a  as  orders 

of  differentiation.     In  fact,  this  value  of  v  being  differentiated 
with  respect  to  t  only,  we  have 

It  would  be  useless  to  multiply  applications  of  the  same  process. 
For  very  simple  equations  we  can  dispense  with  abridged  expres- 
sions ;  but  in  general  they  supply  the  place  of  very  complex  in- 
vestigations. We  have  chosen,  as  examples,  the  preceding  equa- 
tions, because  they  all  relate  to  physical  phenomena  whose  analytical 
expression  is  analogous  to  that  of  the  movement  of  heat.  The  two 
first,  (a)  and  (J),  belong  to  the  theory  of  heat;   and  the  three 
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following  (c),  (d),  (e),  to  dynamical  problems;  the  last  (/)  ex- 
presses what  the  movement  of  heat  would  be  in  solid  bodies,  if 
the  instantaneous  transmission  were  not  limited  to  an  extremely 
small  distance.  We  have  an  example  of  this  kind  of  problem  in 
the  movement  of  luminous  heat  which  penetrates  diaphanous 
media. 

404.  We  can  obtain  by  different  means  the  integrals  of  these 
equations :  we  shall  indicate  in  the  first  place  that  which  results 
from  the  use  of  the  theorem  enunciated  in  Art.  361,  which  we 
now  proceed  to  recal. 

If  we  consider  the  expression 

I      da^(a)  j     d<f>cos  {px—p%), (a) 

J  "to  J  -00 

we  see  that  it  represents  a  function  of  x ;  for  the  two  definite 
integrations  with  respect  to  a  and  p  make  these  variables  dis- 
appear, and  a  function  of  x  remains.  The  nature  of  the  function 
will  evidently  depend  on  that  which  we  shall  have  chosen  for 
<f)  (a).  We  may  ask  what  the  function  (f>  (a),  ought  to  be,  in  order 
that  after  two  definite  integrations  ^e  may  obtain  a  given  function 
f{x).  In  general  the  investigation  of  the  integrals  suitable  for 
the  expression  of  different  physical  phenomena,  is  reducible  to 
problems  similar  to  the  preceding.  The  object  of  these  problems 
is  to  determine  the  arbitrary  functions  under  the  signs  of  the 
definite  integration,  so  that  the  result  of  this  integration  may  be 
a  given  function.  It  is  easy  to  see,,  for  example,  that  the  general 
integral  of  the  equation 

dv       ^v  ,  .d*v  .     d%  ,  jd^v  ,   «  ,^v 

3«=«d?+*^'+^^+''d?+*^ ^^ 

would  be  known  if,  in  .the  preceding  expression  (a),  we  could 
determine  ^  (a),  so  that  the  result  of  the  equation  might  be  a 
given  function /(a:).  In  fact,  we  form  directly  a  particular  value 
of  V,  expressed  thus, 

t;  =  e"*»'cos|)a?, 

and  we  find  this  condition, 

m  =  aj)^  +  hp*  +  cp*  +  &c. 
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We  might  then  also  take 

t;  =  6""^  cos  (px  —pi), 

giving  to  the  constant  a  any  value.     We  have  similarly 
v^( dxit>  (a)  e-<(«p"+*p*+cp«+*c) cos  {px  -pi). 

It  is  evident  that  this  value  of  v  satisfies  the  differential  equation 
(/);   it  is  merely  the  sum  of  particular  values. 

Further,  supposing  t  =  0,  we  ought  to  find  for  t;  an  arbitrary 
function  of  x.     Denoting  this  function  by /(a?),  we  have 


f(x)=jd2<f}  (a)  jdp cos  (pa?  —  pa). 


Now  it  follows  from  the  form  of  the  equation  (/),  that  the  most 

general  value  of  v  can  contain  only  one  arbitrary  function  of  x. 

In  fact«  this  equation  shews  clearly  that  if  we  know  as  a  function 

of  X  the  value  of  v  for  a  given  value  of  the  time  t,  all  the  other 

values  of  v  which  correspond  to  other  values  of  the  time,  are 

necessarily  determined.      It  follows  rigorously  that  if  we  know, 

as  a  function  of  t  and  x,  a  value  of  v  which  satisfies  the  differential 

equation;  and  if  further,  on  making  t  =  0,  this  function  of  x  and  t 

becomes  an  entirely  arbitrary  function  of  x,  the  function  of  x  and 

t  in  question  is  the  general  integral  of  equation  {/),    The  whole 

problem   is  therefore  reduced  to   determining,  in  the  equation 

above,  the  function  ^(a),  so  that  the  result  of  two  integrations 

may  be  a  given  function /(a:).     It  is  only  necessary,  in  order  that 

the  solution  may  be  general,  that  we  should  be  able  to  take  for 

f(x)  an  entirely  arbitrary  and  even  discontinuous  function.    It  is 

merely  required  therefore  to  know  the  relation  which  must  always 

exist  between  the  given  function  f(x)  and  the  unknown  function 

^  (a).    Now  this  very  simple  relation  is  expressed  by  the  theorem 

of  which  we  ai*e  speaking.     It  consists  in  the  fact  that  when  the 

integrals  are  taken  between  infinite  limits,  the  function  <j>  (a)  is 
1 
9  ~  /  (^)  >  ^^^^  ^s  ^  say,  that  we  have  the  equation 

1   r*""  r*"* 
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From  this  we  conclude  as  the  general  integral  of  the  proposed 
equation  (/), 

t;  =  ^J   rfa/(a)  r*rf;?6-'<'^+»P*+^+*«)cos(;?a?--pa)  ...(c). 
405.    If  we  propose  the  equation 

d?+d^*=<> ('^' 

which  expresses  the  transverse  vibratory  movement  of  an  elastic 
plate*,  we  must  consider  that,  from  the  form  of  this  equation,  the 
most  general  value  of  v  can  contain  only  two  arbitrary  functions 
of  x\  for,  denoting  this  value  of  v  by  f{Xyt)^  and  the  function 

^/(^,  t)  by  f  (a?,  t),  it  is  evident  that  if  we  knew  f{x,  0)  and 

f  («,  0),  that  is  to  say,  the  values  of  v  and  -jt  at  the  first  instant, 

all  the  other  values  of  v  would  be  determined. 

This  follows  also  from  the  very  nature  of  the  phenomenon.  In 
fact,  consider  a  rectilinear  elastic  lamina  in  its  state  of  rest:  x  is 
the  distance  of  any  point  of  this  plate  from  the  origin  of  co- 
ordinates; the  form  of  the  lamina  is  very  slightly  changed,  by 
drawing  it  from  its  position  of  equilibrium,  in  which  it  coincided 
with  the  axis  of  x  on  the  horizontal  plane;  it  is  then  abandoned  to 
its  own  forces  excited  by  the  change  of  form.  The  displacement  is 
supposed  to  be  arbitrary,  but  very  small,  and  such  that  the  initial 
form  given  to  the  lamina  is  that  of  a  curve  drawn  on  a  vertical 
plane  which  passes  through  the  axis  of  a?.  The  system  will  suc- 
cessively change  its  form,  and  will  continue  to  move  in  the  vertical 
plane  on  one  side  or  other  of  the  line  of  equilibrium.  The  most 
general  condition  of  this  motion  is  expressed  by  the  equation 

Any  point  m,  situated  in  the  position  of  equilibrium  at  a 
distance  x  from  the  origin  0,  and  on  the  horizontal  plane,  has,  at 

1  An  investigation  of  the  general  equation  for  the  lateral  vibration  of  a  thin 
elastic  rod,  of  which  {d)  is  a  particular  case  corresponding  to  no  permanent 
internal  tension,  the  angular  motions  of  a  section  of  the  rod  being  also  neglected, 
wiU  be  found  in  Donkiu's  Acoustia,  Chap.  ix.  ^  169—177.     [A.F.] 
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the  end  of  the  time  t,  been  removed  from  its  place  through  the 
perpendiculaj  height  v.  This  variable  flight  v  is  a  function  of 
X  and  t  The  initial  value  of  t;  is  arbitrary;  it  is  expressed  by  any 
function  <}>  (x).  Now,  the  equation  (d)  deduced  from  the  funda- 
mental principles   of  dynamics  shews   that  the   second  fluxion 

cPv 
of  V,  taken  with  respect  to  ^  or  -7-5 ,  and  the  fluxion  of  the  fourth 

order  taken  with  respect  to  x,  or  -^-4  are  two  functions  of  x  and  f, 

which  differ  only  in  sign.  We  do  not  enter  here  into  the  special 
question  relative  to  the  discontinuity  of  these  functions;  we  have 
in  view  only  the  analytical  expression  of  the  integral 

We  may  suppose  also,  that  after  having  arbitrarily  displaced 
the  different  points  of  the  lamina,  we  impress  upon  them  very 
small  initial  velocities,  in  the  vertical  plane  in  which  the  vibrations 
ought  to  be  accomplished.  The  initial  velocity  given  to  any 
point  m  has  an  arbitrary  value.  It  is  expressed  by  any  function 
^  {x)  of  the  distance  x. 

It  is  evident  that  if  we  have  given  the  initial  form  of  the 
system  or  ^  (x)  and  the  initial  impulses  or  -^  (x),  all  the  subse- 
quent states  of  the  system  are  determinate.  Thus  the  function 
V  OTf{x,  t),  which  represents,  after  any  time  t,  the  corresponding 
form  of  the  lamina^  contains  two  arbitrary  functions  <j)  (x) 
and  -^  (aj). 

To  determine  the  function  sought  f(x,  t),  consider  that  in  the 
equation 

W  +  d^*=^ (^ 

we  can  give  to  v  the  very  simple  value 

u  =  co&  qH  cos  qx, 

or  else  u  =  cos  ^t  cos  {qx  —  qa) ; 

denoting  by  q  and  a  any  quantities  which  contain  neither  x  nor  t 
We  therefore  also  have 


u 


^  ldxF{pL)  Idq  COS  q^t  cos  (qx  —  qa), 
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F(pL)  being  any  function,  whatever  the  limits  of  the  integrations 
may  be.    This  value  of  v  is  merely  a  sum  of  particular  values. 

Supposing  now  that  ^=0,  the  value  of  v  must  necessarily 
be  that  which  we  have  denoted  hy  f(x,0)  or  <f}(x).  We  have 
therefore 

if>  {x)  =  Ida  F  (a)  \dq  cos  (qx  —  qa). 

The  function  F(a)  must  be  determined  so  that,  when  the  two 
integrations  have  been  eflTected,  the  result  shall  be  the  arbitrary 
function  ^  {x).  Now  the  theorem  expressed  by  equation  (5)  shews 
that  when  the  limits  of  both  integrals  are  —  oo  and  +Q0,  we 
have 

Hence  the  value  of  u  is  given  by  the  following  equation : 
M  =  ^  I    d2<f>  (a)  I    dqcoQ^t  cos  (qx  —  qa). 

If  this  value  of  u  were  integrated  with  respect  to  t,  the  ^  in 
it  being  changed  to  ^fr,  it  is  evident  that  the  integral  (denoted 
by  W)  would  again  satisfy  the  proposed  dilBTerential  equation  (d), 
and  we  should  have 

W^  ^  lda^^(fl)  jdq-T^^in  qHcos  (qx  —  ja). 

This  value  TT  becomes  nothing  when  <  =  0;  and  if  we  take  the 
expression 

dW 


dt 


=  9-1    doL'^  {a)  I    dq  cos  q^t  cos  {qx  —  qa). 


we  see  that  on  making  f  =  0  in  it,  it  becomes  equal  to  '^  (x). 

The  same  is  not  the  case  with  the  expression  -jj;  it  becomes 

nothing  when  t  =  0,  and  u  becomes  equal  to  ^  {x)  when  ^  =  0. 
It  follows  from  this  that  the  integral  of  equation  (d)  is 

r  =  ^  I    da4>(a)  I    dq  cos  qH  cos  (qx  —  qa)  +  W^  u+  W, 

ZtK  J  —00  J  —GO 

and 

1    /•+•  f+*     1 

If  =  — -  I    di'^ipi)]     dq-^ sin (^i  cos  (qx  -  ja). 

^TTj-oD  J-ao        Q 
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In  fact,  this  value  of  v  satisfies  the  differential  equation  (d) ; 
also  when  we  make  ^  =  0,  it  becomes  equal  to  the  entirely  arbitrary 

r7tf 

function  4>(x);  and  when  we  make   ^  =  0   in  the  expression  -rz, 

it  reduces  to  a  second  arbitrary  function  ^  (x).  Hence  the  value 
of  t;  is  the  complete  integral  of  the  proposed  equation,  and  there 
cannot  be  a  more  general  integral. 

406.  The  value  of  v  may  be  reduced  to  a  simpler  form  by 
effecting  the  integration  with  respect  to  q.  This  reduction,  and 
that  of  other  expressions  of  the  same  kind,  depends  on  the  two 
results  expressed  by  equations  (1)  and  (2),  which  will  be  proved 
in  the  following  Article. 

j^ji?oos2^co8j«=-^sin(|  +  j^j (1). 

j^dqsm^tcosqz'-'^sm(^--^^ (2). 

From  this  we  conclude 

Denoting  — ^  by  another  unknown  fi,  we  have 


Putting  in  place  of  sin  (  j  +/*')  its  value 


-l8in;.»+-lcoB;.-, 


we  have 


1      r+* 
tt=    /5~  /    rf/A  (sin /i"  +  cos /a")  ^{a  +  2/iJt) (S*). 


We  have  proved  in  a  special  memoir  that  (S)  or  (S*),  the 
integrals  of  equation  (d),  represent  clearly  and  completely  the 
motion  of  the  diflFerent  parts  of  an  infinite  elastic  lamina.  They 
contain  the  distinct  expression  of  the  phenomenon,  and  readily 
explain  all  its  laws.     It  is  from  this  point  of  view  chiefly  that  we 
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have  proposed  them  to  the  atteDtion  of  geometers.  They  shew 
how  oscillations  are  propagated  and  set  up  through  the  whole 
extent  of  the  lamina,  and  how  the  effect  of  the  initial  displace- 
ment, which  is  arbitrary  and  fortuitous,  alters  more  and  more  as 
it  recedes  from  the  origin,  soon  becoming  insensible,  and  leaving 
only  the  existence  of  the  action  of  forces  proper  to  the  system,  the 
forces  namely  of  elasticity. 

407.    The  results  expressed  by  equations  (1)  and  (2)  depend 
upon  the  definite  integrals 

jdx  cos  sff      and  jdx  sin a^; 
let  g=  I     dx cos x\  and  A  =  I     dxsinsf; 

J  —00  J   "OD 

and  regard  g  and  h  as  known  numbers.  It  is  evident  that  in  the 
two  preceding  equations  we  may  put  y  +  6  instead  of  x,  denoting 
by  b  any  constant  whatever,  and  the  limits  of  the  integral  will  be 
the  same.    Thus  we  have 

9=1  *rfyco8(y*  +  2%  +  6*),     A=/   "dysin  (y»+2Jy+6»), 

J    —00  J    -«0 

—  f /7  i   006^*008  25^  cos6*  — cosy*sin2Jysin  J'l 
J       1—  sin  y"  sin  26y  cos  6"  —  sin  y*  cos  26y  sin  i'j 

Now  it  is  easy  to  see  that  all  the  integrals  which  contain  the 
factor  sin  2by  are  nothing,  if  the  limits  are  —  go  and  +  oo  ;  for 
sin  2by  changes  sign  at  the  same  time  as  y.    We  have  therefore 

^  =  cos  b*  I  rfy  cosy" cos  Zby  —  sin  V  I  rfy  siny'cos  25y (a). 

The  equation  in  h  also  gives 

,  _  r  ,   (     sin  y"  cos  26y  cos  6"  +  cos  y"  cos  26y  sin  J')  ^ 
J       ( +  cos  y*  sin  26y  cos  V  —  sin  y"  sin  26y  sin  i'j  ' 

and,  omitting  also  the  terms  which  contain  sin  25y,  we  have 
h  =  cos  V  I  dy  sin  y* cos  2by  +  sin  b^  \  dy  cosy* cos  2iy (6). 
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The  two  equations  (a)  and  (J)  give  therefore  for  o  and  A  the 
two  integrals 

jdif  sin  j^  cos  26y  and  Jdt/  cos  ^  cos  2by, 
which  we  shaU  denote  respectively  by  A  and  B.    We  may  now 


y  =p<,  and2Jy=;,z;  or    y=p'/t,     b  = 


9jf 

we  have  therefore 

Vr/efjp  cospV  cos^^  =  A,      >/ijdp  sin  y<  cos  pz  =  A 
resuh  ''*'"'''  '^^  ""^  '^  *"'  ^'"^'^  immediately  from  the  known 

The  substitution  gives 

Ji       J   "  Jl       j^y  (cos y'-V -lain y*). 

Thus  the  real  part  of  the  second  member  of  the  la.t  equation 
IS  ^v  and  the  imaginary  part  nothing.    Whence  we  conclude 

1  More  readily  from  the  known  resnlts  given  in  §  360.  viz.- 

r  da  Ann         Hr      ,  du 

h      N/i    ~V2-    ^*«=*'.  i-^=<fe,  then 

So  for  the  cosine  from   f'^L?^  -     A     rr,  , 
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and  0  =  I  dy  cos  y'  —  I  dy  sin  y', 


or 


j  ^dycos/=5r=:y^|,      Jrfy8iny»  =  A  =  y  J. 


It  remains  only  to  determine,  by  means  of  the  equations  (a) 
and  (6),  the  values  of  the  two  integrals 

I  dy  cos  y'  cos  2by       and  i  dy  sin  y'  sin  2iy. 
They  can  be  expressed  thus : 

-4=1  dy  cosy'cos2Jy  =  Asin  J'+5f  cosJ", 

jB  =  I  dy  sin  y*cos  26y  =  Aoos  J"— ^r  sin  i" ; 

whence  we  conclude 

•      I  dp  coBpH  cmpz  =  ^^^  (cos^  +  sin  Q . 

jdpBmptcospz=^^-j.{cos^^-^n^^'j; 
writing  sin  j  ,  or  cos  j  instead  of  \/  5 »  w®  ^*ve 

jdpcosftcosj>z  =  -j=8m(^  +  Q (1) 

and  Jdj?sin/^cosjp«=-^8ing-|-J (2). 

408.  The  proposition  expressed  by  equation  (B)  Article  404, 
or  by  equation  {E)  Article  361,  which  has  served  to  discover  the 
integral  (8)  and  the  preceding  integrals,  is  evidently  applicable  to 
a  very  great  number  of  variables*    In  fact,  in  the  general  equation 

\      r  +  oo  r  +  ao 


or 


•I  A+00  !.+» 


1 
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we  can  regard  /(a?)  as  a  function  of  the  two  variables  x  and  y. 
The  function /(a)  will  then  be  a  function  of  a  and  y.  We  shall 
now  regard  this  function  /  (a,  y)  as  a  function  of  the  variable  y, 
and  we  then  conclude  from  the  same  theorem  (B),  Article  404, 

that  /(a,  y)  =  3;^  j_  / (a,  fi)  jdq cos  (yy  -  qp). 

We  have  therefore,  for  the  purpose  of  expressing  any  function 
whatever  of  the  two  variables  x  and  y,  the  following  equation 

I    dj  COS  (qy  —  q^)...(BB), 

We  form  in  the  same  manner  the  equation  which  belongs  to 
functions  of  three  variables,  namely, 

/(«.  y. ') = [^l^l^^hf^"^  ^'  -y) 

idp cos (paj  — 2^2)  Idj  cos{qy'-q/3)  ldrcoQ{rz  —  ry) {BBB)^ 

each  of  the  integrals  being  taken    between    the    limits   —  oo 
and  +00. 

It  is  evident  that  the  same  proposition  extends  to  functions 
which  include  any  number  whatever  of  variables.  It  remains  to 
show  how  this  proportion  is  applicable  to  the  discovery  of  the 
integrals  of  equations  which  contain  more  than  two  variables. 

409.    For  example,  the  differential  equation  being 

d?"^"^rfp ^^^' 

we  wish  to  ascertain  the  value  of  v  as  a  function  of  (a?,  y,  (),  such 

that ;  1st,  on  supposing  i  =  0,  t;  or  f{x,  y,  t)  becomes  an  arbitrary 

function  <f>  {x,  y)  of  x  and  y\  2nd,  on  making  ^  =  0  in  the  value 

dv 
o{  -tt,  ot  f  (x,y,  t),  we  find  a  second  entirely  arbitrary  function 
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From  the  form  of  the  differential  equation  (c)  we  can  infer 
that  the  value  of  t;  which  satisfies  this  equation  and  the  two  pre* 
ceding  conditions  is  necessarily  the  general  integral.  To  discover 
this  integral,  we  first  give  to  v  the  particular  value 

V  ~  cos  mt  cos  px  cos  qy. 


The  substitution  of  v  gives  the  condition  m  =  Jp^  +  j*. 
It  is  no  less  evident  that  we  may  write 


v  =  cos|>  (a?  —  a)  cos  qiy  —  fi)  cos  t  Jp*  +  j*, 
or 

v=jdajdl3F{(z^l3)  ldpcos{px-p2)  lio^ cos (yy - ql3) cos t Vi>* + «*• 

whatever  be  the  quantities  p,  q,  a,  fi  and  F  (a,  ff),  which  contain 
neither  x,  y,  nor  t  In  fact  this  value  of  t  is  merely  the  sum  of 
particular  values. 

If  we  suppose  ^  =  0,  v  necessarily  becomes  ^  {x,  y).  We  have 
therefore 

^  (^>  y)  ^jdoijdfiF(a,  fi)  jdp  cos  (pa?  -jpa)  j<iy cos  igy-qfi). 

Thus  the  problem  is  reduced  to  determining  i^  (a,  /9),  so  that 
the  result  of  the  indicated  integrations  may  be  ^  {x,  y).  Now,  on 
comparing  the  last  equation  with  equation  {BB)^  we  find 

^  («» y)  *  (2^)  f_J^f,J^  ^  (*'  ^)  /.  J^i'  ^*  (^  "l'^) 


£ 


^cos(yy-j/8). 


Hence  the  integral  may  be  expressed  thus : 


v=«f^J  jdi,  jdfi^ (2, I3)ldpcoa(px'-p2)ldqcos (gy—qP) cos tJp*-\-^. 

We  thus  obtain  a  first  part  u  of  the  integral ;  and,  denoting 
by  W  the  second  part,  which  ought  to  contain  the  other  arbitrary 
function  -^  (x,  y),  we  have 

F.  H.  27 
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and  we  must  take  W  to  be  the  integral  judt,  ehangiDg  only  0 

into  '^.  In  fact,  u  becomes  equal  to  ^  (Xy  y),  when  t  is  made 
=  0;  and  at  the  same  time  W  becomes  nothing,  since  the  integra- 
tion, with  respect  to  t,  changes  the  cosine  into  a  sine. 

Further,  if  we  take  the  value  of  3-,  and  make  « =  0,  the  first 

at 

part,   which   then    contains  a  sine,  becomes    nothing,   and   the 

second    part  becomes    equal    to   '^  (x^  y).      Thus    the   equation 

v  =  u  +  TFis  the  complete  integral  of  the  proposed  equation. 

We  could  form  in  the  same  manner  the  integral  of  the 
equation 

cPv  _  cTv     cPv     (Pv 

It  would  be  sufficient  to  introduce  a  new  factor 

^  cos  (r;5  -  ry)  , 
and  to  integrate  with  respect  to  r  and  7. 

410.     Let  the  proposed  equation  be  j^  + ^"1+ jj  =  0;  it  is 

required  to  express  i;  as  a  function  f{x^y,z)y  such  that»  1st, 
f{x,yyO)  may  be  an  arbitrary  function    <f>{x,y);  2nd,  that  on 

making  «  =  0  in  the  function  -7-  f(x,  y,  z)  we  may  find  a  second 

arbitrary  function  ^  {x,  y).  It  evidently  follows,  from  the  form  of 
the  differential  equation,  that  the  function  thus  determined  will 
be  the  complete  integral  of  the  proposed  equation. 

To  discover  this  equation  we  may  remark  first  that  the  equa- 
tion is  satisfied  by  writing  v  =  cos 2?^  cos  qy  tf^,  the  exponents 
p  and  q  being  any  numbers  whatever,  and  the  talue  of  m  being 

We  might  then  also  write 

V  =  cos  (px  -  pa)  cos  (qy  -  q$)  (e'^P^*  +  g-«'^^+?). 


< 

I 
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or 


i;  =  jdoL  jdfi  F{a^  fi)  I  dp  Idq  cos  (px  —py)  cos  {qy  -  q^) 

If  z  be  made  equal  to  0,  we  have,  to  determine  F(a,  P),  the 
following  condition 

^  («i  y)  =  jdx  Idff  F  (a,  fi)  jdp  Idq  cos  (px  —pa)  cos  (qy  —  qjS) ; 
and,  on  comparing  with  the  equation  (BE),  we  see  that 

we  have  then,  as  the  expression  of  the  first  part  of  the  integral, 
**  =  (2:;;:)  J^^l*^ <l>  (^  ^)  j^P  cos  {px -pa)  jdq cos  (qy  -  q0) 

The  value  of  u  reduces  to  ^  (x,  y)  when  «  =  0,  and  the  same 
substitution  makes  the  value  of  -j-  nothing. 

We  might  also  integrate  the  value  of  u  with  respect  to  «,  and 
give  to  the  integral  the  following  form  in  which  -^  is  a  new 
arbitrary  function: 

W=  y^  jda  jdp  yfr  (a,  fi)  jdp  cos  (px  -  pj)  jdq  C09  (qy  -  qp) 

The  value  of  W  becomes  nothing  when  *  =  0,  and  the  same 

dW 
substitution  makes  the  function  -7-  equal  to  yft  (x,  y).    Hence 

the  general  integral  of  the  proposed  equation  is  v  =  w  +  TT. 
411.     Lastly,  let  the  equation  be 

de^d^^^^d^^'^ly"^^ ^')' 

27—2 
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it  is  required  to  determine  v  as  a  fiinction/(d?,  y,  t),  which  satisfies 
the  proposed  eqaation  (e)  and  the  two  following  conditions: 
namely,  Ist,  the  substitution  ^bO  in  f(x,yyi)  must  give  an 
arbitrary    function    ^(^,y);    2nd,    the    same    substitution    in 

^#/(*>  y,  t)  must  give  a  second  arbitrary  function  -^  (a?,  y). 

It  evidently  follows  from  the  form  of  equation  (e),  and  from 
the  principles  which  we  have  explained  above,  that  the  function  v, 
when  determined  so  as  to  satisfy  the  preceding  conditions,  will  be 
the  complete  integral  of  the  proposed  equation.  To  discover  this 
function  we  write  first, 

V  =  cos  px  COS  qy  cos  mt, 

whence  we  derive 

We  have  then  the  condition  m=j)*  + j*.    Thus  we  can  write 
V  «  coBpx  COS  qy  cos  i^  (p*  +  j"), 
or  t;  =  cos  (px  —pa)  cos  (qy  —  qff)  cos  (pH  +  g^t), 

or      v  =  jdi  ldj3  F{a,  fi)  jdp  Idq  cos  (px  —  pa)  cos  (qy  —  ql3) 

cos  (pU  +  /l). 

When  we  make  ^ «  0,  we  must  have  v^(l>(x,y);  which  serves 
to  determine  the  function  JP(a,  fi).  If  we  compare  this  with  the 
general  equation  (BE),  we  find  that,  when  the  integrals  are  taken 

between  infinite  limits,  the  value  of  F(a,  fi)  is  [5-  j  <f>  (a,  0).    We 

have  therefore,  as  the  expression  of  the  first  part  u  of  the 
integral, 

tt  =  U:^  jdajdfi^  (a,  fi)  jdpjdq cos  (px -pa)  cos  (yy  -  qfi) 

COB  (pH-i-  qH). 

Integrating  the  value  of  u  with  respect  to  t,  the  second  arbi- 
trary function  being  denoted  by  y^,  we  shall  find  the  other  part 
Wo{  the  integral  to  be  expressed  thus: 
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W  =  (s^  jdajdfi  yjr  (a,  fi)  jdpjdq  cos  (px  -pa)  cos  (jy  -  j^) 

sin  {pU  +  gt) 
P'  +  i*       ' 

If  we  make  ^  =  0  in  u  and  in  W,  the  first  function  becomes 
equal  to  ^  {x,  y),  and  the  second  nothing;  and  if  we  also  make 

d  d 

^3=0  in  -^ii  and  in  -^  W^  the  first  function  becomes  nothings 

and  the  second  becomes  equal  to  '^  (^»y):  hence  v  »  u+TT  is  the 
general  integral  of  the  proposed  equation. 

412.  We  may  give  to  the  value  of  u  a  simpler  form  by  effect- 
ing the  two  integrations  with  respect  to  p  and  q.  For  this 
purpose  we  use  the  two  equations  (1)  and  (2)  which  we  have 
proved  in  Art.  407^  and  we  obtain  the  following  integral. 

Denoting  by  u  the  first  part  of  the  integral,  and  by  W  the 
second,  which  ought  to  contain  another  arbitrary  function,  we 
have 


W^\  dtu  and  v^tt+TT. 


If  we  denote  by  /*  and  v  two  new  unknowns,  such  that  we 
have 

and  if  we  substitute  for  a,  )9,  dx^  dfi  their  values 
we  have  this  other  form  of  the  integral^ 

^^-00       •'-00 

We  could  not  multiply  further  these  applications  of  our 
formuIsB  without  diverging  from  our  chief  subject.  The  preceding 
examples  relate  to  physical  phenomena,  whose  laws  were  un- 
known and  di£Scult  to  discover;  and  we  have  chosen  them  because 
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the  integrals  of  these  equations,  which  have  hitherto  been 
fruitlessly  sought  for,  have  a  remarkable  analogy  with  those  which 
express  the  movement  of  heat. 

413.  "We  might  also,  in  the  investigation  of  the  integrals, 
consider  first  series  developed  according  to  powers  of  one  variable, 
and  sum  these  series  by  means  of  the  theorems  expressed  by  the 
equations  {B),  {BB).  The  following  example  of  this  analysis, 
taken  from  the  theory  of  heat  itself,  appeared  to  us  to  be 
worthy  of  notice. 

We  have  seen.  Art.  399,  that  the  general  value  of  u  derived 
from  the  equation 

dv     cPv  ,  . 

dt^i:^ (")• 

developed  in  series,  according  to  increasing  powers  of  the  variable 
t,  contains  one  arbitrary  function  only  of  x ;  and  that  when  de- 
veloped, in  series  according  to  increasing  powers  of  x,  it  contains 
two  completely  arbitrary  functions  of  t 

The  first  series  is  expressed  thus : 

t^  =  *(^)  +  ^^^(^)  +  S^4<^(^)  +  &c (T). 

The  integral  denoted  by  ()S),  Art.  397,  or 

«  =  5~  IdKJ)  (a)  \dpe'^coB{px—jKi)f 

represents  the  sum  of  this  series,  and  contaifks  the  single  arbitrary 
function  ^  (x). 

The  value  of  t;,  developed  according  to  powers  of  x,  contains 
two  arbitrary  functions /(^)  and  F(t),  and  is  thus  expressed : 

+  ^^(*)  +  ^^^W+g|^(«)  +  &c (Z). 

There  is  therefore,  independently  of  equation  (J3),  another 
form  of  the  integral  which  represents  the  sum  of  the  last  series, 
and   which    contains   two    arbitrary  functions,  /(/)  and    F{t), 
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It  is  required  to  discover  this  second  integral  of  the  proposed 
equation,  which  cannot  be  more  general  than  the  preceding, 
but  which  contains  two  arbitrary  functions. 

We  can  arrive  at  it  by  summing  each  of  the  two  series  which 
enter  into  equation  (X).  Now  it  is  evident  that  if  we  knew,  in 
the  form  of  a  function  of  x  and  ^,  the  sum  of  the  first  series  which 
contains y(^),  it  would  be  necessary,  after  having  multiplied  it  by 
dXf  to  take  the  integral  with  respect  to  x,  and  to  change  f{t)  into 
F  (t).  We  should  thus  find  the  second  series.  Further,  it  would 
be  enough  to  ascertain  the  sum  of  the  odd  terms  which  enter  into 
the  first  series :  for,  denoting  this  sum  by  /t,  and  the  sum  of  all 
the  other  terms  by  v,  we  have  evidently 


It  remains  then  to  find  the  value  of  fi.    Now  the  function 
f{t)  may  be  thus  expressed,  by  means  of  the  general  equation  (5), 

f{t)^-^jdoLf{a)jdpcos{pt^p2) (B). 

It  is  easy  to  deduce  from  this  the  values  of  the  functions 

£/(*)•  |/(*)'  S/<*)'  ^ 

It  is  evident  that  differentiation  is  equivalent  to  writing  in 
the  second  member  of  equation  (F),  under  the  sign  Idp,  the 
respective  factors  — j?*,  +jp\  —p^  &c. 

We  have  then,  on  writing  once  the  common  factor  cos  (pt-'pz), 

/A  =  2;;.J^a/(a)/^pcos(p«-|)«)(l-^+^^ — *^')' 

Thus  the  problem  consists  in  finding  the  sum  of  the  series 
which  enters  into  the  second  member,  which  presents  no  difficulty. 
In  fact,  if  y  be  the  value  of  this  series,  we  conclude 


d*y 


—     •»•« 


o'Tji^-py 
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Integrating  this  linear  equation,  and  determining  the  arbitraiy 
constants,  so  that,  when  x  is  nothing,  y  may  be  1,  and 

dx'  da?'   dx'' 
may  be  nothing,  we  find,  as  the  sum  of  the  series, 

1  .  «  /'      -»  /p. 
y=:  -(e^^t  +e   '^«)cosa: 

It  would  be  useless  to  refer  to  the  details  of  this  investigation; 
it  is  sufficient  to  state  the  result,  which  gives,  as  the  integral 
sought, 

t;  =  -  ld2f{i)  jdqq  icos  2g*  (t  —  o)  (««'  +  «-«')  cos qx 

-sin  23*  (t-a)  (e^-e'^)  sin  qx\  +  W. (J30). 

The  term  W  is  the  second  part  of  the  integral;  it  is  formed  by 
integrating  the  first  part  with  respect  to  x,  from  x^O  to  x^x, 
and  by  changing  /  into  F.  Under  this  form  the  integral  contains 
two  completely  arbitrary  functions /(^)  and  F{t).  If,  in  the  value 
of  V,  we  suppose  x  nothing,  the  term  W  becomes  nothing  by 
hypothesis,  and  the  first  part  u  of  the  integral  becomes  f(t).    If 

we  make  the  same  substitution  ressO  in  the  value  of  -=-  it  is 

dx 

dtL 

evident  that  the  first  part  ^  will  become  nothing,  and  that  the 

dW 
second,  -t— ,  which  diflFers  only  from  the  first  by  the  function 

F  being  substituted  for  /,  will  be  reduced  to  F  {t).  Thus  the 
integral  expressed  by  equation  (/9)3)  satisfies  all  the  conditions, 
and  represents  the  sum  of  the  two  series  which  form  the  second 
member  of  the  equation  (-X). 

This  is  the  form  of  the  integral  which  it  is  necessary  to  select 
in  several  problems  of  the  theory  of  heat';  we  see  that  it  is  very 
difierent  from  that  which  is  expressed  by  equation  0?),  Art  397. 

1  See  the  article  by  Sir  W.  Thomson,  "  On  the  Linear  HoUon  of  Heat,"  Part  H 
Art.  1.     Camh,  Math,  Journal,  Vol.  III.  pp.  206— S.    [A.  F.] 
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414.  We  may  employ  very  difFerent  processes  of  investigation 
to  express,  by  definite  integrals,  the  sums  of  series  which  repre- 
sent the  integrals  of  differential  equations.  The  form  of  these 
expressions  depends  also  on  the  limits  of  the  definite  integrals. 
We  will  cite  a  single  example  of  this  investigation,  recalling  the 
result  of  Art.  311.  If  in  the  equation  which  terminates  that 
Article  we  write  aj  +  ^sini^  under  the  sign  of  the  function  <^, 
we  have 

If  ^  ^ 

f 

Denoting  by  v  the  sum  of  the  series  which  forms  the  second 
member,  we  see  that,  to  make  one  of  the  factors  2',  4',  6^  &c. 
disappear  in  each  term,  we  must  differentiate  once  with  respect 
to  t^  multiply  the  result  by  t,  and  differentiate  a  second  time  with 
respect  to  t.  We  conclude  from  this  that  v  satisfies  the  partial 
differential  equation 

c?i?      Id/  dv\  d^v     d'v     1  dv 


_\§_(.dv\ 
^  tdtVdtJ' 


dx^"  tdt\;  dt)'    ^^  djf'df^  tdt' 
We  have  therefore,  to  express  the  integral  of  this  equation,    . 

1  f 
t;=— I  dttA(x  +  ^sinw)  +  Tf. 

The  second  part  W  of  the  integral  contains  a  new  arbitrary 
function. 

The  form  of  this  second  part  TT  of  the  integral  differs  very 
much  from  that  of  the  first,  and  may  also  be  expressed  by  definite 
integrals.  The  results,  which  are  obtained  by  means  of  definite 
integrals,  vary  according  to  the  processes  of  investigation  by  which 
they  are  derived,  and  according  to  the  limits  of  the  integrals. 

415.  It  is  necessary  to  examine  carefully  the  nature  of  the 
general  propositions  which  serve  to  transform  arbitrary  functions : 
for  the  use  of  these  theorems  is  very  extensive,  and  we  derive 
from  them  directly  the  solution  of  several  important  physical 
problems,   which   could  be  treated   by  no  other  method.    The 
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following  proofs,  which  we  gave  in  our  first  researches,  are  very 
suitable  to  exhibit  the  truth  of  these  propositions. 

In  the  general  equation 

f{x)  =  -       daf  (a)  I    dp  cos  {pz  -px), 

•Wj-oo  Jo 

which  is  the  same  as  equation  {B),  Art.  404,  we  may  effect  the  in- 
tegration with  respect  to  p^  and  we  find 


^J_«  a— a? 


We  ought  then  to  give  to  p,  in  the  last  expression,  an  infinite 

value;  and,  this  being  done,  the  second  member  will  express  the 

value  of  f(jr).    We  shall   perceive   the  truth  of  this  result  by 

means  of  the  following  construction.    Examine  first  the  definite 

I         sm  3S 
integral  I  dx ,  which  we  know  to  be  equal  to  ^tt,  Art.  356. 

Jo         ^ 
If  we  construct  above  the  axis  of  x  the  curve  whose  ordinate  is. 

sin  X,  and  that  whose  ordinate  is  -,  and  then  multiply  the  ordinate 

X 

of  the  first  curve  by  the  corresponding  ordinate  of  the  second,  we 
may  consider  the  product  to  be  the  ordinate  of  a  third  curve 
whose  form  it  is  very  easy  to  ascertain. 

Its  first  oi'dinate  at  the  origin  is  1,  and  the  succeeding  ordinates 
become  alternately  positive  or  negative;  the  curve  cuts  the  axis 
at  the  points  where  x^tt,  2'ir,  Sir,  &c.,  and  it  approaches  nearer 
and  nearer  to  this  axis. 

A  second  branch  of  the  curve,  exactly  like  the  first,  is  situated 

I         sin  X 

to  the  left  of  the  axis  of  y.    The  integral  /  dx is  the  area 

Jo         ^ 

included  between  the  curve  and  the  axis  of  x,  and  reckoned  from 
a;  =  0  up  to  a  positive  infinite  value  of  «. 

•  I        sin  t)x 

The  definite  integral  /  dx  — ^ ,  in  which  p  is  supposed  to  be 

Jo  ^ 

any  positive  number,  has  the  same  value  as  the  preceding.    In 

fact,  let  px^z)  the  proposed  integral  will  become  I  dz ,  and, 

Jo        ^ 

consequently,  it  is  also  equal  to  \ir.    This  proposition  is  true. 
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whatever  positive  number  p  may  be.    If  we  suppose,  for  example, 

p  =  10,  the  curve  whose  ordinate  is has  sinuosities  very 

much  closer  and  shoi*ter  than  the  sinuosities  whose  ordinate  is 
sin  X 


X 


;  but  the  whole  area  from  a;  =  0  up  to  a;  ^  oo  is  the  same. 


Suppose  now  that  the  number  p  becomes  greater  and  greater, 
and  that  it  increases  without  limits  that  is  to  say,  becomes  infinite. 

^^  8111  DQD 

The  sinuosities  of  the  curve  whose  ordinate  is  — ^  are  infinitely 
near.    Their  base  is  an  infinitely  small  length  equal  to  - .     That 

It 

being  so,  if  we  compare   the  positive  area  which  rests  on  one 

of  these  intervals  —  with  the  ne£:ative  area  which  rests  on  the 

p  ^ 

following  interval,  and  if  we  denote  by  Xthe  finite  and  suflSciently 
large  abscissa  which  answers  to  the  beginning  of  the  first  arc, 
we  see  that  the  abscissa  x^  which  enters  as  a  denominator  into 

BID  DSD 

the  expression  — ^  of  the  ordinate,  has  no  sensible  variation  in 

27r 
the  double  interval  — ,  which  serves  as  the  base  of  the  two  areas. 

Consequently  the  integral  is  the  same  as  if  d?  were  a  constant 
quantity.  It  follows  that  the  sum  of  the  two  areas  which  succeed 
each  other  is  nothing. 

The  same  is  not  the  case  when  the  value  of  x  is  infinitely 

small,  since  the  interval  —  has  in  this  case  a  finite  rcLtio  to  the 

P 

Moa  * 

I  Sm  'DtB 

value  of  a?.    We  know  from  this  that  the  integral  I  dx ^-— ,  in 

which  we  suppose^  to  be  an  infinite  number,  is  wholly  formed  out 
of  the  sum  of  its  first  terms  which  correspond  to  extremely  small 
values  of  x.  When  the.  abscissa  has  a  finite  value  X,  the  area 
does  not  vary,  since  the  parts  which  compose  it  destroy  each  other 
two  by  two  alternately.    We  express  this  result  by  writing 


Jo  ^         Jo  » 
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The  quantity  a>,  which  denotes  the  limit  of  the  second  integral, 
has  an  infinitely  small  value ;  and  the  value  of  the  integral  is  the 
same  when  the  limit  is  to  and  when  it  is  oo . 

416.     This  assumed,  take  the  equation 

Having  laid  down  the  axis  of  the  abscissae  a,  construct  above 
that  axis  the  curve  j^,  whose  ordinate  is  /(a).  The  form  of 
this  curve  is  entirely  arbitrary;  it  might  have  ordinates  existing 
only  in  one  or  several  parts  of  its  course,  all  the  other  ordinates 
being  nothing. 

Construct  also  above  the  same  axis  of  abscissas  a  curved  line  ss 

sin  iojS 
whose  ordinate  is  — —j  z  denoting  the  abscissa  and  p  a  very 

z 

great  positive  number.  The  centre  of  this  curve,  or  the  point 
which  corresponds  to  the  greatest  ordinate  p,  may  be  placed  at  the 
origin  0  of  the  abscissas  a,  or  at  the  end  of  any  abscissa  whatever. 
We  suppose  this  centre  to  be  successively  displaced,  and  to  be 
transferred  to  all  points  of  the  axis  of  a,  towards  the  right,  depart- 
ing from  the  point  0.  Consider  what  occurs  in  a  certain  position 
of  the  second  curve,  when  the  centre  has  arrived  at  the  point  ar, 
which  terminates  an  abscissa  x  of  the  first  curve. 

The  value  of  a;  being  regarded  as  constant,  and  a  being  the 
only  variable,  the  ordinate  of  the  second  curve  becomes 

sinj?(g  — a?) 
a  —  x 

If  then  we  link  together  the  two  curves,  for  the  purpose  of 
forming  a  third,  that  is  to  say,  if  we  multiply  each  ordinate  of  the 
second,  and  represent  the  product  by  an  ordinate  of  a  third  curve 
drawn  above  the  axis  of  a,  this  product  is 

siupja-x)- 

J ^  '       a-x 

The  whole  area  of  the  third  curve,  or  the  area  included  between 
this  curve  and  the  axis  of  abscissae,  may  then  be  expressed  by 

sin  p(a  —  x) 
a  —  x 


J   .«o 
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Now  the  number  p  being  infinitely  great,  the  second  curve  has 
all  its  sinuosities  infinitely  near ;  we  easily  see  that  for  all  points 
which  are  at  a  finite  distance  from  the  point  x,  the  definite 
integral,  or  the  whole  area  of  the  third  curve,  is  formed  of  equal 
parts  alternately  positive  or  negative,  which  destroy  each  other  two 
by  two.  In  fact,  for  one  of  these  points  situated  at  a  certain  dis- 
tance from  the  point  x,  the  value  of /(a),  varies  infinitely  little 

27r 
when  we  increase  the  distance  by  a  quantity  less  than  — ,    The 

same  is  the  case  with  the  denominator  a^x,  which  measures  that 

distance.    The  area  which  corresponds  to  the  interval  —  is  there- 

P 
fore  the  same  as  if  the  quantities /(a)  and  a  —  re  were  not  variables. 

Consequently  it  is  nothing  when  a  — a;  is  a  finite  magnitude. 
Hence  the  definite  integral  may  be  taken  between  limits  as  near 
as  we  please,  and  it  gives,  between  those  limits,  the  same  result  as 
between  infinite  limits.  The  whole  problem  is  reduced  then  to 
taking  the  integral  between  points  infinitely  near,  one  to  the  left, 
the  other  to  the  right  of  that  where  a  —  a?  is  nothing,  that  is  to  say 
from  a  =«  —  o>  to  a  =  a?  +  ©,  denoting  by  a>  a  quantity  infinitely 
small.  In  this  interval  the  function  /(a)  does  not  vary,  it  is 
equal  to  /(^),  and  may  be  placed  outside  the  symbol  of  integra- 
tion.   Hence  the  value  of  the  expression  is  the  product  of /(a:)  by 

J  a  — 0? 

taken  between  the  limits  a  —  a?  =  —  «,  and  a  —  a?  =  o>. 

Now  this  integral  is  equal  to  tt,  as  we  have  seen  in  the  pre- 
ceding article ;  hence  the  definite  integral  is  equal  to  'rrf{x),  whence 
we  obtain  the  equation 

^/  \       1   r*j   ^/ \  2 sin©  (a -a?)     ,  . 


1       iH-w  iH-« 


417.  The  preceding  proof  supposes  that  notion  of  infinite 
quantities  which  has  always  been  admitted  by  geometers.  It 
would  be  easy  to  ofiFer  the  same  proof  underanother  form,  examin- 
ing the  changes  which  result  from  the  continual  increase  of  the 
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factory  under  the  symbol  sin p  (a  —a?).     These  considerations  are 
too  well  known  to  make  it  necessary  to  recall  them. 

Above  all,  it  must  be  remarked  that  the  function /(a:),  to  which 
this  proof  applies,  is  entirely  arbitrary,  and  not  subject  to  a  con- 
tinuous law.  We  might  therefore  imagine  that  the  enquiry  is 
concerning  a  function  such  that  the  ordinate  which  represents  it 
has  no  existing  value  except  when  the  abscissa  is  included  between 
two  given  limits  a  and  6,  all  the  other  ordinates  being  supposed 
nothing ;  so  that  the  curve  has  no  form  or  trace  except  above  the 
interval  from  x  =  a  to  a  —  b,  and  coincides  with  the  axis  of  a  in 
all  other  parts  of  its  course. 

The  same  proof  shews  that  we  are  not  considering  here  infinite 
values  of  x,  but  definite  actual  values.  We  might  also  examine  on 
the  same  principles  the  cases  in  which  the  function  f{x)  becomes 
infinite,  for  singular  values  of  x  included  between  the  given  limits ; 
but  these  have  no  relation  to  the  chief  object  which  we  have  in 
view,  which  is  to  introduce  into  the  integrals  arbitrary  functions ; 
it  is  impossible  that  any  problem  in  nature  should  lead  to  the 
supposition  that  the  function  f(x)  becomes  infinite,  when  we 
give  to  oj  a  singular  value  included  between  given  limits. 

In  general  the  function /(a;)  represents  a  succession  of  values 
or  ordinates  each  of  which  is  arbitrary.  An  infinity  of  values  being 
given  to  the  abscissa  x,  there  are  an  equal  number  of  ordinates 
f{x).  All  have  actual  numerical  values,  either  positive  or  negative 
or  nul. 

We  do  not  suppose  these  ordinates  to  be  subject  to  a  common 
law;  they  succeed  each  other  in  any  manner  whatever,  and  each  of 
them  is  given  as  if  it  were  a  single  quantity. 

It  may  follow  from  the  very  nature  of  the  problem,  and  from 
the  analysis  which  is  applicable  to  it,  that  the  passage  from  one 
ordinate  to  the  following  is  effected  in  a  continuous  manner.  But 
special  conditions  are  then  concerned,  and  the  general  equation  (5), 
considered  by  itself,  is  independent  of  these  conditions.  It  is 
rigorously  applicable  to  discontinuous  functions. 

Suppose  now  that  the  function  f(x)  coincides  with  a  certain 
analytical  expression,  such  as  sin  a;,  e"^',  or  (f>  (x),  when  we  give  to 
X  a  value  included  between  the  two  limits  a  and  b,  and  that  all 


] 
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the  values  of  /(a?)  are  nothing  when  x  is  not  included  between  a 
and  b;  the  limits  of  integration  with  respect  to  a,  in  the  preceding 
equation  (£),  become  then  a  =  a,  a  =  6;  since  the  result  is  the  same 
as  for  the  limits  a  =  —  oo ,  a  =  oo ,  every  value  of  <f>  (a)  being  nothing 
by  hypothesis,  when  a  is  not  included  between  a  and  b.  We  have 
then  the  equation 

/(a?)  =  2^1  cla<l>{a)j     dp  cos  (px  "  p%) (B^. 

The  second  member  of  this  equation  {ff)  is  a  function  of  the 
variable  x;  for  the  two  integrations  make  the  variables  a  wndp  dis- 
appear, and  X  only  remains  with  the  constants  a  and  6.  Now  the 
function  equivalent  to  the  second  member  is  such,  that  on  substitut- 
ing for  X  any  value  included  between  a  and  b,  we  find  the  same 
result  as  on  substituting  this  value  of  a;  in  ^  (x) ;  and  we  find  a  nul 
result  if,  in  the  second  member,  we  substitute  for  x  any  value  not 
included  between  a  and  J.  If  then,  keeping  all  the  other  quantities 
which  form  the  second  member,  we  replaced  the  limits  a  and  b 
by  nearer  limits  a'  and  b\  each  of  which  is  included  between  a  and 
b,  we  should  change  the  function  of  x  which  is  equal  to  the  second 
member,  and  the  effect  of  the  change  would  be  such  that  the 
second  member  would  become  nothing  whenever  we  gave  to  a:  a 
value  not  included  between  a  and  6';  and,  if  the  value  of  x  were 
included  between  a'  and  i',  we  should  have  the  same  result  as 
on  substituting  this  value  of  a;  in  ^(a?). 

We  can  therefore  vary  at  will  the  limits  of  the  integral  in  the 
second  member  of  equation  {B'),  This  equation  exists  always  for 
values  of  x  included  between  any  limits  a  and  b,  which  we  may 
have  chosen;  and,  if  we  assign  any  other  value  to  x,  the  second 
member  becomes  nothing.  Let  us  represent  (f>{x)  by  the  variable 
ordinate  of  a  curve  of  which  x  is  the  abscissa ;  the  second  member, 
whose  value  is /(a?),  will  represent  the  variable  ordinate  of  a  second 
curve  whose  form  will  depend  on  the  limits  a  and  6.  If  these 
limits  are  —  oo  and  +  oo ,  the  two  curves,  one  of  which  has  if>(x)  for 
ordinate,  and  the  other  f{x),  coincide  exactly  through  the  whole 
extent  of  their  course.  But,  if  we  give  other  values  a  and  b  to  these 
limits,  the  two  curves  coincide  exactly  through  every  part  of  their 
course  which  corresponds  to  the  interval  from  x  =  ato  x^b.  To 
right  and  left  of  this  interval,  the  second  curve  coincides  precisely 
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at  every  point  with  the  axis  of  x.  This  result  is  very  remarkable, 
and  determines  the  true  sense  of  the  proposition  expressed  by 
equation  (B), 

418.  The  theorem  expressed  by  equation  (11)  Art.  234  must 
be  considered  under  the  same  point  of  view.  This  equation 
serves  to  develope  an  arbitrary  function /(a?)  in  a  series  of  sines  or 
cosines  of  multiple  arcs.  The  function  f(x)  denotes  a  function 
completely  arbitrary,  that  is  to  say  a  succession  of  given  values, 
subject  or  not  to  a  common  law,  and  answering  to  all  the  values  of 
X  included  between  0  and  any  magnitude  X. 

The  value  of  this  function  is  expressed  by  the  following 
equation, 

1       r*                   2iV 
f('')  =  2:;j.^j/^fi'')^os-^{x-a) {A). 

The  integral,  with  respect  to  a,  must  be  taken  b«^tween  the 
limits  a  =7  a,  and  a  —  b;  each  of  these  limits  a  and  b  is  any  quantity 
whatever  included  between  0  and  X  The  sign  2  affects  the 
integer  number  i,  and  indicates  that  we  must  give  to  %  every 
integer  value  negative  or  positive,  namely, 

...-5,  -4,-3,-2,-1,  0,  +1,  +2,  +3,  +4,  +5,... 

and  must  take  the  sum  of  the  terms  arranged  under  the  sign  S. 
After  these  integrations  the  second  member  becomes  a  function  of 
the  variable  x  only,  and  of  the  constants  a  and  b.  The  general 
proposition  consists  in  this :  1st,  that  the  value  of  the  second 
member,  which  would  be  found  on  substituting  for  x  a  quantity 
included  between  a  and  b,  is  equal  to  that  which  would  be  obtained 
on  substituting  the  same  quantity  for  x  in  the  function /(a:);  2nd, 
every  other  value  of  x  included  between  0  and  X,  but  not  included 
between  a  and  b,  being  substituted  in  the  second  member,  gives  a 
nul  result. 

Thus  there  is  no  function  f(x),  or  part  of  a  function,  which 
cannot  be  expressed  by  a  trigonometric  series. 

The  value  of  the  second  member  is  periodic,  and  the  interval 
of  the  period  is  X,  that  is  to  say,  the  value  of  the  second  member 
does  not  change  when  x  +  X  is  written  instead  of  x.  All  its 
values  in  succession  are  renewed  at  intervals  X. 
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The  trigonometrical  series  equal  to  the  second  member  is 
convergent;  the  meaning  of  this  statemient  is,  that  if  we  give  to 
the  variable  x  any  value  whatever,  the  sum  of  the  terms  of  the 
series  approaches  more  and  more,  and  infinitely  near  to,  a  definite 
limit.  This  limit  is  0,  if  we  have  substituted  for  x  a  quantity 
included  between  0  and  X,  but  not  included  between  a  and  h\ 
but  if  the  quantity  substituted  for  x  is  included  between  a  and  h, 
the  limit  of  the  series  has  the  same  value  as  f{x).  The  last 
function  is  subject  to  no  condition,  and  the  line  whose  ordinate  it 
represents  may  have  any  form;  for  example,  that  of  a  contour 
formed  of  a  series  of  straight  lines  and  curved  lines.  We  see  by 
this  that  the  limits  a  and  h,  the  whole  interval  X,  and  the  nature 
of  the  function  being  arbitrary,  the  proposition  has  a  very  exten- 
sive signification;  and,  as  it  not  only  expresses  an  analytical 
property,  but  leads  also  to  the  solution  of  several  important 
problems  in  nature,  it  was  necessary  to  consider  it  under  different 
points  of  view,  and  to  iiidicate  its  chief  applications.  We  have 
given  several  proofs  of  this  theorem  in  the  course  of  this  work/ 
That  which  we  shall  refer  to  in  one  of  the  following  Articles 
(Art.  424)  has  the  advantage  of  being  applicable  also  to  non- 
periodic  functions. 

If  we  suppose  the  interval  X  infinite,  the  terms  of  the  series 
become  differential  quantities ;  the  sum  indicated  by  the  sign  S 
becomes  a  definite  integral,  as  was  seen  in  Arts.  353  and  355,  and 
equation  (A)  is  transformed  into  equation  {B).  Thus  the  latter 
equation  [B)  is  contained  in  the  former,  and  belongs  to  the  case 
in  which  the  interval  X  is  infinite:  the  limits  a  and  b  are  then 
evidently  entirely  arbitrary  constants. 

419.  The  theorem  expressed  by  equation  {E)  presents  also 
divers  analytical  applications,  which  we  could  not  unibld  without 
quitting  the  object  of  this  work;  but  we  will  enunciate  the 
principle  from  which  these  applications  are  derived. 

We  see  that,  in  the  second  member  of  the  equation 

1   f*  f*"* 

the  function  f(x)   is   so  transformed,   that  the  symbol  of  the 
function  /  affects  no   longer  the  variable  x,  but  an  auxiliary 

F.  H.  28 


434  THEORY  OF  H£AT.  [CHAP.  IX. 

variable  a.  The  variable  x  is  only  affected  by  the  symbol  cosine. 
It  follows  from  this,  that  in  order  to  differentiate  the  function /(ar) 
with  respect  to  a;,  as  many  times  as  we  wish^  it  is  sufficient  to 
differentiate  the  second  member  with  respect  to  x  imder  the 
symbol  cosine.  We  then  have,  denoting  by  t  any  integer  number 
whatever, 

d^ifip^)  ==  ±  J^2/(a)  Jdp  j)2i  cos  {px  -poi). 

We  take  the  upper  sign  when  i  is  even,  and  the  lower  sign 
when  I  is  odd.  Following  the  same  rule  relative  to  the  choice 
of  sign 

(p»+i  -If  f 

We  can  also  integrate  the  second  member  of  equation  (B) 
several  times  in  succession,  with  respect  to  a; ;  it  is  sufficient  to 
write  in  front  of  the  symbol  sine  or  .cosine  a  negative  power 

of  J?. 

The  same  remark  applies  to  finite  differences  and  to  summa- 
tions denoted  by  the  sign  2,  and  in  general  to  analytical  operations 
which  may  be  effected  upon  trigonometrical  quantities.  The  chief 
characteristic  of  the  theorem  in  question,  is  to  transfer  the  general 
sign  of  the  function  to  an  auxiliary  variable,  and  to  place  the 
variable  x  under  the  trigonometrical  sign.  The  function  f(x) 
acquires  in  a  manner,  by  this  transformation,  all  the  properties  of 
trigonometrical  quantities ;  differentiations,  integrations,  and  sum- 
mations of  series  thus  apply  to  functions  in  general  in  the  same 
manner  as  to  exponential  trigonometrical  functions.  For  which 
reason  the  use  of  this  proposition  gives  directly  the  integrals 
of  partial  differential  equations  with  constant  coefficients.  In 
fact,  it  is  evident  that  we  could  satisfy  these  equations  by  par- 
ticular exponential  values ;  and  since  the  theorems  of  which  we 
are  speaking  give  to  the  general  and  arbitrary  functions  the 
character  of  exponential  quantities,  they  lead  easily  to  the  expres- 
sion of  the  complete  integrals. 

The  same  transformation  gives  also,  as  we  have  seen  in 
Art.  413,  an  easy  means  of  summing  infinite  series,  when  these 
series  contain  successive  differentials,  or  successive  integrals  of  the 
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same  function ;  for  the  summation  of  the  series  is  reduced,  by 
what  precedes,  to  that  of  a  series  of  algebraic  terms. 

420.  We  may  also  employ  the  theorem  in  question  for  the 
purpose  of  substituting  under  the  general  form  of  the  function  a 
binomial  formed  of  a  real  part  and  an  imaginary  part.  This 
analytical  problem  occurs  at  the  beginning  of  the  calculus  of 
partial  differential  equations ;  and  we  point  it  out  here  since  it 
has  a  direct  relation  to  our  chief  object. 

If  in  the  function  f{x)  we  write  fi  +  vJ—1  instead  of  a?,  the 

result  consists  of  two  parts  <f)  +^—1'^.  The  problem  is  to 
determine  each  of  these  functions  <f>  and  '^  in  terms  of  /m  and  v. 
We  shall  readily  arrive  at  the  result  if  we  replace  /{x)  by  the 
expression 

2^  Jda/(a)  Jrf/?  cos  (px-px), 

for  the  problem  is  then  reduced  to  the  substitution  o{  fi  +  vJ—1 
instead  of  x  under  the  symbol  cosine,  and  to  the  calculation  of  the 

real  term  and  the  coefficient  of  V—  1.    We  thus  have 

/(«)=/(a*+  i'>/^)  =  2ii-r^    (a)jdp cos [p (/A -a)  ^pvj'^] 

=  4^/^^/(^)  j^P  {^^^  (Pf^  "P^)  (^^  +  ^■^'') 

+y^  sin  (pfi-pa)  {e^  -  e-^)] ; 

hence         ^  =  r~  1^^/ W  \^P  ^^^  (Pf^ "P^)  («^  +  ^~^)> 
^  =  ^]d%f{a)  jdp sin  (pfi -;?2)  (e^"  -  «-""). 

Thus  all  the  functions  f{x)  which  can  be  imagined,  even  those 
which  are  not  subject  to  any  law  of  continuity,  are  reduced  to  the 

form  Mi-NtJ—  1,  when  we  replace  the  variable  x  in  them  by  the 

binomial  /a+  vJ--  1. 

28—2 
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421.    To  give  an  example  of  the  use  of  the  laat  two  formulae, 

let  us  consider  the  equation  j3+ ^^  =  0,  which  relates  to  the 

uniform  movement  of  heat  in  a  rectangular  plate.  The  general 
integral  of  this  equation  evidently  contains  two  arbitrary  func- 
tions. Suppose  then  that  we  know  in  terms  of  x  the  value  of  v 
when  y  =  0,  and  that  we  also  know,  as  another  function  of  x,  the 

value  of  -J-  when  y  =  0,  we  can  deduce  the  required  integral  from 

that  of  the  equation 

d^v  _  cPv 

which  has  long  been  known;  but  we  find  imaginary  quantities 
under  the  functional  signs :  the  integral  is 

v^^{x  +  yJ^)  +  ^(x^y.J^)+W. 

The  second  part  W  of  the  integral  is  derived  from  the  first  by 
integrating  with  respect  to  y,  and  changing  <f>  into  y^. 

It  remains  then  to  transform  the  quantities  ^{pn-^-JfJ-^)  and 
^  (a;  —  yj—  1),  in  order  to  separate  the  real  parts  from  the  ima- 
ginary parts.  Following  the  process  of  the  preceding  Article  we 
find  for  the  first  part  u  of  the  integral, 

ti  =  5~  I     cZa/(a)  I     dp  cos  {px  -pa)  (e^  +  e"^), 

and  consequently 

TF  =  ^  J     da  F(a)  f"  ^  cos  {pa  -  pi)  (e"  -  e""). 

The  complete  integral  of  the  proposed  equation  expressed  in 
real  terms  is  therefore  v=^u+  W]  and  we  perceive  in  fact, 
1st,  that  it  satisfies  the  di£Perential  equation  ;  2nd,  that  on  making 
y  =  0  in  it,  it  gives  v  =/(a;) ;  3rd,  that  on  making  y  =  0  in  the 

function  -j- ,  the  result  is  F{x), 
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422.     We  may  also  remark  that  we  can  deduce  from  equation 
(B)  a  very  simple  expression  of  the  differential  coefiicient  of  the 

order,  ;t-|/(^),  or  of  the  integral  I  daff{x). 


y^ 


The  expression  required  is  a  certain  function  of  x  and  of  the 
index  tl  It  is  required  to  ascertain  this  function  under  a  form 
such  that  the  number  %  may  not  enter  it  as  an  index,  but  as  a 
quantity,  in  order  to  include,  in  the  same  formula^  every  case  in 
which  we  assign  to  i  any  positive  or  negative  value.  To  obtain  it 
we  shall  remark  that  the  expression 


(r  +  i|). 


COS  ( r  +  * 


ITT       .         .    tir 
or  cos  r  cos  ^ —  sin  r  sin  -^ , 

becomes  successively 

—  sin  r,     —  cos  r,    +  sin  r,     +  cos  r,    —  sin  r,     &c., 

if  the  respective  values  of  %  are  1,  2,  3,  4,  5,  &c.  The  same  results 
recur  in  the  same  order,  when  we  increase  the  value  of  i.  In  the 
second  member  of  the  equation 

we  must  now  write  the  factor  p'  before  the  symbol  cosine,  and 
add  under  this  symbol  the  term  +  t  ^  •    ^^  shall  thus  have 

The  number  i,  which  enters  into  the  second  member,  may  be 
any  positive  or  negative  integer.  We  shall  not  press  these  applica- 
tions to  general  analysis ;  it  is  sufiScient  to  have  shewn  the  use  of 
our  theorems  by  different  examples.  The  equations  of  the  fourth 
order,  (d).  Art.  405,  and  (e),  Art.  411,  belong  as  we  have  said  to 
dynamical  problems.  The  integrals  of  these  equations  were  not 
yet  known  when  we  gave  them  in  a  Memoir  on  ike  Vibrations  of 
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Elastic  Surfaces,  read  at  a  sitting  of  the  Academy  of  Sciences  ^ 
6th  June,  1816  (Art.  VI.  §§  10  and  11,  and  Art.  YII.  §§  13  and  14). 
They  consist  in  the  two  formulae  S  and  S',  Art.  406,  and  in  the  two 
integrals  expressed,  one  by  the  first  equation  of  Art.  412,  the  other 
by  the  last  equation  of  the  same  Article.  We  then  gave  several 
other  proofs  of  the  same  results.  This  memoir  contained  also  the 
integral  of  equation  (c),  Art.  409,  under  the  form  referred  to  in 
that  Article.  With  regard  to  the  integral  (J3ff)  of  equation  (a). 
Art.  413,  it  is  here  published  for  the  first  time. 

423.  The  propositions  expressed  by  equations  (-4)  and  (-B'), 
Arts.  418  and  417,  may  be  considered  under  a  more  general  point 
of  view.    The  construction  indicated  in  Arts.  415  and  416  applies 

81  n  I  VOL  "^  DX] 

not  only  to  the  trigonometrical  function — ^— ^ ;  but  suits 

flt  "*"  flj 

all  other  functions,  and  supposes  only  that  when  the  number  p 

becomes  infinite,  we  find  the  value  of  the  integral  with  respect  to 

a,  by  taking  this  integral  between  extremely  near  limits.     Now 

this  condition  belongs  not  only  to  trigonometrical  functions,  but  is 

applicable  to  an  infinity  of  other  functions.    We  thus  arrive  at 

the  expression  of  an  arbitrary  function  f{x)  under  different  very 

remarkable  forms ;  but  we  make  no  use  of  these  transformations 

in  the  special  investigations  which  occupy  us. 

With  respect  to  the  proposition  expressed  by  equation  (J.), 
Art.  418,  it  is  equally  easy  to  make  its  truth  evident  by  con- 
structions, and  this  was  the  theorem  for  which  we  employed  them 
at  first.     It  will  be  sufficient  to  indicate  the  course  of  the  proof. 

^  The  date  is  inaoonrate.  The  memoir  was  read  on  June  8th,  1818,  as  appears 
from  an  abstract  of  it  given  in  the  BuUetin  de$  Scienees  par  la  SocUU  PkiUmaHque, 
September  1818,  pp.  129—136,  entitled,  Note  relative  aus  vibrations  dee  ewrfaeee 
iUutiquee  et  au  mouvement  dee  ondee,  par  M.  Fonrier.  The  reading  of  the  memoir 
farther  appears  from  the  Analyse  dee  travaux  de  VAeadSmie  dee  Sciences  jpendanl 
Vannie  1818,  p.  xiv,  and  its  not  having  been  pnblished  except  in  abstract,  from  a 
remark  of  Poisson  at  pp.  150 — 1  of  his  memoir  Sur  Us  Equations  aux  dijffirenees 
partieUes,  printed  in  the  Mimoires  de  VAeadSmie  des  ScienceSy  Tome  in.  (year  1818), 
Paris,  1820.  The  title,  Memoirs  sur  les  vibrations  des  surfaces  ilastiques,  par 
M.  Fonrier,  is  given  in  the  Analyse,  p.  xiv.  The  object,  "to  integrate  several 
partial  differential  equations  and  to  deduce  from  the  integrals  the  knowledge  of  the 
physical  phenomena  to  which  these  equations  refer,"  is  stated  in  the  Bulletin, 
p.  129.    [A.  F.] 


SECT.  IV.]  EXAMINATION  OF  AN  INTEQBAL.  439 

In  equation  (A),  namely, 


/(^)  =  ^/^^^«/(«)  2^  cofl  2iV 


we  can  replace  the  sum  of  the  terms  arranged  under  the 
sign  2  by  its  value,  which  is  derived  from  known  theorems. 
We  have  seen  different  examples  of  this  calculation  previously, 
Section  III.,  Chap.  IIL  It  gives  as  the  result  if  we  suppose, 
in  order  to  simplify  the  expression,  2Tr=iX,  and  denote  a^x 
by  r, 

«+i        .  ....     sin  r 

2     cos  jr  =  cos  jr  +  smjr 


-J      **  •'  ''   versmr 

We  must  then  multiply  the  second  member  of  this  equation 
by  daf{a),  suppose  the  number  J  infinite,  and  integrate  from 
a  =  — TT  to  as  +  TT.  The  curved  line,  whose  abscissa  is  a  and 
ordinate  cosjr,  being  conjoined  with  the  line  whose  abscissa  is 
a  and  ordinate  /(a),  that  is  to  say,  when  the  corresponding 
ordinates  are  multiplied  together,  it  is  evident  that  the  area  of 
the  curve  produced^  taken  between  any  limits,  becomes  nothing 
when  the  number  j  increases  without  limit.  Thus  the  first  term 
cos  Jr  gives  a  nul  result. 

The  same  would  be  the  case  with  the  term  sin  jr,  if  it  were 

sm  7* 
not  multiplied  by  the  factor  : — ;  but  on  comparing  the 

three  curves  which  have  a  common  abscissa  a,  and  as  ordinates 

sin^,  ' : —  >/W}  ^^  see  clearly  that  the  integral 


/' 


daf{a)  smjr 


versm  r 

has  no  actual  values  except  for  certain  intervals  infinitely  small, 

sm  T 

namelv.  when  the  ordinate  -. —  becomes  infinite.     This  will 

•^ '  versm  r 

take  place  if  r  or  a  —  d;  is  nothing ;  and  in  the  interval  in  which 

a  differs  infinitely  little  from  x,  the  value  of /(a)  coincides  with 

f{x).    Hence  the  integral  becomes 

2f(x)  r  dr  sin  jr  ^ ,  or  4/(a;)  j    y  sin  jr, 
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which  is  equal  to  iirf{x).  Arts.  415  and  356.     Whence  we  con- 
clude the  previous  equation  [A). 

When  the  yariable  x  is  exactly  equal  to  —  tt  or  +  w,  the  con- 
struction shews  what  is  the  value  of  the  second  member  of  the 
equation  {A),  [^/(-•Jr)  or  \f{'n)\ 

If  the  limits  of  integrations  are  not  —  tt  and  +7r,  but  other 
numbers  a  and  6,  each  of  which  is  included  between  — -w  and 
+  7r,  we  see  by  the  same  figure  what  the  values  of  x  are,  for  which 
the  second  member  of  equation  {A)  is  nothing. 

If  we  imagine  that  between  the  limits  of  integration  certain 
values  of /(a)  become  infinite,  the  construction  indicates  in  what 
sense  the  general  proposition  must  be  understood.  But  we  do 
not  here  consider  cases  of  this  kind,  since  they  do  not  belong 
to  physical  problems. 

If  instead  of  restricting  the  limits  —  tt  and  +7r,  we  give 
greater  extent  to  the  integral,  selecting  more  distant  limits  a 
and  6',  we  know  from  the  same  figure  that  the  second  member 
of  equation  {A)  is  formed  of  several  terms  and  makes  the  result 
of  integration  finite,  whatever  the  function /(a:)  may  be. 

OL  — •  X 

We  find  similar  results  if  we  write  2ir   -y—  instead  of  r,  the 

limits  of  integration  being  —  X  and  +  X. 

It  must  now  be   considered   that  the   results  at  which  we 

have  arrived  would  also  hold  for  an  infinity  of  dififerent  functions 

of  sin  jr.     It  is  sufficient  for  these  functions  to  receive  values 

alternately  positive  and  negative,  so  that  the  area  may  become 

nothing,  when  j  increases  without   limit.      We   may  also   vary 

. 

sm  f* 
the  factor         -. — ,  as  well  as  the  limits  of  integration,  and  we 
versm  r  ° 

may  suppose  the  interval  to  become  infinite.     Expressions  of 

this  kind  are  very  general,  and  susceptible  of  very  different  forms. 

We  cannot  delay  over  these  developments,  but  it  was  necessary 

to  exhibit   the  employment   of   geometrical  constructions;    for 

they  solve  without  any  doubt  questions  which  may  arise  on  the 

extreme  values,  and  on  singular  values;  they  would  not   have 

served  to  discover  these  theorems,  but  they  prove  them  and  guide 

all  their  applications. 
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424.  We  have  yet  to  regard  the  same  propositions  under 
another  aspect.  If  we  compare  with  each  other  the  solutions 
relative  to  the  varied  movement  of  heat  in  a  ring,  a  sphere^  a 
rectangular  prism,  a  cylinder,  we  see  that  we  had  to  develope 
an  arbitrary  function  f{x)  in  a  series  of  terms,  such  as 

The  function  ^,  which  in  the  second  member  of  equation 
{A)  is  a  cosine  or  a  sine,  is  replaced  here  by  a  function  which 
may  be  very  different  from  a  sine.  The  numbers  /i^,  /x^  /i,,  &c. 
instead  of  being  integers,  are  given  by  a  transcendental  equation, 
all  of  whose  roots  infinite  in  number  are  real 

The  problem  consisted  in  finding  the  values  of  the  coefficients 
^i>  ^s>  a, ...««;  they  have  been  arrived  at  by  means  of  definite 
integrations  which  make  all  the  unknowns  disappear,  except  one. 
We  proceed  to  examine  specially  the  nature  of  this  process,  and 
the  exact  consequences  which  fiow  from  it. 

In  order  to  give  to  this  examination  a  more  definite  object, 
we  will  take  as  example  one  of  the  most  important  problems, 
namely,  that  of  the  varied  movement  of  heat  in  a  solid  sphere. 
We  have  seen,  Art.  290,  that,  in  order  to  satisfy  the  initial  dis- 
tribution of  the  heat,  we  must  determine  the  coefficients  a^,  a,, 
a, ...  a^,  in  the  equation 

xF{x)  =  a^  sin  (ji^x)  +  a,  sin  (/x,a?)  +  o,  sin  {ji^x)  +  &c (e). 

The  function  F{x)  is  entirely  arbitrary ;  it  denotes  the  value 
t;  of  the  given  initial  temperature  of  the  spherical  shell  whose 
radius  is  x.  The  numbers  /x^,  /i,  ...  /x^  are  the  roots  fi^  of  the 
transcendental  equation 

tir^=i-*^ ^/)- 

X  is  the  radius  of  the  whole  sphere;  A  is  a  known  numerical  co- 
efficient having  any  positive  value.  We  have  rigorously  proved  in 
our  earlier  researches,  that  all  the  values  of  /i  or  the  roots  of  the 
equation  (/)  are  real*.     This  demonstration  is  derived  from  the 

^  The  M^moires  de  VAcademie  de$  Scieneeij  Tome  z,  Paris  1881,  pp.  118 — 146, 
•ontain  Remarqwi  ginirales  sur  Vapplieation  de$  principei  de  Vanaly$e  algibriqve 
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genei-al  theory  of  equations,  and  requires  only  that  we  should 
suppose  known  the  form  of  the  imaginary  roots  which  eveiy  equa- 
tion may  have.    We  have  not  referred  to  it  in  this  work,  since  its 
place  is  supplied  by  constructions  which  make  the  proposition  more 
evident.    Moreover,  we  have  treated  a  similar  problem  analytically, 
in  determining  the  varied  movement  of  heat  in  a  cylindrical  body 
(Art.  308).     This  arranged,  the  problem  consists  in  discovering 
numerical  values  for  a^,  a,,  a,,...a<,  &c.,  such   that  the  second 
member  of  equation  (e)  necessarily  becomes  equal  to  xF{x),  when 
we  substitute  in  it  for  x  any  value  included  between  0  and  the 
whole  length  X. 

To  find  the  coefficient  a^,  we  have  multiplied  equation  {e)  by 
dx  sin  fi^,  and  then  integrated  between  the  limits  (c  =  0,  w^  X, 
and  we  have  proved  (Art.  291)  that  the  integral 


/: 


•X 

dx  sin  fifc  sin  fijx 

0 


has  a  null  value  whenever  the  indices  t  and  j  are  not  the  same; 
that  is  to  say  when  the  numbers  /a,  and  fij  are  two  different  roots 
of  the  equation  (/).  It  follows  from  this,  that  the  definite  inte- 
gration making  all  the  terms  of  the  second  member  disappear, 
except  that  which  contains  a,,  we  have  to  determine  this  coefficient, 
the  equation 

f  dx[xF(x)mifi^]^aA  dx  sin  fi^  sin  fi^, 
Ja  Jo 

Substituting  this  value  of  the  coefficient  a^  in  equation  {e),  we 
derive  from  it  the  identical  equation  {e), 

I  da .  aF  (a)  sin  fl^a 
a?  jF  (a?)  =  S  sin  (ji/c)  %    ■      ■  («). 

I  dfi  sin  fifi  Bin  fifi 
Jo 

atuf  4quationt  trarucendantes,  by  Fonrier.     The  author  shews  that  the  imaginary 

roots  of  sec  ac=0  do  not  satisfy  the  equation  tanaf^O,  since  for  them,  tanx=  v-~i. 
The  equation  tan  x=0  is  satisfied  only  by  the  roots  of  sin  «=0,  which  are  aU  real. 
It  may  be  shewn  also  that  the  imaginary  roots  of  sec  x=»0  do  not  satisfy  the  equation 
a;-mtanx=0,  where  m  is  less  than  1,  but  this  equation  is  satisfied  only  by  the 
roots  of  the  equation  fix)  =  x  cos  «  -  to  sin  x  =  0,  which  are  aU  real.  For  if 
/r+i(«),  fri^)t  /r-i(a5)»  are  three  successiye  difierential  coefficients  of  /(x),  the  Talnes 
of  X  which  make  fj.  (x)=0,  make  the  signs  of  /r+j  (x)  and  /^j  (x)  different.  Hence 
by  Fourier's  Theorem  relative  to  the  number  of  changes  of  sign  of  /(x)  and  its 
successive  derivatives,  f(x)  can  have  no  imaginary  roots.    [A.  F.] 
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In  the  second  member  we  must  give  to  i  all  its  values,  that  is  to 
say  we  must  successively  substitute  for  /i|,  all  the  roots  /i  of  the 
equation  (/).  The  integral  must  be  taken  for  a  from  a  =  0  to 
a^X,  which  makes  the  unknown  a  disappear.  The  same  is  the 
case  with  fi,  which  enters  into  the  denominator  in  such  a  manner 
that  the  term  sin  fi^  is  multiplied  by  a  coefficient  a^  whose  value 
depends  only  on  X  and  on  the  index  t.  The  symbol  S  denotes 
that  after  having  given  to  t  its  different  values,  we  must  write 
down  the  sum  of  all  the  terms. 

The  integration  then  offers  a  very  simple  means  of  determining 
the  coefficients  directly;  but  we  must  examine  attentively  the 
origin  of  this  process,  which  gives  rise  to  the  following  remarks. 

1st.  If  in  equation  (e)  we  had  omitted  to  write  down  part  of 
the  terms,  for  example,  all  those  in  which  the  index  is  an  even 
number,  we  should  still  find,  od  multiplying  the  equation  by 
do!  sin  fipc,  and  integrating  from  a;  =  0  to  a?  =  X,  the  same  value  of 
a,,  which  has  been  already  determined,  and  we  should  thus  form 
an  equation  which  would  not  be  true ;  for  it  would  contain  only 
part  of  the  terms  of  the  general  equation,  namely,  those  whose 
index  is  odd 

2nd.  The  complete  equation  (e)  which  we  obtain,  after  having 
determined  the  coefficients,  and  which  does  not  differ  from  the 
equation  referred  to  (Art.  291)  in  which  we  might  make  *=  0  and 
V  =/(a?),  is  such  that  if  we  give  to  x  any  value  included  between 
0  and  X,  the  two  members  are  necessarily  equal;  but  we  cannot 
conclude,  as  we  have  remarked,  that  this  equality  would  hold,  if 
choosing  for  the  first  member  xF{so)  a  function  subject  to  a  con« 
tinuous  law,  such  as  sin  x  or  cos  x,  we  were  to  give  to  x  a  value 
not  included  between  0  and  X.  In  general  the  resulting  equation 
(e)  ought  to  be  applied  to  values  of  «,  included  between  0  and  X. 
Now  the  process  which  determines  the  coefficient  a^  does  not 
explain  why  all  the  roots  /^i  must  enter  into  equation  {e),  nor 
why  this  equation  refers  solely  to  values  of  ar,  included  between  0 
and  X, 

To  answer  these  questions  clearly,  it  is  sufficient  to  revert  to 
the  principles  which  serve  as  the  foundation  of  our  analysis. 

We  divide  the  interval  X  into  an  infinite  number  n  of  parts 
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equal  to  dx,  so  that  we  have  ndx^X,  and  writing /(a?)  instead  of 
xF{x),yr^  denote  by /j,/,,^^... /.../,,  the  values  of /(a?),  which 
correspond  to  the  values  dx,  2dx,  Sdx,,..idx...ndx,  assigned  to 
X ;  we  make  up  the  general  equation  (e)  out  of  a  number  n  of 
terms;  so  that  n  unknown  coefficients  enter  into  it,  a^,  a,,  a,, ... 
ai.,.a^.     This  arranged,  the  equation  (e)  represents  n  equations 
of  the  first  degree,  which  we  should  form  by  substituting  succes- 
sively for  X,  its  n  values  dx,  2dx,  Sdx,,..ndx.    This  system  of  n 
equations  contains  f^  in  the  first  equation,  f^  in  the  second,  f^  in 
the  third,  f^  in  the  n*.    To  determine  the  first  coefficient  a^,  we 
multiply  the  first  equation  by  tr^,  the  second  by  cr^,  the  third  by 
<r,,  and  so  on,  and  add  together  the  equations  thus  multiplied^ 
The  factors  a^,  cr,,  <r^,...a'^  must  be  determined  by  the  condition, 
that  the  sum  of  all  the  terms  of  the  second  members  which  contain 
a,  must  be  nothing,  and  that  the  same  shall  be  the  case  with  the 
following  coefficients  a^,a^,..»a^.     All  the  equations  being  then 
added,  the  coefficient  a^  enters  only  into  the  result,  and  we  have 
an  equation  for  determining  this  coefficient    We  then  multiply 
all  the  equations  anew  by  other  factors  />i,  p,,  Ps,».-/>,^  respectively, 
and  determine  these  factors  so  that  on  adding  the  n  equations,  ail 
the  coefficients  may  be  eliminated,  except  a,.    We  have  theti  an 
equation  to  determine  a,.    Similar  operations  are  continued,  and 
choosing  always  new  factors,  we  successively  determine  all  tho 
unknown  coefficients.    Now  it  is  evident  that  this  process  of  elimi- 
nation is  exactly  that  which  results  from  integration  between  the 
limits  0  and  X.    The  series  (t^,  <r,,  a'^,..,<r^  of  the  first  factors  is 
dx  sin  Qi^dx),  dx  sin  ijifidx\  dx  sin  (ji^idx)  ...dx  sin  (ji^ndx).      In 
general  the  series  of  factors  which  serves  to  eliminate  all  the  co- 
efficients except  ai ,  is  dx  sin  (jj^fb^),  dx  sin  (/i^  2dx),  dx  sin  (fL^  Sdx) . . . 
dx  sia  (fjL^ndx) ;  it  is  represented  by  the  general  term  da?  sin  {fi^x), 
in  which  we  give  successively  to  x  all  the  values 

dr,     2dx,     3dx,...ndx. 

We  see  by  this  that  the  process  which  serves  to  determine  these 
coefficients,  differs  in  no  respect  from  the  ordinary  process  of  elimi- 
nation in  equations  of  the  first  degree.  The  number  n  of  equations 
is  equal  to  that  of  the  unknown  quantities  a^,  a,,  a,...a^,  and  is 
the  same  as  the  number  of  given  quantities/,,/,,/,.../^.  The 
values  found  for  the  coefficients  are  those  which  must  exist  in 
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order  that  the  n  equations  may  hold  good  together,  that  is  to  say 
in  order  that  equation  (e)  may  be  true  when  we  give  to  x  one  of 
these  n  values  included  between  0  and  X ;  and  since  the  number 
n  is  infinite,  it  follows  that  the  first  member /(a;)  necessarily  coin- 
cides with  the  second,  when  the  value  of  x  substituted  in  each 
is  included  between  0  and  X, 

The  foregoing  proof  applies  not  only  to  developments  of  the 
form 

ajSin(^ja;)+a,sin(^,a;)+ajSin(/Agfl?)  +  ...  -{•  a^^m  fi^, 

it  applies  to  all  the  functions  ^  (/Aio;)  which  might  be  substituted 
for  sin  (jifi^)^  maintaining  the  chief  condition,  namely,  that  the 

integral  1   dx  ^  (ji^)  ^  {fi/c)  has  a  nul  value  when  i  and  j  are 
Jo 

different  numbers. 

If  it  be  proposed  to  develope/(a;)  under  the  form 

jff  \         .  a.cosa?  .  a,  cos2x  a.cosia;      » 

•'  ^  ^  6j  sm  a?      6,  sin  2x  6,  cos  to? 

the  quantities  M|)  A^,> /A,.../io  &<^*  ^^  be  integers,  and  the  con- 
dition 

I   dx  cos  [  27r»  ^  J  sin  f  27r;  -^  j  =  0, 

always  holding  when  the  indices  t  and  ]  are  different  numbers,  we 
obtain,  by  determining  the  coefficients  a^^  b^,  the  general  equation 
(11),  page  206,  which  does  not  differ  from  equation  (-4)  Art.  418. 

425.  If  in  the  second  member  of  equation  (e)  we  omitted  one 
or  more  terms  which  correspond  to  one  or  more  roots  fl^  of  the 
equation  (/),  equation  (c)  would  not  in  general  be  true.  To 
prove  this,  let  us  suppose  a  term  containing  fij  and  a,  not  to  be 
written  in  the  second  member  of  equation  (e),  we  might  multiply 
the  n  equations  respectively  by  the  factors 

dx  sin  (jijdx),  dx  sin  (jij2dx),  dx  sin  {fijSdx)  ,,,dxBm  (jijtidx) ; 

and  adding  them,  the  sum  of  all  the  terms  of  the  second  members 
would  be  nothing,  so  that  not  one  of  the  unknown  coefficients 
would  remain.  The  result,  formed  of  the  sum  of  the  first  members. 
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that  is  to  say  the  sum  of  the  values  f^t  f^t  f^'^'fuy  multiplied 
respectively  by  the  factors 

dx  sin  {jijclx)^  dx sin  (jij2dx),  dx sin  (jijSdx)  ..,dx sin  (jijtidx), 

would  be  reduced  to  zero.  This  relation  would  then  necessarily 
exist  between  the  given  quantities/j, /^j/j.../^ ;  and  they  could  not 
be  considered  entirely  arbitrary,  contrary  to  hypothesis.  If  these 
quantities  fitf^yf^-'-fn  have  any  vahies  whatever,  the  relation  in 
question  cannot  exists  and  we  cannot  satisfy  the  proposed  con- 
ditions by  omitting  one  or  more  terms,  such  as  Uj  sin  (jijx)  in 
equation  {e). 

Hence  the  function  f(x)  remaining  undetermined,  that  is  to 
say,  representing  the  system  of  an  infinite  number  of  arbitrary 
constants  which  correspond  to  the  values  of  x  included  between  0 
and  -3l,  it  is  necessary  to  introduce  into  the  second  member  of 
equation  {e)  all  the  terms  such  as  a^sin(/i/r),  which  satisfy  the 
condition 


/, 


dx  sin  /i^  sin  iijx  =  0, 


the  indices  %  and  j  being  different ;  but  if  it  happen  that  the 
function  f{x)  is  such  that  the  n  magnitudes  /i^^ij/a  •••jC  ^tre 
connected  by  a  relation  expressed  by  the  equation 


/, 


X 

dx  sin  /jL/cf{x)  =  0, 

0 


it  is  evident  that  the  term  o^  sin  fi/c  might  be  omitted  in  the  equa- 
tion (e). 

Thus  there  are  several  classes  of  functions/ (a;)  whose  develop- 
ment, represented  by  the  second  member  of  the  equation  (e),  does 
not  contain  certain  terms  corresponding  to  some  of  tiie  roots  fi. 
There  are  for  example  cases  in  which  we  omit  all  the  terms 
whose  index  is  even;  and  we  have  seen  different  examples  of  this 
in  the  course  of  this  work.  But  this  would  not  hold,  if  the  func- 
tion f{x)  had  all  the  generality  possible.  In  all  these  cases,  we 
ought  to  suppose  the  second  member  of  equation  (e)  to  be  com- 
plete, and  the  investigation  shews  what  terms  ought  to  be  omitted, 
since  their  coefficients  become  nothing. 
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426.  We  see  cleai-ly  by  this  examination  that  the  function /(a:) 
represents^  in  our  analysis,  the  system  of  a  number  n  of  separate 
quantities,  corresponding  to  n  values  of  x  included  between  0  and 
X,  and  that  these  n  quantities  have  values  actiud,  and  consequently 
not  infinite,  chosen  at  will.  All  might  be  nothing,  except  one, 
whose  value  would  be  given. 

It  might  happen  that  the  series  of  the  n  values  fitf^,/^  -"fn 
was  expressed  by  a  function  subject  to  a  continuous  law,  such  as 
X  or  a;',  sin  x,  or  cos  x,  or  in  general  ^  (x) ;  the  curve  line  OCO, 
whose  ordinates  represent  the  values  corresponding  to  the  abscissa 
X,  and  which  is  situated  above  the  interval  from  a?  =  0  to  a?  =  X, 
coincides  then  in  this  interval  with  the  curve  whose  ordinate  is 
<l>  (x),  and  the  coeflScients  a^,  a,,  ag ...  a^  of  equation  (e)  determined 
by  the  preceding  rule  always  satisfy  the  condition,  that  any  value 
of  X  included  between  0  and  X,  gives  the  same  result  when  substi- 
tuted in  (f>  (a?),  and  in  the  second  member  of  equation  (e). 

F{x)  represents  the  initial  temperature  of  the  spherical  shell 
whose  radius  is  x.  We  might  suppose,  for  example,  F(x)  =  bx, 
that  is  to  say,  that  the  initial  heat  increases  proportionally  to  the 
distance,  from  the  centre,  where  it  is  nothing,  to  the  surface 
where  it  is  bX.  In  this  case  xF(x)  or  /(a?)  is  equal  to  Ja?*;  and 
applying  to  this  function  the  rule  which  determines  the  coeffi- 
cients, bx^  would  be  developed  in  a  series  of  terms,  such  as 

ttj  sin  (Mi a?)  +  «a  sin  (ji^x)  +  a,  sin  (ji^x)  + . . .  +  a^  sin  (ji^x). 

Now  each  term  sin  (j^iX),  when  developed  according  to  powers 
of  a?,  contains  only  powers  of  odd  order,  and  the  function  ba^  is 
a  power  of  even  order.  It  is  very  remarkable  that  this  function 
bx\  denoting  a  series  of  values  given  for  the  interval  from  0 
to  X,  can  be  developed  in  a  series  of  terms,  such  as  a^  sin  (jifX). 

We  have  already  proved  the  rigorous  exactness  of  these 
results,  which  had  not  yet  been  presented  in  analysis,  and  we 
have  shewn  the  true  meaning  of  the  propositions  which  express 
them.  We  have  seen,  for  example,  in  Article  223,  that  the 
function  cos  x  is  developed  in  a  series  of  sines  of  multiple  arcs, 
so  that  in  the  equation  which  gives  this  development,  the  first 
member  contains  only  even  powers  of  the  variable,  and  the  second 
contains  only  o4d  powers.    Reciprocally,  the  function  sin  as,  into 
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'which  only  odd  powers  enter,  is  resolved,  Art.  225,  into  a  series 
of  cosines  which  contain  only  even  powers. 

In  the  actual  problem  relative  to  the  sphere,  the  value  of 
xF{x)  is  developed  by  means  of  equation  (e).     We  must  then, 
as  we  see  in  Art.  290,  write  in  each  term  the  exponential  factor, 
which  contains  t,  and  we  have  to  express  the  temperature   v, 
which  is  a  function  of  x  and  ty  the  equation 

I    dx  Bin  (ji^o)  oF {pi) 

xv--XBixx()i,x)e'^^':j  (E), 

I  d/3  sin  (fJL^^)  sin  {ji^0) 
Jo 

The  general  solution  which  gives  this  equation  {E)  is  wholly 
independent  of  the  nature  of  the  function  F{x)  since  this  function 
represents  here  only  an  infinite  multitude  of  arbitrary  constants, 
which  correspond  to  as  many  values  of  x  included  between  0 
and  X. 

If  we  supposed  the  primitive  heat  to  be  contained  in  a  part 
only  of  the  solid  sphere,  for  example,  from  a?  =  0  to  aj  =  iX, 
and  that  the  initial  temperatures  of  the  upper  layers  were  nothing-, 
it  would  be  sufficient  to  take  the  integral 


/• 


daBin(jifl)f{a), 

between  the  limits  ^  =  0  and  x  =  ^X. 

In  general,  the  solution  expressed  by  equation  (E)  suits  all 
cases,  and  the  form  of  the  development  does  not  vary  according  to 
the  nature  of  the  function. 

Suppose  now  that  having  written  sin  x  instead  of  F(x)  we  have 
determined  by  integration  the  coefficients  a<,  and  that  we  have 
formed  the  equation 

07  sin  a;  =  a^  sin  fi^x  +  a,  sin  fi^x  +  «,  sin  /a,x  +  &c. 

It  is  certain  that  on  giving  to  x  any  value  whatever  included 
between  0  and  X,  the  second  member  of  this  equation  becomes 
equal  to  xsinx;  this  is  a  necessary  consequence  of  our  process. 
But  it  nowise  follows  that  on  giving  to  a  a  value  not  included 
between  0  and  J,  the  same  equality  would  exist.  We  see  the 
contrary  very  distinctly  in  the  examples  which  we  have  cited,  and, 
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particular  cases  excepted,  we  may  say  that  a  function  subject  to  a 
continuous  law,  which  forms  the  first  member  of  equations  of  this 
kind,  does  not  coincide  with  the  function  expressed  by  the  second 
member,  except  for  values  of  x  included  between  0  and  X, 

Properly  speaking,  equation  (c)  is  an  identity,  which  exists 
for  all  values  which  may  be  assigned  to  the  variable  x;  each 
member  of  this  equation  representing  a  certain  analytical  function 
which  coincides  with  a  known  function  f{x)  if  we  give  to  the 
variable  x  values  included  between  0  and  X,  With  respect  to  the 
existence  of  functions,  which  coincide  for  all  values  of  the  variable 
included  between  certain  limits  and  differ  for  other  values,  it  is 
proved  by  all  that  precedes,  and  considerations  of  this  kind  are  a 
necessary  element  of  the  theory  of  partial  differential  equations. 

Moreover,  it  is  evident  that  equations  (e)  and  (j^  &pply  not 
only  to  the  solid  sphere  whose  radius  is  X,  but  represent,  one  the 
initial  state,  the  other  the  variable  state  of  an  infinitely  extended 
solid,  of  which  the  spherical  body  forms  part ;  and  when  in  these 
equations  we  give  to  the  variable  x  values  greater  than  X^ 
they  refer  to  the  parts  of  the  infinite  solid  which  envelops  the 
sphere. 

This  remark  applies  also  to  all  dynamical  problems  which  are 
solved  by  means  of  partial  differential  equations. 

427.  To  apply  the  solution  given  by  equation  (E)  to  the  case 
in  which  a  single  spherical  layer  has  been  originally  heated,  all 
the  other  layers  having  nul  initial  temperature,  it  is  sufficient  to 

take  the  integral  Idx  sin  (jipi)  aF  (a)  between  two  vety  near  limits, 

a  =a  r,  and  a  =  r  + 1^,  r  being  the  radius  of  the  inner  surface  of  the 
heated  layer,  and  u  the  thickness  of  this  layer. 

We  can  also  cotisider  separately  the  resulting  effect  of  the 
initial  heating  of  another  layer  included  between  the  limits  r  +  u 
and  r  +  2u;  and  if  we  add  the  variable  temperature  due  to  this 
second  cause,  to  the  temperature  which  we  found  when  the  first 
layer  alone  was  heated,  the  sum  of  the  two  temperatures  is  that 
which  would  arise,  if  the  two  layers  were  heated  at  the  same  time. 
In  order  to  take  account  of  the  two  joint  causes,  it  is  sufficient  to 
F.  H.  29 
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take  the  integral  Ida  sin  (jifl)  aF{a)  between  the  limits  a=^r  and 

a  =  r  +  2tA.    More  generally,  equation  {E)  being  capable  of  being 
put  under  the  form 

t;=l  d2.aF(a)Binfi/iX       ■      '^^  , 

^  X  j  dff  sin  fij3  sin  fifi 

we  see  that  the  whole  effect  of  the  heating  of  different  layers  is 
the  sum  of  the  partial  effects,  which  would  be  determined  separately, 
by  supposing  each  of  the  layers  to  have  been  alone  heated.  The 
same  consequence  extends  to  all  other  problems  of  the  theory  of 
heat ;  it  is  derived  from  the  very  nature  of  equations,  and  the  form 
of  the  integrals  makes  it  evident.  We  see  that  the  heat  con- 
tained in  each  element  of  a  solid  body  produces  its  distinct  effect, 
as  if  that  element  had  alone  been  heated,  all  the  others  having* 
nul  initial  temperature.  These  separate  states  are  in  a  manner 
superposed,  and  unite  to  form  the  general  system  of  temperatures. 

For  this  reason  the  form  of  the  function  which  represents  the 
initial  state  must  be  regarded  as  entirely  arbitrary.  The  definite 
integral  which  enters  into  the  expression  of  the  variable  tempera* 
ture,  having  the  same  limits  as  the  heated  solid,  shows  expressly 
that  we  unite  all  the  partial  effects  due  to  the  initial  heating  of 
each  element. 

428.  Here  we  shall  terminate  this  section,  which  is  devoted 
almost  entirely  to  analysis.  The  integrals  which  we  have  obtained 
are  not  only  general  expressions  which  satisfy  the  differential  equa- 
tions ;  they  represent  in  the  most  distinct  manner  the  natural  effect 
which  is  the  object  of  the  problem.  This  is  the  chief  condition  which 
we  have  always  had  in  view,  and  without  which  the  results  of  in- 
vestigation would  appear  to  us  to  be  only  useless  transformations. 
When  this  condition  is  fulfilled,  the  integral  is,  properly  speaking, 
the  equation  of  the  phenomenon;  it  expresses  clearly  the  character 
and  progress  of  it,  in  the  same  manner  as  the  finite  equation  of  a 
line  or  curved  surface  makes  known  all  the  properties  of  those 
forms.  To  exhibit  the  solutions,  we  do  not  consider  one  form  only 
of  the  integral ;  we  seek  to  obtain  directly  that  which  is  suitable 
to  the  problem.     Thus  it  is  that  the  integral  which  expresses  the 
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movement  of  heat  in  a  sphere  of  given  radius,  is  very  different 
from  that  which  expresses  the  movement  in  a  cylindrical  body,  or 
even  in  a  sphere  whose  radius  id  supposed  in6nite.  Now  each  of 
these  integrals  has  a  definite  form  which  cannot  be  replaced  by 
another.  It  is  necessary  to  make  use  of  it,  if  we  wish  to  ascertain 
the  distribution  of  heat  in  the  body  in  question*  In  general,  we 
could  not  introduce  any  change  in  the  form  of  our  solutions,  with- 
out making  them  lose  their  essential  character,  which  is  the  repi'e- 
sentation  of  the  phenomena. 

The  diflferent  integrals  might  be  derived  from  each  other, 
since  they  are  co-extensive.  But  these  titinsformations  require 
long  calculations,  and  almost  always  suppose  that  the  form  of  the 
result  is  known  in  advance.  We  may  consider  in  the  first  place, 
bodies  whose  dimensions  are  finite,  atid  pass  from  this  problem  to 
that  which  relates  to  an  unbounded  solid.  We  6ian  then  substitute  a 
definite  integral  for  the  sum  denoted  by  the  symbol  2.  Thus  it  is 
that  equations  (a)  and  (/8),  referred  to  at  the  beginning  of  this 
section,  depend  upon  each  other.  The  first  becomes  the  second, 
when  we  suppose  the  radius  B  infinite.  Beciprocially  we  may 
derive  from  the  second  equation  (fi)  thd  Solutiotis  relating  to 
bodies  of  limited  dimensions. 

In  general,  we  have  sought  to  obtain  each  result  by  the  shortest 
way.  The  chief  elements  of  the  method  We  have  followed  are 
these : 

1st.  We  consider  at  the  same  time  the  general  condition  given 
by  the  partial  differential  equation,  and  all  the  special  Conditions 
which  determine  the  problem  completely,  and  we  proceed  to  form 
the  analytical  expression  which  satisfies  all  these  conditions. 

2nd.  We  first  perceive  that  this  expression  contains  an  infinite 
number  of  terms,  into  which  unknowti  constants  enter,  or  that 
it  is  equal  to  an  integral  which  includes  one  or  more  arbitrary 
functions.  In  the  first  instance,  that  is  to  say,  when  the  general 
term  is  affected  by  the  symbol  2,  we  derive  from  the  special  con- 
ditions a  definite  transcendental  equation,  whose  roots  give  the 
values  of  an  infinite  number  of  constants. 

The  second  instance  obtains  when  the  general  term  becomes  an 
infinitely  small  quantity ;  the  siim  of  the  series  is  then  changed 
into  a  definite  integral. 

29—2 
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3rd.   We  can  prove  by  the  fundamental  theorems  of  algebra^  j 

or  even  by  the  physical  nature  of  the  problem,  that  the  transcen-  j 

dental  equation  has  all  its  roots  real,  in  number  infinite. 

4th.  In  elementary  problems,  the  general  term  takes  the  form 
of  a  sine  or  cosine ;  the  roots  of  the  definite  equation  are  either 
'whole  numbers,  or  real  or  irrational  quantities,  each  of  them  in- 
cluded between  two  definite  limits. 

In  more  complex  problems,  the  general  term  takes  the  form  of 
a  function  given  implicitly  by  means  of  a  differential  equation 
integrable  or  not.  However  it  may  be,  the  roots  of  the  definite 
equation  exist,  they  are  real,  infinite  in  number.  This  distinction 
of  the  parts  of  which  the  integral  must  be  composed,  is  very 
important,  since  it  shews  clearly  the  form  of  the  solution,  and  the 
necessary  relation  between  the  coefficients. 

5th.  It  remains  only  to  determine  the  constants  which  depend 
on  the  initial  state;  which  is  done  by  elimination  of  the  unknowns 
from  an  infinite  number  of  equations  of  the  first  degree.  We 
multiply  the  equation  which  relates  to  the  initial  state  by  a 
differential  factor,  and  integrate  it  between  defined  limits,  which 
are  most  commonly  those  of  the  solid  in  which  the  movement  is 
effected. 

There  are  problems  in  which  we  have  determined  the  co- 
efficients by  successive  integrations,  as  may  be  seen  in  the  memoir 
whose  object  is  the  temperature  of  dwellings.  In  this  case  we 
consider  the  exponential  integrals,  which  belong  to  the  initial 
state  of  the  infinite  solid :  it  is  easy  to  obtain  these  integral8\ 

It  follows  from  the  integrations  that  all  the  terms  of  the  second 
member  disappear,  except  only  that  whose  coefficient  we  wish  to 
determine.  In  the  value  of  this  coefficient,  the  denominator  be- 
comes nul,  and  we  always  obtain  a  definite  integral  whose  limits 
are  those  of  the  solid,  and  one  of  whose  factors  is  the  arbitrary 
function  which  belongs  to  the  initial  state.  This  form  of  the  result 
is  necessary,  since  the  variable  movement,  which  is  the  object  of 
the  problem,  is  compounded  of  all  those  which  would  have  existed 
separately,  if  each  point  of  the  solid  had  alone  been  heated,  and 
the  temperature  of  every  other  point  had  been  nothing. 

1  See  section  11  of  the  sketch  of  this  memoir,  given  by  the  author  in  the 
Bulletin  de$  Scimeet  par  la  SoeieU  Philomatique,  1818,  pp.  1—11.    [A.  F.] 
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When  we  examine  carefully  the  process  of  integration  which 
serves  to  determine  the  coefficients,  we  see  that  it  contains  a 
complete  proof,  and  shews  distinctly  the  nature  of  the  results, 
so  that  it  is  in  no  way  necessary  to  verify  them  by  other  investi- 
gations. 

The  most  remarkable  of  the  problems  which  we  have  hitherto 
propounded,  and  the  most  suitable  for  shewing  the  whole  of  our 
analysis,  is  that  of  the  movement  of  heat  in  a  cylindrical  body. 
In  other  researches,  the  determination  of  the  coefficients  would 
require  processes  of  investigation  which  we  do  not  yet  know.  But 
it  must  be  remarked,  that,  without  determining  the  values  of  the 
coefficients,  we  can  always  acquire  an  exact  knowledge  of  the 
problem,  and  of  the  natural  course  of  the  phenomenon  which  is 
its  object ;  the  chief  consideration  is  that  of  simple  movements. 

6th.  When  the  expression  sought  contains  a  definite  integral, 
the  unknown  functions  arranged  under  the  symbol  of  integration 
are  determined,  either  by  the  theorems  which  we  have  given  for 
the  expression  of  arbitrary  functions  in  definite  integrals,  or  by 
a  more  complex  process,  several  examples  of  which  will  be  found 
in  the  Second  Part. 

These  theorems  can  be  extended  to  any  number  of  variables. 
They  belong  in  some  respects  to  an  inverse  method  of  definite 
integration;  since  they  serve  to  determine  under  the  symbola 


/ 


and  X  unknown  functions  which  must  be  such  that  the  result  of 

integration  is  a  given  function. 

The  same  principles  are  applicable  to  different  other  problems 
of  geometry,  of  general  physics,  or  of  analysis,  whether  the  equa- 
tions contain  finite  or  infinitely  small  differences,  or  whether  they 
contain  both. 

The  solutions  which  are  obtained  by  this  method  are  complete, 
and  consist  of  general  integrals.  No  other  integral  can  be  more 
extensive.  The  objections  which  have  been  made  to  this  subject 
are  devoid  of  all  foundation ;  it  would  be  superfluous  now  to  discuss 
them. 

7th.  We  have  said  that  each  of  these  solutions  gives  the  equa- 
tion proper  to  the  phsnomenon,  since  it  represents  it  distinctly 
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thtoughout  the  whole  extent  of  its  course,  and  serves  to  determine 
with  facility  all  its  results  numericaliy. 

The  functions  which  are  obtained  by  these  solutions  are  then 
composed  of  a  multitude  of  terms,  either  finite  or  infinitely  small : 
but  the  form  of  these  expressions  is  in  no  degree  arbitrary;  it  is 
determined  by  the  physical  character  of  the  phenomenon.  For 
this  reason,  when  the  value  pf  the  function  is  expressed  by  a  series 
into  which  exponentials  relative  to  the  time  enter,  it  is  of 
necessity  that  this  should  be  so,  since  the  natural  effect  whose 
laws  we  seek,  is  really  decomposed  into  distinct  parts,  corre- 
sponding to  the  4ifferont  terms  of  the  series.  The  parts  express 
so  many  simple  movements  compatible  with  the  special  conditions  ; 
for  each  one  of  these  movements,  all  the  temperatures  decrease, 
preserving  thqir  primitive  ratios.  In  this  composition  we  ought 
not  to  see  a  result  of  analysis  due  to  the  linear  form  of  the 
differential  equations,  but  an  actual  effect  which  becomes  sensible 
in  experiments.  It  appears  also  in  dynainical  problems  in  which 
we  consider  the  causes  which  destroy  motion;  but  it  belongs 
necessarily  to  all  problems  of  the  theory  of  heat,  and  determines 
the  nature  of  the  method  which  we  have  followed  for  the  solution 
of  them. 

8th.  The  mathematical  theory  of  h^at  includes :  first,  the  exact 
definition  of  all  the  elements  of  the  analysis ;  next,  the  differential 
equations;  lastly,  the  integrals  appropriate  to  the  fundamental 
problems.  The  equatioQS  can  be  arrived  at  in  several  ways ;  the 
same  integrals  can  also  be  obtained,  or  other  problems  solved,  by 
introducing  certain  changes  in  the  course  of  the  investigation. 
We  consider  that  the^e  researches  do  not  constitute  a  method 
different  from  our  own ;   but  confirm  apd  multiply  its  results. 

9th.  It  has  bejsn  objected,  to  the  subject  of  our  analysis,  that 
the  transcendental  equatiqns  which  determine  the  exponents  having 
imaginary  roots,  it  would  be  necessary  to  employ  the  terms  which 
proceed  from  them,  and  which  would  indicate  a  periodic  character 
in  part  of  the  phenomenon ;  but  this  objection  has  no  foundation, 
since  the  equations  in  question  have  in  fact  all  their  roots  real,  and 
no  part  of  the  phenomenon  can  be  periodic. 

10th.  It  has  been  alleged  that  in  order  to  solve  with  certainty 
problems  of  this  kind,  it  is  necessary  to  resort  in  all  cases  to  a 
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certain  form  of  the  integral  which  was  denoted  as  general ;  and 
equation  (7)  of  Art.  398  was  propounded  under  this  designa- 
.  tion ;  but  this  distinction  has  no  foundation,  and  the  use  of  a 
single  integral  would  only  have  the  efifect,  in  most  cases,  of  com- 
plicating the  inyestigation  unnecessarily.  It  is  moreover  evident 
that  this  integral  (7)  is  derivable  from  that  which  we  gave  in  1807 
to  determine  the  movement  of  heat  in  a  ring  of  definite  radius  B; 
it  is  sufficient  to  give  to  JZ  an  infinite  value* 

11th.  It  has  been  supposed  that  the  method  which  consists  in 
expressing  the  integral  by  a  succession  of  exponential  terms,  and 
in  determining  their  coefficients  by  means  of  the  initial  state, 
does  not  solve  the  problem  of  a  prism  which  loses  heat  unequally 
at  its  two  ^ends ;  or  that,  at  least,  it  would  be  very  difficult  to 
verify  in  this  manner  the  solution  derivable  from  the  integral  (7) 
by  long  calculations.  We  shall  perceive,  by  a  new  examination, 
that  our  method  applies  directly  to  this  problem,  and  that  a  single 
integration  even  is  sufficient  \ 

12th.  We  have  developed  in  series  of  sines  of  multiple  arcs 
functions  which  appear  to  contain  only  even  powers  of  the  variable, 
cos  a;  for  example.  We  have  expressed  by  convergent  series  or 
by  definite  integrals  separate  parts  of  different  functions,  or  func- 
tions discontinuous  between  certain  limits,  for  example  that  which 
measures  the  ordinate  of  a  triangle.  Our  proofs  leave  no  doubt 
of  the  exact  truth  of  these  equations. 

13th.  We  find  in  the  works  of  many  geometers  results  and  pro- 
cesses of  calculation  analogous  to  those  which  we  have  employed. 
These  are  particular  cases  of  a  general  method,  which  had  not  yet 
been  formed,  and  which  it  became  necessary  to  establish  in  order 
to  ascertain  even  in  the  most  simple  problems  the  mathematical 
laws  of  the  distribution  of  heat.  This  theory  required  an  analysis 
appropriate  to  it,  one  principal  element  of  which  is  the  analytical 
expression  of  separate  functions,  or  ot  parts  qf functions. 

By  a  separate  function,  or  part  of  a  function,  we  understand  a 
function /(a;)  which  has  values  existing  when  the  variable  x  is 
included  between  given  limits,  and  whose  value  is  always  nothing, 
if  the  variable  is  not  included  between  those  limits.  This  func- 
tion measures  the  ordinate  of  a  line  which  includes  a  finite  arc  of 

^  See  the  Memoir  refeired  to  in  note  1,  p.  12.    [A.  F.] 
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arbitrary  form,  and  coincides  with  the  a^is  of  abscLBSSB  in  all  the 
rest  of  its  course. 

This  motion  is  not  opposed  to  the  general  principles  of  analysis; 
we  might  even  find  the  first  traces  of  it  in  the  writings  of  Daniel 
Bernouilli,  of  Cauchy,  of  Lagrange  and  Euler.  It  had  always  been 
regarded  as  manifestly  impossible  to  express  in  a  series  of  sines 
of  multiple  arcs,  or  at  least  in  a  trigonometric  convergent  series, 
a  function  which  has  no  existing  values  unless  the  values  of  the 
variable  are  included  between  certain  limits,  all  the  other  values 
of  the  function  being  nul.  But  this  point  of  analysis  is  fully 
cleared  up,  and  it  remains  incontestable  that  separate  functions, 
or  parts  of  functions,  are  exactly  expressed  by  trigonometric  cpn- 
veigent  series,  or  by  definite  integrals.  We  have  insisted  on  this 
consequence  from  the  origin  of  our  researches  up  to  the  present 
time,  since  we  are  not  concerned  here  with  an  abstract  and  isolated 
problem,  but  with  a  primary  consideration  intimately  connected 
with  the  most  useful  and  extensive  considerations.  Nothing  has 
appeared  to  us  more  suitable  than  geometrical  constructions  to 
demonstrate  the  truth  of  these  new  results,  and  to  render  intelli* 
gible  the  forms  which  analysis  employs  for  their  e^^ession. 

14th.  The  principles  which  have  served  to  establish  for  us  the 
analytical  theory  of  heat,  apply  directly  to  the  investigation  of  the 
movement  of  waves  In  fluids,  a  part  of  which  has  been  agitated. 
They  aid  also  the  investigation  of  the  vibrations  of  elastic  laminae, 
of  stretched  flexible  surfaces,  of  plane  elastic  surfaces  of  very  great 
dimensions,  and  apply  in  general  to  problems  which  depend  upon 
the  theory  of  elasticity.  The  property  of  the  solutions  which  we 
derive  from  these  principles  is  to  render  the  numerical  applications 
easy,  and  to  offer  distinct  and  intelligible  results,  which  really 
determine  the  object  of  the  problem,  without  making  that  know- 
ledge depend  upon  integrations  or  eliminations  which  cannot  be 
effected.  We  regard  as  superfluous  every  transformation  of  the 
results  of  analysis  which  does  not  satisfy  this  primary  condition. 

429.  1st.  We  shall  now  make  some  remarks  on  the  differen- 
tial equations  of  the  movement  of  heat. 

If  two  molecules  of  the  same  body  are  extremely  near,  and  are 
at  unequal  temperatures,  that  which  is  the  most  heated  communicates 
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directly  to  the  other  during  one  instant  a  certain  qvxmiity  of  heat; 
which  qtiantity  is  proportiofial  to  the  extremely  small  difference  of 
the  temperatures:  that  is  to  say,  if  that  difference  became  double^ 
triple,  quadruple,  and  all  other  conditions  remained  the  same^  the 
heat  communicated  would  be  double,  triple,  quadruple. 

This  proposition  expresses  a  general  and  constant  fact,  which 
is  sufficient  to  serve  as  the  foundation  of  the  mathematical  theory. 
The  mode  of  transmission  is  then  known  with  certainty,  inde- 
pendently of  every  hypothesis  on  the  nature  of  the  cause,  and 
cannot  be  looked  at  from  two  different  points  of  view.  It  is 
evident  that  the  direct  transfer  is  effected  in  all  directions,  and 
that  it  has  no  existence  in  fluids  or  liquids  which  are  not  diather- 
manous,  except  between  extremely  near  molecules. 

The  general  equations  of  the  movement  of  heat,  in  the 
interior  of  solids  of  any  dimensions,  and  at  the  surface  of  these 
bodies,  are  necessary  consequences  of  the  foregoing  proposition. 
They  are  rigorously  derived  from  it,  as  we  have  proved  in  our 
first  Memoirs  in  1807,  and  we  easily  obtain  these  equations  by 
means  of  lemmas,  whose  proof  is  not  less  exact  than  that  of  the 
elementary  propositions  of  mechanics. 

These  equations  are  again  derived  from  the  game  proposition, 
by  determining  by  means  of  integrations  the  whole  quantity  of 
heat  which  one  molecule  receives  from  those  which  surround  it. 
This  investigation  is  subject  to  no  difficulty.  The  lemmas  in 
question  take  the  place  of  the  integrations,  since  they  give  directly 
the  expression  of  the  flow,  that  is  to  say  of  the  quantity  of  heat, 
which  crosses  any  section.  Both  calculations  ought  evidently  to 
lead  to  the  same  result;  and  since  there  is  no  difference  in  the 
principle,  there  cannot  be  any  difference  in  the  consequences. 

2nd.  We  gave  in  1811  the  general  equation  relative  to  the 
surface.  It  has  not  been  deduced  from  particular  cases,  as  has 
been  supposed  without  any  foundation,  and  it  could  not  be;  the 
proposition  which  it  expresses  is  not  of  a  nature  to  be  discovered 
by  way  of  induction ;  we  cannot  ascertain  it  for  certain  bodies  and 
ignore  it  for  others;  it  is  necessary  for  all,  in  order  that  the  state 
of  the  surface  may  not  suffer  in  a  definite  tim£  a/n  infinite  change. 
In  our  Memoir  we  have  omitted  the  details  of  the  proof,  since 
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they  consist  solely  in  the  application  of  knovirn  propositions.  It 
was  sufficient  in  this  work  to  give  the  principle  and  the  result,  as 
we  have  done  in  Article  15  of  the  Memoir  cited.  From  the  same 
condition  also  the  general  equation  in  question  is  derived  by  deter- 
mining the  whole  quantity  of  heat  which  each  molecule  situated 
at  the  surface  receives  and  communicates.  These  very  complex 
calculations  make  no  change  in  the  nature  of  the  proof. 

In  the  investigation  of  the  diflferential  equation  of  the  move- 
ment of  heat,  the  mass  may  be  supposed  to  be  not  homogeneous, 
and  it  is  very  easy  to  derive  the  equation  from  the  analytical 
expression  of  the  flow;  it  is  sufficient  to  leave  the  coefficient  which 
measures  the  conducibility  under  the  sign  of  diflFerentiation. 

3rd.  Newton  was  the  first  to  consider  the  law  of  cooling  of 
bodies  in  air;  that  which  he  has  adopted  for  the  case  in  which  the 
air  is  carried  away  with  constant  velocity  accords  more  closely 
with  observation  as  the  difference  of  temperatures  becomes  less; 
it  would  exactly  hold  if  that  difference  were  infinitely  small. 

Amontons  has  made  a  remarkable  experiment  on  the  establish- 
ment of  heat  in  a  prism  whose  extremity  is  submitted  to  a  definite 
temperature.  The  logarithmic  law  of  the  decrease  of  the  tempera- 
tures in  the  prism  was  given  for  the  first  time  by  Lambert,  of  the 
Academy  of  Berlin.  Biot  and  Bumford  have  confirmed  this  law 
by  experiment  \ 

^  Newton,  at  the  end  of  his  Scala  graduum  calorU  et  frigorUy  Philoiophieal 
TransaetionSf  April  1701,  or  Opuscula  ed.  CastilUoneas,  Vol.  n.  implies  that  when 
a  plate  of  iron  cools  in  a  current  of  air  flowing  nniformly  at  constant  temperatnre, 
equal  quantities  of  air  come  in  contact  with  the  metal  in  equal  times  and  oarry 
off  quantities  of  heat  proportional  to  the  excess  of  the  temperature  of  the  iron 
over  that  of  the  air ;  whence  it  may  be  inferred  that  the  excess  temperatures  of 
the  iron  form  a  geometrical  progression  at  times  which  are  in  arithmetic  progres- 
sion, as  he  has  stated.  By  placing  various  substances  on  the  heated  iron,  he 
obtained  their  melting  points  as  the  metal  cooled. 

Amontons,  MSmoires  de  VAcadimie  [1703],  Paris,  1705,  pp.  205 — 6,  in  his 
lUmarques  sur  la  Table  de  degres  de  Chaleur  extraite  des  Transactions  Pkilosopki- 
ques  1701,  states  that  he  obtained  the  melting  points  of  the  substances  experimented 
on  by  Newton  by  placing  them  at  appropriate  points  along  an  iron  bar,  heated  to 
whiteness  at  one  end ;  but  he  has  made  an  erroneous  assumption  as  to  the  law 
of  decrease  of  temperature  along  the  bar. 

Lambert,  Pyrometriet  Berlin,  1779,  pp.  185 — 6,  combining  Newton's  calculated 
temperatures  with  Amontons'  measured  distances,  detected  the  exponential  law 


SECT.  IV.]  LAW  OF  THE  FLOW  OF  HEAT.  459 

To  diBcover  the  differential  equations  of  the  variable  movement 
of  heat,  even  in  the  most  elementary  case,  as  that  of  a  cylindrical 
prism  of  very  small  radius,  it  was  necessary  to  know  the  mathe- 
matical expression  of  the  quantity  of  heat  which  traverses  an 
extremely  short  part  of  the  prism.  This  quantity  is  not  simply 
proportional  to  the  difference  of  the  temperatures  of  the  two 
sections  which  bound  the  layer.  It  is  proved  in  the  most  rigorous 
manner  that  it  is  also  in  the  inverse  ratio  of  the  thickness  of  the 
layer,  that  is  to  say,  that  if  two  layers  of  the  same  prism  were  un- 
equally thick,  and  if  in  the  first  the  difference  of  the  temperatures  of 
the  two  hoses  wa^  the  same  as  in  the  second,  the  quantities  of  heat 
traversing  the  layers  during  tlte  same  instant  would  be  in  the  inverse 
ratio  of  the  thicknesses.  The  preceding  lemma  applies  not  only  to 
layers  whose  thickness  is  infinitely  small;  it  applies  to  prisms  of 
any  length.  This  notion  of  the  flow  is  fundamental ;  in  so  far  as 
we  have  not  acquired  it,  we  cannot  form  an  exact  idea  of  the 
phenomenon  and  of  the  equation  which  expresses  it. 

It  is  evident  that  the  instantaneous  increase  of  the  tempera- 

of  temperatures  in  a  long  lar  heated  at  one  end.    Lambert's  work  contains  a 
most  complete  account  of  the  progress  of  thermal  measurement  up  to  that  time. 

Biot,  Journal  des  Mines,  Paris,  1804,  xvii.  pp.  203 — 224.  Bnmford,  MSmoiret 
de  Vlmtitut,  Sciences  Math,  et  Phjs.  Tome  ti.  Paris,  1805,  pp.  106—122. 

Ericsson,  Nature,  Vol.  ti.  pp.  106 — 8,  describes  some  experiments  on  cooling 
in  Taono  which  for  a  limited  range  of  excess  temperature,  IQft  to  lOOfi  Fah.  shew 
a  very  dose  approach  to  Newton's  law  of  cooling  in  a  current  of  air.  These 
experiments  are  insufficient  to  discredit  the  law  of  cooling  in  yacno  derived  by 
M.  M.  Dnlong  and  Petit  (Journal  Poly  technique,  Tome  xi.  or  Ann.  de  Ch.  et 
de  Ph.  1817,  Tome  tu.)  from  their  carefully  devised  and  more  extensive  range 
of  experiments.  Bat  other  experiments  made  by  Ericsson  with  an  ingeniously 
contrived  calorimeter  (Nature,  Vol.  v.  pp.  505 — 7)  on  the  emissive  power  of  molten 
iron,  seem  to  shew  that  the  law  of  Dulong  and  Petit,  for  pooling  in  vacuo,  is 
very  far  from  being  applicable  to  masses  at  exceedingly  high  temperatures  giving 
off  heat  in  free  air,  though  their  law  for  such  conditions  is  reducible  to  the  former 
law. 

Fourier  has  published  some  remarks  on  Newton's  law  of  cooling  in  his 
Quettions  tur  la  thSorie  phytique  de  la  Chaleur  rayonnante,  Ann.  de  Chimie  et  de 
Physique,  1817,  Tome  vi.  p.  298.  He  distinguishes  between  the  surface  conduction 
and  radiation  to  free  air. 

Newton's  original  statement  in  the  Scala  graduum  is  "Calor  quern  femun 
calefactum  oorporibus  frigidis  sibi  contiguis  dato  tempore  communicat,  hoc  est 
Calor,  quem  ferrum  dato  tempore  amittit,  est  ut  Calor  totus  ferri."  This  supposes 
the  iron  to  be  peHectly  conducible,  and  the  surrounding  masses  to  be  at  zero 
temperature.    It  can  only  be  interpreted  by  his  subsequent  explanation,  as  above. 

[A.  F.J 
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ture  of  a  point  is  proportional  to  the  excess  of  the  quantity  of  heat 
which  that  point  receives  over  the  quantity  which  it  has  lost,  and 
that  a  partial  diiferential  equation  must  express  this  result :  but 
the  problem  does  not  consist  in  enunciating  this  proposition  which 
is  the  mere  fact;  it  consists  in  actually  forming  the  differential 
equation,  which  requires  that  we  should  consider  the  fact  in  its 
elements.  If  instead  of  employing  the  exact  expression  of  the 
flow  of  heat,  we  omit  the  denominator  of  this  expression,  we 
thereby  introduce  a  difficulty  which  is  nowise  inherent  in  the 
problem;  there  is  no  mathematical  theory  which  would  not  offer 
similar  difficulties,  if  we  began  by  altering  the  principle  of  the 
proofs.  Not  only  are  we  thus  unable  to  form  a  differential  equa- 
tion; but  there  is  nothing  more  opposite  to  an  equation  than  a 
proposition  of  this  kind,  in  which  we  should  be  expressing  the 
equality  of  quantities  which  could  not  be  compared.  To  avoid 
this  error,  it  is  sufficient  to  give  some  attention  to  the  demon- 
stration and  the  consequences  of  the  foregoing  lemma  (Art.  65, 
66,  67,  and  Art.  75). 

4th.  With  respect  to  the  ideas  from  which  we  have  deduced 
for  the  first  time  the  differential  equations,  they  are  those  which 
physicists  have  always  admitted.  We  do  not  know  that  anyone 
has  been  able  to  imagine  the  movement  of  heat  as  being  produced 
in  the  interior  of  bodies  by  the  simple  contact  of  the  surfaces 
which  separate  the  different  parts.  For  ourselves  such  a  proposition, 
would  appear  to  be  void  of  all  intelligible  meaning.  A  surface  of 
contact  cannot  be  the  subject  of  any  physical  quality;  it  is  neither 
heated,  nor  coloured,  nor  heavy.  It  is  evident  that  when  one 
part  of  a  body  gives  its  heat  to  another  there  are  an  infinity 
of  material  points  of  the  first  which  act  on  an  infinity  of  points  of 
the  second.  It  need  only  be  added  that  in  the  interior  of  opaque 
material,  points  whose  distance  is  not  very  small  cannot  commu* 
nicate  their  heat  directly;  that  which  they  send  out  is  intercepted 
by  the  intermediate  molecules.  The  layers  in  contact  are  the  only 
ones  which  communicate  their  heat  directly,  when  the  thickness 
of  the  layers  equals  or  exceeds  the  distance  which  the  heat  sent 
from  a  point  passes  over  before  being  entirely  absorbed.  There  is 
no  direct  action  except  between  material  points  extremely  near, 
and  it  is  for  this  reason  that  the  expression  for  the  flow  has  the 
form  which  we  assign  to  it.    The  flow  then  results  from  an  infinite 
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multitude  of  actioDS  whose  effects  are  added;  but  it  is  not  from 
this  cause  that  its  value  during  unit  of  time  is  a  finite  and 
measurable  magnitude,  even  although  it  be  determined  only  by 
an  extremely  small  difference  between  the  temperatures. 

When  a  heated  body  loses  its  heat  in  an  elastic  medium,  or  in 
a  space  free  froni  air  bounded  by  a  solid  envelope,  the  value  of  the 
outward  flow  is  assuredly  an  integral;  it  again  is  due  to  the  action 
of  an  infinity  of  material  points,  very  near  to  the  surface,  and  we 
have  proved  fonnerly  that  this  concourse  determines  the  *  law  of 
the  external  radiation^  But  the  quantity  of  heat  emitted  during 
the  unit  of  time  would  be  infinitely  small,  if  the  difference  of  the 
temperatures  had  not  a  finite  value. 

In  the  interior  of  masses  the  conductive  power  is  incomparably 
greater  than  that  which  is  exerted  at  the  surface.  This  property, 
whatever  be  the  cause  of  it,  is  most  distinctly  perceived  by  us, 
since,  when  the  prism  has  arrived  at  its  constant  state,  the 
quantity  of  heat  which  crosses  a  section  during  the  unit  of  time 
exactly  balances  that  which  is  lost  through  the  whole  part  of  the 
heated  surface,  situated  beyond  that  section,  whose  temperatures 
exceed  that  of  the  medium  by  a  finite  magnitude.  When  we  take 
no  account  of  this  primary  fact,  and  omit  the  divisor  in  the 
expression  for  the  flow,  it  is  quite  impossible  to  form  the  differen- 
tial equation,  even  for  the  simplest  case;  a  fortiori,  we  should  be 
stopped  in  the  investigation  of  the  general  equations. 

5th.  Further,  it  is  necessary  to  know  what  is  the  influence  of 
the  dimensions  of  the  section  of  the  prism  on  the  values  of  the 
acquired  temperatures.  Even  although  the  problem  is  only  that 
of  the  linear  movement,  and  all  points  of  a  section  are  regarded 
as  having  the  same  temperature,  it  does  not  follow  that  we  can 
disregard  the  dimensions  of  the  section,  and  extend  to  other  prisms 
the  consequences  which  belong  to  one  prism  only.  The  exact 
equation  cannot  be  formed  without  expressing  the  relation 
between  the  extent  of  the  section  and  the  effect  produced  at  the 
extremity  of  the  prism. 

We  shall  not  develope  further  the  examination  of  the  principles 
which  have  led  us  to  the  knowledge  of  the  differential  equations ; 

1  MiTttoires  de  VAcadimie  des  Sciences,  Tome  y.  pp.  204—8.    Gommumcated 
in  1811.    [A.F.] 
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we  Deed  only  add  that  to  obtain  a  profound  conviction  of  the  use- 
fulness of  these  principles  it  is  necessary  to  consider  also  various 
difficult  problems;  for  example,  that  which  we  are  about  to  in- 
dicate, and  whose  solution  is  wanting  to  our  theory,  as  we  have 
long  since  remarked.  This  problem  consists  in  forming  the  difler- 
ential  equations,  which  express  the  distribution  of  heat  in  fluids 
in  motion,  when  all  the  molecides  are  displaced  by  any  forces^ 
combined  with  the  changes  of  temperature.  The  equations  which 
we  gave  in  the  course  of  the  year  1820  belong  to  general  hydro- 
dynamics; they  complete  this  branch  of  analytical  mechanics^. 

430.  Different  bodies  enjoy  very  unequally  the  property  which 
physicists  have  called  conductibility  or  conducibility,  that  is  to  say, 
the  faculty  of  admitting  heat,  or  of  propagating  it  in  the  interior 
of  their  masses.     We  have  not  changed  these  names,  though  they 

^  See  Mimoirei  de  VAcadimie  des  Scieneet,  Tome  xu.  Paris,  1833,  pp.  515—^530. 

In  addition  to  the  three  ordinary  equations  of  motion  of  an  incompressible 
fluid,  and  the  equation  of  continuity  referred  to  rectangular  axes  in  direction  of 
which  the  yelocities  of  a  molecule  passing  the  point  x,  y,  z  aX  time  t  are  «»  v,  ir, 
its  temperature  being  $,  Fourier  has  obtained  the  equation 

^dB      -/d^0     dl^e     d*0\      ^[d  ,  ,,      d  ,  ^,      <^/   m^ 

in  which  K  is  the  conductivity  and  C  the  specific  heat  per  unit  Tolume^  as 
follows. 

Into  the  parallelepiped  whose  opposite  comers  are  (x,  y^  2),  (x  +  Ax,  y + Ay,  2  +  Az), 
the  quantity  of  heat  which  would  flow  by  conduction  across  the  lower  face  AacAy, 

Ad 

if  the  fluid  were  at  rest,  would  be  -iT^  A^eA^At  in  time  At,  and  the  gain  by 
convection  +  (7ir  Aar  Ay  At ;  there  is  a  corresponding  loss  at  the  upper  face  Ax  Ay; 
hence  the  whole  gain  is,  negatively,  the  variation  of  (-iT^  +  Cir^)  AxAyAtwith 

respect  to  «,  that  is  to  say,  the  gain  is  equal  to  \^-j^~^ i^^))  ^^y^tkU 

Two  similar  expressions  denote  the  gains  in  direction  of  y  and  z ;  the  sum  of  the 

dB 
three  is  equal  to   C  -r-  bitist  Ay  Az,  which  is  the  gain  in  the  volume  Ax  Ay  As 

in  time  At :  whence  the  above  equation. 

The  ooefiicients  K  and  C  vary  with  the  temperature  and  pressure  but  are 
usually  treated  as  constant.  The  density,  even  for  fluids  denominated  incom- 
pressible, is  subject  to  a  small  temperature  variation. 

It  may  be  noticed  that  when  the  velocities  u,  o,  to  are  nul,  the  equation 
reduces  to  the  equation  for  flow  of  heat  in  a  solid. 

It  may  also  be  remarked  that  when  K  is  so  small  as  to  be  negligible,  the 
equation  has  the  same  form  as  the  equation  of  continuity.    [A.  F.] 
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do  not  appear  to  us  to  be  exact.    Each  of  them,  the  first  especially, 
;  would  rather  express,  according  to  all  analogy,  the  faculty  of  being 

conducted  than  that  of  conducting. 

Heat  penetrates  the  surface  of  different  substances  with  more 
or  less  facility,  whether  it  be  to  enter  or  to  escape,  and  bodies  are 
unequally  permeable  to  this  element,  that  is  to  say,  it  is  propagated 
in  them  with  more  or  less  facility,  in  passing  from  one  interior 
molecule  to  another.  We  think  these  two  distinct  properties 
might  be  denoted  by  the  names  penetrability  and  permeabilityK 

Above  all  it  must  not  be  lost  sight  of  that  the  penetrability  of 
a  surface  depends  upon  two  different  qualities :  one  relative  to  the 
external  medium,  which  expresses  the  facility  of  communication  by 
contact ;  the  other  consists  in  the  property  of  emitting  or  admit- 
ting radiant  heat.  With  regard  to  the  specific  permeability,  it  is 
proper  to  each  substance  and  independent  of  the  state  of  the 
-  -  surface.  For  the  rest,  precise  definitions  are  the  true  foundation 
of  theory,  but  names  have  not,  in  the  matter  of  our  subject,  the 
same  degree  of  importance. 

431.  The  last  remark  cannot  be  applied  to  notations,  which 
contribute  very  much  to  the  progress  of  the  science  of  the  Calculus. 
These  ought  only  to  be  proposed  with  reserve,  and  not  admitted 
but  after  long  examination.  That  which  we  have  employed  re- 
duces itself  to  indicating  the  limits  of  the  integral  above  and  below 

the  sign  of  integration  / ;  writing  immediately  after  this  sign  the 

differential  of  the  quantity  which  varies  between  these  limits. 

We  have  availed  ourselves  also  of  the  sign  2  to  express  the 

sum  of  an  indefinite  number  of  terms  derived  from  one  general 

\  term  in  which  the  index  i  is  made  to  vary.     We  attach  this  index 

I  if  necessary  to  the  sign,  and  write  the  first  value  of  i  below,  and 

the  last  above.     Habitual  use  of  this  notation  convinces  us  of 

1  The  coefficients  of  penetrability  and  permeability,  or  of  exterior  and  interior 
conduction  (7i,  K),  were  determined  in  the  first  instance  by  Fourier,  for  the  case 
of  cast  iron,  by  experiments  on  the  permanent  temperatures  of  a  ring  and  on  the 

Tarying  temperatures  of  a  sphere.     The  value  of  ^  by  the  method  of  Art.  110, 

and  the  value  of  h  by  that  of  Art.  297.    Mem.  de  VAcad,  d.  Sc.  Tome  v.  pp. 
165,  220,  228.     [A.  F.] 
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the  usefulness  of  it,  especially  when  the  analysis  consists  of  d 
finite  integrals,  and  the  limits  of  the  integrals  are  themselves  tl 
object  of  investigation. 

432.  The  chief  results  of  our  theory  are  the  differential  equi 
tions  of  the  movement  of  heat  in  solid  or  liquid  bodies,  and  tl 
general  equation  which  relates  to  the  surface.  The  truth  of  thej 
equations  is  not  founded  on  any  physical  explanation  of  the  effec 
f  of  heat.  In  whatever  manner  we  please  to  imagine  the  nature  < 
this  element,  whether  we  regard  it  as  a  distinct  material  this 
which  passes  from  one  part  of  space  to  another,  or  whether  i/v 
make  heat  consist  simply  in  the  transfer  of  motion,  we  shall  alwaj 
arrive  at  the  same  equations,  since  the  hypothesis  which  we  fori 
must  represent  the  general  and  simple  facts  from  which  th 
mathematical  laws  are  derived. 

The  quantity  of  heat  transmitted  by  two  molecules  whos 
temperatures  are  unequal,  depends  on  the  difference  of  thes 
teniperatures.  If  the  difference  id  infinitely  small  it  is  certai: 
that  the  heat  communicated  is  proportional  to  that  difference ;  al 
experiment  concurs  in  rigorously  proving  this  proposition.  No^ 
in  order  to  establish  the  differential  equations  in  question,  w 
consider  only  the  reciprocal  action  of  molecules  infinitely  neai 
There  is  therefore  no  uncertainty  about  the  form  of  the  equationi 
which  relate  to  the  interior  of  the  mass. 

The  equation  relative  to  the  surface  expresses,  as  we  have  said 
that  the  flow  of  the  heat,  in  the  direction  of  the  normal  at  th< 
boundary  of  the  solid,  must  have  the  same  value,  whether  we  cal 
culate  the  mutual  action  of  the  molecules  of  the  solid,  or  whethe: 
we  consider  the  action  which  the  medium  exerts  upon  the  envelope 
The  analytical  expression  of  the  former  value  is  very  simple  anc 
is  exactly  known;  as  to  .the  latter  value,  it  is  sensibly  proportional 
to  the  temperature  of  the  surface,  when  the  excess  of  this  tempera- 
ture over  that  of  the  medium  is  a  sufficiently  small  quantity.  In 
other  cases  the  second  value  must  be  regarded  as  given  by  a  series 
of  observations;  it  depends  on  the  surface,  on  the  pressure  and 
on  the  nature  of  the  medium  ;  this  observed  value  ought  to  form 
the  second  member  of  the  equation  relative  to  the  surface. 

In  several  important  problems,  the  equation  last  named  is  re- 
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placed  by  a  given  condition^  which  expresses  the  state  of  the 
surface,  whether  constant,  variable  or  }>eriodic. 

433.  The  differential  equations  of  the  movement  of  heat  are 
mathematical  consequences  analogous  to  the  general  equations  of 
equilibriimi  and  of  motion,  and  are  derived  like  them  from  the 
most  constant  natural  facts. 

The  coefBcients  c,  h,  k,  which  enter  into  these  equations,  must 
be  considered,  in  general,  as  variable  magnitudes,  which  depend 
on  the  temperature  or  on  the  state  of  the  body.  But  in  the  appli- 
cation to  the  natural  problems  which  interest  us  most,  we  may 
assign  to  these  coefficients  values  sensibly  constant. 

The  first  coefficient  c  varies  very  slowly,  according  as  the  tem- 
'  ^^  ^       perature  rises.    These  changes  are  almost  insensible  in  an  interval 
of  about  thirty  degrees.    A  series  of  valuable  observations,  due  to 
^  fbt       Professors  Dulong  and  Petit,  indicates  that  the  value  of  the  specific 
» fif  ^       capacity  increases  very  slowly  with  the  temperature. 
i  eotsi  71^Q  coefficient  h  which  measures  the  penetrability  of  the  sur- 

0»'A  face  is  most  variable,  and  relates  to  a  very  composite  state.  It 
m  )^  expresses  the  quantity  of  heat  communicated  to  the  medium, 
whether  by  radiation,  or  by  contact.  The  rigorous  calculation  of 
this  quantity  would  depend  therefore  on  the  problem  of  the  move- 
ment of  heat  in  liquid  or  aeriform  media.  But  when  the  excess 
of  temperature  is  a  sufficiently  small  quantity,  the  observations 
prove  that  the  value  of  the  coefficient  may  be  regarded  as  constant. 
la  other  cases,  it  is  easy  to  derive  from  kno^  experiments  a 
correction  which  makes  the  result  sufficiently  exact. 

It  cannot  be  doubted  that  the  coefficient  k,  the  measure  of  the 
permeability,  is  subject  to  sensible  variations ;  but  on  this  impor- 
tant subject  no  series  of  experiments  has  yet  been  made  suitable 
for  informing  us  how  the  facility  of  conduction  of  heat  changes  with 
the  temperature^  and  with  the  pressure.  We  see,  from  the  obser- 
vations, that  this  quality  may  be  regarded  as  constant  throughout 
a  very  great  part  of  the  thermometric  scale.  But  the  same  obser- 
vations would  lead  us  to  believe  that  the  value  of  the  coefficient 
in  question,  is  very  much  more  changed  by  increments  of  tempera- 
ture than  the  value  of  the  specific  capacity. 

Lastly,  the  dilatability  of  solids,  or  their  tendency  to  increase 
^  ^  Beferenoe  is  given  to  Forbes'  experiments  in  the  note,  p.  S4.    [A.  F.] 
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io  volume,  is  not  tibe  same  at  all  temperatures:  but  in  the  prubl^m 
which  we  have  discuased,  these  changes  cannot  senBibly  alter  the 
preciaion  of  the  results.  In  general,  in  the  study  of  the  grand 
natural  phenomena  which  depend  on  the  distribution  of  heat,  we 
rely  on  regarding  the  values  of  the  coefficients  as  constant.  It  is 
necessary,  first,  to  consider  the  consequences  of  the  theory  from 
this  point  of  view.  Careiiil  comparison  of  the  results  'with  those 
of  very  exact  experiments  will  then  shew  what  corrections  mnst  be 
employed,  and  to  the  theoretical  researches  will  be  given  a,  further 
extension,  according  as  the  observations  become  more  nomerons 
uu)  more  exact.  We  shall  then  ascerttun  what  are  the  causes 
which  modify  the  movement  oi  heat  in  the  interior  of  bodies, 
and  the  theory  wilt  acquire  a  perfection  whidi  it  would  be  im- 
possible to  give  to  it  at  present. 

Luminous  heat,  or  that  which  accompanies  the  rays  of  light 
emitted  by  incandescent  bodies,  penetrates  transparent  sohda  and 
liquids,  and  is  gradually  absorbed  within  them  after  traversisg  an 
interval  of  sensible  magnitude  It  could  not  therefore  be  supposed 
in  tbe  examination  of  these  {voblems,  that  the  direct  impressions 
of  heat  are  conveyed  only  to  an  extremely  small  distance.  When 
this  distance  has  a  finite  value,  the  differential  equations  take  a 
different  form ;  but  this  part  of  the  theory  would  offer  no  useful 
applications  unless  it  were  based  upon  experimental  knowledge 
which  we  have  not  yet  acquired. 

The  experiments  indicate  that,  at  moderate  temperatures,  a 
very  feeble  portion  <^  the  obscure  heat  enjoys  the  same  pn^>Mty  se 
the  luminous  heat;  it  is  very  likely  that  tbe  distance,  to  which  is 
coDv^ed  the  impressiim  of  heat  which  peitetrates  solids,  is  not 
wholly  insensible,  and  that  it  is  only  very  small:  but  this  occasions 
no  i^preciable  difference  in  the  results  of  theory;  or  at  least  the 
difference  has  hitherto  escaped  all  observation. 


I  uviTiBtiTT  ram. 
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THE   CAMBRIDGE   PARAGRAPH    BIBLE 

of  the  Authorized  English  Version,  with  the  Text  Revised  by  a  Colla- 
tion of  its  Early  and  other  Principal  Editions,  the  Use  of  the  Italic 
Type  made  uniform,  the  Marginal  References  remodelled,  and  a  Criti- 
cal Introduction  prefixed,  by  the  Rev.  F.  H.  Scrivener,  M.A.,LLD., 
Editor  of  the  Greek  Testament,  Codex  Augiensis,  &c.,  and  one  of 
the  Revisers  of  the  Authorized  Version.   Crown  Quarto,  cloth,  gilt,  21^. 

From  the  Times,  copy  of  the  Bible,  which  presents  the  ar- 

"  Students  of  the  Bible  should  be  {Muticu-  rangement  of  an  unbroken  text  in  paragraphs 
larly  grateful  to  (the  Cambridge  University 
Press)  for  having  produced,  with  the  able  as- 
sistance of  Dr  Scrivener,  a  complete  critical 
edition  of  the  Authorized  Version  of  the  Eng- 
lish Bible,  an  edition  such  as,  to  use  the  words 
of  the  Editor,  *  would  have  been  executed 
long  ago  had  this  version  been  nothing  more 
than  the  greatest  and  best  known  of  English 
classics.'  Falling  at  a  time  when  the  formal 
revision  of  this  version  has  been  undertaken 
by  a  distinguished  company  of  scholars  and 
divines,  the  publication  of  this  edition  must 


accummodated  to  the  sense  (the  numerals, 
indicating  the  chapters  and  verses,  being 
removed  to  the  margin) :  with  the  broad  dis- 
tinction between  the  prose  and  poetical  por- 
tions of  Scripture  duly  maintained,  and  with 
such  passages  of  the  Old  Testament  as  are 
quoted  in  the  New  being  marked  by  the  use 
of  open  type." 

From  the  Spectator, 

"  Mr.  Scrivener  has  carefully  collated  the 
text  of  our  modem  Bibles  witn  that  of  the 


investigations 
the  reader  to  the  editor's  Introduction,  which 
contains  a  mass  of  valuable  information  about 
the  various  editions  of  the  Authorized  Ver- 


sion. 


M 


From  the  Atketutum. 

**  Apart  from  its  religious  importance,  the 
English  Bible  has  the  glory,  which  but  few 
sister  versions  indeed  can  claim,  of  being  the 
chief  classic  of  the  language,  of  having,  in 
conjunction  with  Shakspeare,  and  in  an  im- 
measurable degree  more  than  he,  fixed  the 
language  beyond  any  possibility  of  important 
clumge.  Thus  the  recent  contributions  to  the 
literature  of  the  subject,  by  such  workers  as 
Mr  Francis  Fry  and  Canon  Westcott,  appeal  to 
a  wide  range  of  sympathies;  and  to  these  may 
now  be  added  Dr  Scrivener,  well  known  for 
his  labours  in  the  cause  of  the  Greek  Testa- 
ment criticism,  who  has  brought  out,  for  the 
Syndics  of  the  Cambridge  University  Press, 
an  edition  of  the  English  Bible,  according  to 
the  text  of  z6zi,  revised  by  a  comparison  with 
later  issues  on  principles  stated  by  him  in  his 
introduction.  Here  heenters  at  length  into 
the  history  of  the  chief  editions  of  the  version, 
and  of  such  features  as  the  marginal  notes, 
the  use  of  italic  type,  and  the  changes  of  or- 
thography, as  well  as  into  the  most  interestine 
question  as  to  the  original  texts  from  which  ... 

our  translation  is  produced. version  is  about  to  undergo  revision.  ..  To 


as  possible ;  revised  the  punctuation  (punc- 
tuation, as  those  who  cry  out  for  the  Bible 
without  note  or  comment  shotild  remember, 
is  a  continuous  commentary  on  the  text); 
carried  out  consistently  the  plan  of  marking 
with  italics  all  words  not  found  in  the  original, 
and  carefully  examined  the  marginal  refer- 
ences. The  name  of  Mr.  Scrivener,  the 
learned  editor  of  the  'Codex  Augiensis,' 
guarantees  the  quality  of  the  work." 

From  the  Methodist  Recorder. 

"  lliis  noble  quarto  of  over  1300  pages  is 
in  every  respect  worthy  of  editor  and  pub- 
lishers alike.  The  name  of  the  Cambridge 
University  Press  is  guarantee  enough  for  its 
perfection  in  outward  form,  the  name  of  the 
editor  is  egiial  guarantee  for  the  worth  and 
accuracy  of  its  contents.  •  Without  question, 
it  ift  the  best  Paragraph  Bible  ever  published, 
and  its  reduced  price  of  a  guinea  brings  it 
within  reach  of  a  large  numMr  of  students.  . 
But  the  volume  is  much  more  than  a  Para- 
graph Bible.  It  is  an  attempt,  and  a  success- 
ful attempt,  to  give  a  critical  edition  of  the 
Authorised  English  Version,  not  (let  it  be 
marked)  a  revision,  but  an  exact  reproduc- 
tion of  the^  original  Authori.<ied  Version,  as 
?ublished  in  161  z,  minus  patent  mistakes, 
'his  is  doubly  necessary  at  a  time  when  the 


Dr  Scrivener  may  be  congratulated  on  a 
work  whidi  will  mark  an  important  epoch  in 
the  history  of  the  En«;lish  Bible,  and  which 
is  the  result  of  probjubly  the  most  searching 
examination  the  text  has  yet  received." 

From  Notes  and  Queries. 

"The  Syndics  of  the  University  Press 
deserve  great  credit  for  this  attempt  to  supply 
biblical  students  and  general  readers  witn  a 


all  who  at  this  season  seek  a  suitable  volume 
for  presentation  to  ministers  or  teachers  we 
earnestly  commend  this  work." 

From  the  London  Quarterly  Review. 

**  The  work  is  worthy  in  every  respect  of 
the  editor's  fame,  and  of  the  Cambridge 
University  Press.  The  noble  English  Ver- 
sion, to  which  our  country  and  religion  owe 
so  much,  was  probably  never  presented  be 
fore  in  so  perfect  a  form." 
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THE   CAMBRIDGE   PARAGRAPH   BIBLE. 

Student's  Edition,  on  good  writing  paper^  with  one  column  of 
print  and  wide  margin  to  each  page  for  MS.  notes.  This  edition  will 
be  found  of  great  use  to  those  who  are  engaged  in  the  task  of 
Biblical  criticisnu    Two  Vols.    Crown  Quarto,  cloth,  gilt,  31J.  6^. 

THE  LECTIONARY  BIBLE,  WITH  APOCRYPHA, 

divided  into  Sections  adapted  to  the  Calendar  and  Tables  of  Lessons 
of  1 87 1.     Crown  Octavo,  cloth,  6j. 

THE   POINTED   PRAYER  BOOK, 

being  the  Book  of  Common  Prayer  with  the  Psalter  or  Psalms  of 
David,  pointed  as  they  are  to  be  sung  or  said  in  Churches.  Royal 
24mo.     Cloth,  \s.  6d. 

The  same  in  square  32mo,  cloth,  (>d, 

"The  'Pointed  Prayer  Book'  deserves  and  still  more  for  the  terseness  and  clear- 
mention  for  the  new  and  ingenious  system  ness  of  the  directions  given  for  using  it."— 
on  which  the  pointing  has   been  marked.        Times, 

GREEK  AND  ENGLISH  TESTAMENT, 

in  parallel  Columns  on  the  same  page.  Edited  by  J.  Scholefield, 
M.A.  late  Regfius  Professor  of  Greek  in  the  University.  Small 
Odlavo.    New  Edition,  in  the  Press, 

GREEK  TESTAMENT, 

ex  editione  Stephani  tertia,  1550.    Small  O^vo.    3^.  6d. 

THE  GOSPEL  ACCORDING  TO   ST  MATTHEW 

in  Anglo-Saxon  and  Northumbrian  Versions,  synoptically  arranged: 
with  Collations  of  the  best  Manuscripts.  By  J.  M.  Kemble,  M.A. 
and  Archdeacon  Hardwick.    Demy  Quarto.     10s. 

THE    GOSPEL    ACCORDING    TO    ST    MARK 

in  Anglo-Saxon  and  Northumbrian  Versions  synoptically  arranged, 
with  Collations  exhibiting  all  the  Readings  of  all  the  MSS.  Edited 
by  the  Rev.  W.  W.  Skeat,  M.A.  Assistant  Tutor  and  late  Fellow 
of  Christ's  College,  and  author  of  a  Mceso-Gothic  Dictionary. 
Demy  Quarto.    lox. 

THE  GOSPEL  ACCORDING  TO  ST  LUKE, 

uniform  with  the  preceding,  edited  by  the  Rev.  W.  W.  Skeat, 
Demy  Quarto.    lor. 

THE  GOSPEL  ACCORDING  TO  ST  JOHN, 

by  the  same  Editor.    Nearly  Ready, 


London:  Cambridge  Warehouse,  17  Paternoster  Row^ 
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THE  MISSING  FRAGMENT  OF  THE  LATIN 
TRANSLATION  OF  the  FOURTH  BOOK  of  EZRA. 

discovered,  and  edited  with  an  Introduction  and  Notes,  and  a 
facsimile  of  the  MS.,  by  Robert  L.  Bensly,  M.A.  Sub- Librarian 
of  the  University  Library,  and  Reader  in  Hebrew^  Gonvitle  and  Caius 
College,  Cambridge.    Demy  Quarto.    Cloth,  lar. 


"Edited  with  true  -scholarly  complete- 
Bess." —  Westminster  Review. 

"Wer  sich  je  mit  dem  4  Buche  Esra 
eingehender  besch&ftigt  hat,  wird  durch  die 
obige,  in  jeder  Beriehung  musterhafte  Pub- 
lication in  freudiges  Erstaunen  versetzt  wer- 
den." — Tfntologitche  Literaturzeitung. 

"  It  has  been  said  of  this  book  that  it  has 
added  a  new  chapter  to  the  Bible,  and,  start- 
ling as  the  statement  may  at  first  sight  ap- 
pear, it  is  no  exaggeration  of  the  acttial  fact, 
if  by  the  Bible  we.  understand  that  of  the 
larger  size  which  contains  the  Apocrypha, 
and  if  the  Second  Book  of  Esdras  can  be 
fairly  called  a  part  of  the  Apocrypha.  .... 


These  learned  pages  are  inscribed  by  their 
author  *'To  my  fellow-woricersin  the  Revision 
of  the  Authorized  Translation  of  the  Holy 
Bible  and  Apocrypha."  The  existing  Eng- 
lish text  of  the  Apocryphal  books,  which  has 
passed  from  one  version  to  another,  from 
Coverdale  dowmwards,  with  no  thorough  or 
critical  review  on  the  port  of  translators,  is  in 
a  condition  so  unsatisiactory  and  so  unworthy 
of  the  books  it  professes  to  represent,  that  the 
Revision  Company  may  well  be  congratulated 
in  possessing  a  colleague  at  once  so  compe- 
tent and  so  zealous  as  Mr  Bensly.**— kSo/iwr- 
day  Review. 


THEOLOaTHANCIEirT). 

SAYINGS  OF  THE  JEWISH  FATHERS, 

comprising  Pirqe  Aboth  and  Pereq  R.  Meir  in  Hebrew  and  English, 
with  Critical  and  Illustrative  Notes  ;  and  specimen  pages  of  the  Cam- 
bridge University  Manuscript  of  the  Mishnah  'Jerushalmith',  from 
which  the  text  of  Aboth  is  taken.  By  Charles  Taylor,  M.A. 
Fellow  and  Divinity  Lecturer  of  St  John's  College,  Cambridge,  and 
Honorary  Fellow  of  King^s  College,  London.    Demy  8vo.  cloth,     los. 


'*The  most  promising  mode  of  rendering 
its  [the  Talmud]  valuable  parts  accessible 
seems  to  be  that  of  the  separate  publication 
of  the  more  important  tracts  with  a  transla- 
tion and  critical  apparatus.    This  is  what 
Mr  Charles  Taylor  has   achieved  for   the 
interesting  Mishnah  tract  Masseketh  Aboth 
or  Pirque  Aboth,  which  title  he  paraphrases 
as  "  Sayings  of  the  Fathers."    These  fathers 
are  Rabbis  who  established  schools  and  taught 
in  the  period  from  two  centuries  before  to 
two  centuries  after  Christ.     They  are  the 
men  who,  living  in  the   age   immediately 
succeeding  the  completion  of  the  Hebrew 
Omon  of  Scripture,  were  first  able  to  look 
on  that  Scripture  as  a  whole  and  to  compare 
passage  with  passage,  discover  the  bearing 
of  one  assertion  on  another,  and  thus  work 
out  the  first  system  of  Biblical  interpretation, 
theol<^,  and  ethics.    Their  system  was  in 
full  vigour  in  the  time  of  Christ,  and  was 
duly  imparted  to  all  students — among  others, 
of  ooune,  to  our  Lord  Himself  and  to  the 
learned  Pharisee,  St  Paul.    To  a  large  ex- 
tent it  was  accepted  in  the  early  ages  of  the 
Christian  Church,  and,  through  the  authority 
conceded  to  the  Fathers  of  tne  Church,  be- 
came the  unquestioned  and  orthodox  system 
of  interpretation  till  modem  times.    Hence 
it  is  peculiarly  incumbent  on  those  who  look 
to  Jerome  or  Origen  for  their  theology  or 
exegesis  to  learn  something  of  their  fewish 
predecessors.    The  New  Testament  aoounds 
with  sayings  which  remarkably  coincide  with. 


or  closely  resemble,  those  of  the  Jewish 
Fathers;  and  these  latter  probably  would 
furnish  more  satisfactory  ana  frequent  illus- 
trations of  its  text  ihan  the  Old  Testament.'* 
— Saturday  Review. 

"The  'Masseketh  Aboth'  stands  at  the 
head  of  Hebrew  non-canonical  writing  It 
is  of  ancient  date,  claiming  to  contain  the 
dicta  of  teachers  who  flourished  from  b.c.  aoo 
to  the  same  year  of  our  era.  The  precise 
time  of  its  compilation  in  its  present  form  is, 
of  course,  in  ooubL  Mr  Taylor's  explana- 
tory and  illustrative  commentary  is  very  full 
and  satisfactory." — Spectator. 

"If  we  mistake  not,  this  is  the  first  pre- 
cise translation  into  the  English  language 
accompanied  by  scholarly  notes  of  any  por- 
tion of  the  Talmud.  In  other  words,  it  is 
the  first  instance  of  that  most  valuable  and 
neglected  portion  of  Jewish  literature  being 
treated  in  the  same  way  as  a  Greek  classic 
in  an  ordinary  critical  edition.  .  .  The  Tat- 
mudic  books,  which  have  been  so  strangely 
neglected,  we  foresee  will  be  the  most  im-- 
portant  aids  of  the  future  fur  the  proper  un- 
derstanding of  the  Bible.  . .  The  Sayings  of 
tke  Jetuish  Fathers  may  claim  to  be  scholar- 
ly, and,  moreover^  of  a  scholarship  unusually 
tnorough  and  finished.  It  is  greatly  to  be 
hoped  that  this  instalment  is  an  earnest  of 
future  work  in  the  same  direction ;  the  Tal- 
mud is  a  mine  that  will  take  years  to  work 
out." — Dublin  UniTfrsity  Magatiue. 
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THEODORE  OF  MOPSUESTIA. 

The  Latin  version  of  the  Commentary  on  St  Paul's  Epistles,  with  the 
Greek  Fragments,  newly  collated  by  the  Rev.  H.  B.  Swete,  B.D. 
Fellow  of  Gonville  and  Caius  College,  Cambridge.  \In  the  Press, 

SANCTI   IRENiEI  EPISCOPI   LUGDUNENSIS 

libros  quinque  adversus  Hsereses,  versione  Latina  cum  Codicibus 
Claromontano  ac  Arundeliano  denuo  collata,  prsemissa  de  placitis 
Gnosticorum  prolusione,  fragmenta  necnon  Grsece,  Syriace,  Armeniace, 
commentatione  perpetua  et  indicibus  variis  edidit  W.  WiGAN  Harvey, 
S.T.B.  Collegii  Regalis  olim  Socins.    2  Vols.    Demy  Odlavo.     i&r. 

M.  MINUCII   FELICIS   OCTAVIUS. 

The  text  newly  revised  from  the  original  MS.  with  an  English  Com- 
mentary, Analysis,  Introduction,  and  Copious  Indices.  Edited  by 
H.  A.  HOLDEN,  LL.D.  Head  Master  of  Ipswich  School,  late  Fellow 
of  Trinity  College,  Cambridge.    Crown  Odtavo.    7^.  6^. 

THEOPHILI     EPISCOPI     ANTIOCHENSIS 
LIBRI    TRES   AD   AUTOLYCUM 

edidit,  Prolegomenis  Versione  Notulis  Indicibus  instruxit  Gulielmus 
GiLSON  Humphry,  S.T.B.  Collegii  Sandliss.  Trin.  apud  Cantabri- 
gienses  quondam 'Socius.    Post  Odlavo.    5^. 

THEOPHYLACTI     IN    EVANGELIUM 
S.  MATTHiEI   COMMENTARIUS, 
edited  by  W.  G.  Humphry,  RD,  Prebendary  of  St  Paul's,  late 
Fellow  of  Trinity  College.    Deray  Odlavo.    ^s,  dd. 

TERTULLIANUS    DE  CORONA  MILITIS,   DE 
SPECTACULIS,   DE    IDOLOLATRIA, 

with  Analysis  and  English  Notes,  by  George  Currey^  D.D.  Preacher 
at  the  Charter  House,  late  Fellow  and  Tutor  of  St  John's  College. 
Crown  06Uva    5^. 


THEOLOaT-OBNaUSE). 

WORKS  OF  ISAAC  BARROW, 

compared  with  the  Original  MSS.,  enlarged  with  Materials  hitherto 
unpublished.  A  new  Edition,  by  A.  Napier,  M.A.  of  Trinity  College, 
Vicar  of  Holkham,  Norfolk.    9  Vols.     Demy  O^vo.    ;f3.  ^f. 
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PUBLICATIONS  OF 


TREATISE  OF  THE  POPE'S  SUPREMACY, 

and  a  Discourse  concerning  the  Unity  of  the  Church,  by  Isaac 
Barrow.    Demy  0(5lavo.    7^.  6^. 

PEARSON'S  EXPOSITION  OF  THE  CREED, 

edited  by  Temple  Chevallier,  B.D.  late  Fellow  and  Tutor  of 
St  Catharine's  College,  Cambridge.  Second  Edition.  Demy  Odlavo. 
7J.  6d, 


AN  ANALYSIS   OF  THE  EXPOSITION  OF 

THE   CREED 

written  by  the  Right  Rev.  Father  in  God,  John  Pearson,  D.D. 
late  Lord  Bishop  of  Chester.  Compiled,  with  some  additional  matter 
occasionally  interspersed,  for  the  use  of  the  Students  of  Bishop's 
College,  Calcutta,  by  W.  H.  Mill,  D.D.  late  Principal  of  Bishop's 
College,  and  Vice-President  of  the  Asiatic  Society  of  Calcutta ;  since 
Chaplain  to  the  most  Reverend  Archbishop  Howley;  and  Regius 
Professor  of  Hebrew  in  the  University  of  Cambridge.  Fourth  English 
Edition.    Demy  Odlavo,  cloth.    5^. 


^  • 


WHEATLY  ON  THE  COMMON  PRAYER, 

edited  by  G.  E.  Corrie,  D.D.  Master  of  Jesus  College,  Examining 
Chaplain  to  the  late  Lord  Bishop  of  Ely.    Demy  O^vo.  7^.  6^. 

CiESAR   MORGAN'S   INVESTIGATION   OF   THE 

TRINITY    OF   PLATO, 

and  of  Philo  Judaeus,  and  of  the  effecfls  which  an  attachment  to  their 
writings  had  upon  the  principles  and  reasonings  of  the  Fathers  of  the 
Christian  Church.  Revised  by  H.  A.  Holden,  LL.D.  Head  Master 
of  Ipswich  School,  late  Fellow  of  Trinity  College,  Cambridge.  Crown 
Odlavo.    41. 


TWO  FORMS  OF  PRAYER  OF  THE  TIME  OF 

QUEEN  ELIZABETH.     Now  First  Reprinted.    Demy  OOavo.  6^ 


''From  'Collections  and  Notes'  1867— 
1876,  by  W.  Carew  Hazlitt  (p.  ^40),  we  learn 
that — *A  Very  remarkable  volume^  in  the 
original  vellum  cover,  and  containinff  25 
Forms  of  Prayer  of  the  reign  of  Elizabeth, 
each  with  the  autograph  of  Humphrey  Dyson, 
has  lately  fallen  into  the  hands  of  ray  friend 
Mr  H.  Pyne.  It  is  mentioned  specially  in 
the  Preface  to  the  Parker  Society's  volume 


of  Occasional  Forms  of  Prayer,  but  it  had 
been  lost  sight  of  for  aoo  years.*  By  the 
kindness  of  the  present  possessor  of  this 
valuable  volume,  containing  in  all  25  distinct 
publications,  I  am  enabled  to  reprint  in  the 
following  pages  the  two  Forms  of  Prayer 
supposed  to  have  been  lost." — Extract  from, 
the  Preface 
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SELECT  DISCOURSES, 

by  John  Smith,  late  Fellow  of  Queens'  College,  Cambridge.  Edited  by 
H.  G.  Williams,  B.D.  late  Professor  of  Arabic.  Royal  Odlavo.  7s.  6d, 


tt> 


'The  'Select  Discourses'  of  John  Smith, 
collected  and  published  from  his  papers  after 
his  death,  are,  in  my  opinion,  much  the  most 
considerable  work  left  tQusby  this  Cambridge 
School  [the  Cambridge  Platonists].  ^  lliey 
have  a  right  to  a  place  in  English  literary 
history." — Mr  Matthew  Arnold,  in  the 
Contemporary  Review. 

"Of  all  the  products  of  the  Cambridge 
School,  the  'Select  Discourses'  are  perhaps 
the  highest,  as  they  are  the  most  accessible 
and  the  most  widely  appreciated. ..and  indeed 
no  spiritually  thoughtful  mind  can  read  them 
unmoved.  They  carry  us  so  directly  into  an 
atmosphere  of  divine  philosophy,  luminous 
with  the  richest  lights  of  meditative  genius... 
He  was  one  of  those  rare  thinkers  in  whom 
largeness  of  view,  and  depth,  and  wealth  of 
poetic  and  speculative  insight,  only  served  to 
evoke  more  fully  the  religious  spirit,  and 
while  he  drew  the  mould  of  his  thought  from 
Plotinus.  he  vivified  the  substance  of  it  from 
St  Paul?' 


*'  It  is  necessary  to  vindicate  the  distinc- 
tion  of  these  men,  because  history  huherto 
has  hardly  done  justice  to  them.  They  have 
been  forgotten  amidst  the  more  noisy  parties 
of  their  time,  between  whom  they  sought  to 
mediate... .What  they  really  did  for  the  cause 
of  religious  thought  has  never  been  ade- 
quately appreciated.  They  worked  with  too 
little  combmation  and  consistency.  But  it  is 
impossible  in  any  real  study  of  the  age  not  to 
recognise  the  significance  of  their  labours,  or 
to  fail  to  see  how  much  the  higher  movement 
of  the  national  mind  was  due  to  them,  while 
others  carried  the  religious  and  civil  stni^gle 
forward  to  its  sterner  issues." — Principal 
TuLi.ocH,  Rational  Theology  in  England 
in  the  lyth  Century. 

"We  may  instance  Mr  Henry  Griflii) 
Williams's  revised  edition  of  Mr  John  Smith's 
*  Select  Discourses,'  which  have  won  Mr 
Matthew  Arnold's  admiration,  as  an  example 
of  worthy  work  for  an  University  Press  to 
undertake. ' ' —  Times, 


THE  HOMILIES. 

with  Various  Readings,  and  the  Quotations  from  the  Fathers  given 
at  length  in  the  Original  Languages.  Edited  by  G.  E.  CORRlE,  D.D. 
Master  of  Jesus  College.    Demy  Oiflavo.     ys,  6</. 

DE  OBLIGATIONE  CONSCIENTIiE  PREELEC- 
TION ES  decem  Oxonii  in  Schola  Theologica  habitae  a  Roberto 
Sanderson,  SS.  Theologiae  ibidem  Professore  Regio.  With  English 
Notes,  including  an  abridged  Translation,  by  W.  Whewell,  D.D, 
late  Master  of  Trinity  College.     Demy  0<5lavo.     ys.  6d, 

ARCHBISHOP  USHER'S  ANSWER  TO  A  JESUIT, 

with  other  Tra(fls  on  Popery.  Edited  by  J.  Scholefield,  M.A.  late 
Regius  Professor  of  Greek  in  the  University.    Demy  06lavo.    ys,  6d, 

WILSON'S    ILLUSTRATION   OF    THE   METHOD 

of  explaining  the  New  Testament,  by  the  early  opinions  of  Jews  and 
Christians  concerning  Christ  Edited  by  T.  TURTON,  D.D.  late  Lord 
Bishop  of  Ely.     Demy  Odlavo.    51. 

LECTURES   ON    DIVINITY 

delivered  in  the  University  of  Cambridge,  by  John  Hey,  D.D. 
Third  Edition,  revised  by  T.  TuRTON,  D.D.  late  Lord  Bishop  of  Ely. 
2  vols.    Demy  O^vo.     15J. 
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PUBLICATIONS  OF 


OEEEE  AND  LATIN  CLASSICS,  &c.  (See  also  pp.  18-20.) 


SELECT    PRIVATE    ORATIONS   OF 

DEMOSTHENES, 

with  IntrodttCtiotts  and  English  Notes,  by  F.  A.  Paley,  M.A.  Editor 
of  Aeschylus,  etc.  and  J.  E.  Sandys,  M.A.  Fellow  and  Tutor  of  St 
John's  College,  and  Public  Orator  in  the  University  of  Cambridge. 

Part  I.  containing  Contra  Phormionem,  Lacritum,  Pantaenetum, 
Boeotum  de  Nomine,  Boeotum  de  Dote,  Dionysodoruni.  Crown 
Odlavo,  cloth,    dr. 


"The  fame  of  Mr  Paley  as  one  of  the 
best  practical  Grecians  of  this  age  would 
alone  De  sufficient  to  secure  attention  for  this 
book  among  the  Head  Masters  of  our  Public 
Schools  and  the  Tutors  of  our  Colleges  .... 
It  contains,  in  the  small  compass  of  2^0  pages, 
six  of  the  speedies  of  the  great  Athenian 
orator,  which  are  less  commonly  read  than 
his  'Philippics'  and  the  *De  Corona/  be- 
cause they  rank  among  his  '  private  orations.' 
And  yet,  equally  with  the  greater  speeches 
of  the  same  orator,  they  will  be  found  to 
illustrate  not  only  the  details  of  finance, 
loans,  interest,  banking,  and  other  mercantile 
transactions  in  Greece  in  the  time  of  Philip, 
but  also  the  laws  and  general  polity  of  that 
Athenian  State,  which  was  the  model  of  the 

ancient  world We  gather  from  the 

Preface  that  the  task  of  illustrating  these 
speeches  from  external  sources,  such  as 
Boeckh's  work  on  *The  Public  Economy 
of  Athens'  and  from  other  German  books, 


has  fallen  upon  Mr  Sandys.  We  may 
add  that  the  introductions  prefixed  to  the 
Speeches,  and  also  the  English  foot-notes, 
leave  very  little  to  be  desired  by  the  student 
in  the  interpretation  of  the  author's  mean- 
ing, "—y/^r*. 

"Mr  Paley's  scholarship  is  sound  and 
accurate,  his  experience  of  editing  wide,  and 
if  he  is  content  to  devote  his  learning  and 
abilities  to  the  production  of  such  manuals 
as  these,  thev  will  be  received  with  gratitude 
throughout  tne  higher  schools  of  the  country. 
Mr  Sandys  is  deeply  read  in  the  German 
literature  which  bears  upon  his  author,  and 
the  elucidation  of  matters  of  daily  life,  in  the 
delineation  of  which  Demosthenes  is  so  rich, 
obtains  full  justice  at  his  hands.  ....  We 
hope  that  this  edition  may  lead  the  way 
to  a  more  general  study  of  these  speeches 
in  schools  than  has  hitherto  been  possible. 
....  The  index  is  extremely  complete,  and 
of  great  service  to  learners." — Academy, 


Part  1 1,  containing  Pro  Phormione,  Contra  Stephanam  I.  II.; 
Nicostratum,  Cononem,  Calliclem.    ^s,  6d. 


"The  six  selected  Orations,  aided  bv 
introductions  and  notes  which  supply  all 
that  is  needed  for  understanding  the  original 
text,  will  place  clearly  before  the  student 
some  tolerably  complete  pictures  of  life  and 
lawsuits  at  Athens  in  the  fourth  century  B.C. 
For  those  who  are  preparing  for  the  Cam- 
bridge Tripos,  the  assistance  which  this 
volume  can  give  will  be  found  of  the  utmost 
value. " —  Tunes. 

" the  edition  reflects  credit  on 

Cambridge  scholarship,  and  ought  to  be  ex- 
tensively used." — Atheiueum. 

"In  this -volume  we  have  six  of  Demo- 
sthenes' private  speeches,  well  selected  and 
very  carefully  edited.  The  notes  are  very 
full  and  minute,  and  the  introductions  to  the 
speeches  will  reward  careful  study." — S^C" 
iator, 

"To  give  even  a  brief  sketch  of  thesic 
speeches  [Pro  Phcrmio$u  and  Contra  SU^ 
/Aanum]  would  be   incompatible  with  our 


limits,  though  we  can  hardly  conceive  a  task 
more  useful  to  the  classical  or  professional 
scholar  than  to  make  one  for  himself. .... 
It  is  a  great  boon  to  those  who  set  them- 
selves  to  unravel  the  thread  of  arguments 
pro  and  con  to  have  the  aid  of  Mr  Sandys's 
excellent  running  commentary  ....  and  no 
one  can  say  that  he  b  ever  deficient 
in  the  needful  help  which  enables  us  to 
form  a  sound  estimate  of  the  rights  of  the 

case fi'he  speeches  against  Conon 

and  Callides]  seem  to  us  eminently  to  de- 
serve introduction  into  higher  school  read- 
ing; if  read  with  the  notes  and  comments 
of  the  edition  before  us,  they  would  give 
the  tiro  no  vague  idea  of  life  as  it  was  in 

Demosthenic  Athens  and  Attica 

It  is  long  since  we  have  come  upon  a  work 
evincing  more  pains,  scholarship^  and  varied 
research  and  illustration  than  Mr  Sandys's 
contribution  to  the  'Private  Orations  of 
Demosthenes'."— kSa/Kn^j'  Review, 
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ARISTOTLE. 

THE  RHETORIC.  With  a  Commentary  by  the  late  E.  M.  Cope, 
Fellow  of  Trinity  College,  Cambridge,  revised  and  edited  for  the 
Syndics  of  the  University  Press  by  J.  E.  Sandys,  M.A.,  Fellow  and 
Tutor  of  St  John's  College,  Cambridge,  and  Public  Orator.  With 
a  biographical  Memoir  by  H.  A.  J.  MUNRO,  M.A.  Three  Volumes, 
Demy  Odlavo.    £i.  iis,6d 

ccedtngly  well.** — Examiner. 

**  A  careful  examination  of  the  work  shows 
that  the  high  expectations  of  clas«acal  stu- 
dents will  not  be  disappointed.  Mr  Cope's 
'  wide  and  minute  acquaintance  with  all  the 
Aristotelian  writings,'  to  which  Mr  Sandys 

i'ustly  bears  testimony,  his  thorough  know- 
edge  of  the  important  contributions  of  mo- 
dem German  scholars,  his  ripe  and  accurate 
scholarship,  and  above  all,  that  sound  judg- 
ment and  never-failine  good  sense  whidi  are 
the  crowning  merit  of  our  best  English  edi- 
tions of  the  Classics,  all  combine  to  make 
this  one  of  the  most  valuable  additions  to  the 
knowledge  of  Greek  literature  which  we  have 
had  for  many  years....  A  glance  at  the  very 
complete  indexes,  for  which  our  heartiest 
thanlcs  are  due  to  the  care  of  the  Public 
Orator,  will  show  the  extent  of  the  contribu- 
tions thus  made  to  our  knowledge  of  Aris- 
totle's language.  It  involves,  too,  freauent 
discussion  of  points  of  syntax,  in  which  we 
have  again  and  again  to  admire  the  same 
precise  scholarship  which  reproduced  for  us 
the  Gotrgias  and  the  Phaedo  with  a  photo- 
graphic accuracy  far  more  welcome  than  any 
lax  paraphrase^  however  graceful.  But  what 
we  nave  especially  to  admire  is  the  clearness 
with  which  the  train  of  thought  is  brought 
into  the  fullest  light,  and  illustrated  from 
a  wonderful  acqiuiintance  with  Aristotle's 
other  writings....  Mr  Sandys's  own  additions 
are  of  much  value,  although  they  are  gene- 
rally very  brief,  except  in  the  third  book. 
Indeed,  while  recognising  the  strong  reasons 
agamst  swelling  the  bulk  of  the  Commentary, 
we  are  inclined  sometimes  to  wish  them  a 
little  more  numerous.** — Spectator, 


'*It  is  into  the  Commentary,  then,  that 
Mr  Cope  has  thrown  all  his  strength.  Nor 
do  we  re<fuire  to  read  far  in  order  to  realize 
our  anticipations  with  regard  to  his  scholar- 
ship and  diligence.     Mr  Cope  was  familiar 

with  Aristotle  and  with  Greek: 

but  in  these  volumes  the  proof  is  most  con- 
vincingly present  throughout  the  handling  of 
the  matter  and  the  manner  of  his  author. 
He  was  familiar  also  with  the  best  Aristo- 
telian scholarship  of  the  Continent,  and  he 
has  liberally  shared  this  advantage  with  his 

readers Mr  Sandys  has 

performed  his  arduous  duties  with  lAarked 
ability  and  admirable  tact,  so  that  it  may 
fairly  be  doubted  whether  the  Commentary 
really  suflers  from  want  of  the  author's  own 
editorial  care.  He  has  everywhere  tried, 
with  reverent  fidelity,  to  do  as  Mr  Cope 
would  have  done,  had  he  not  been  prevented 
by  untimely  fate.  Besides  the  revision  of 
Mr  Cope's  material  already  referred  to  in  his 
own  words,  Mr  Sandys  has  thrown  in  many 
U5:eful  notes;  none  more  useful  than  those 
that  brin^  the  Commentary  up  to  the  latest 
scholarship  by  reference  to  important  works 
that  have  appeared  since  Mr  Cope's  illness 
put  a  perioa  to  his  labours.  When  the 
original  Commentary  stops  abruptly  three 
chapters  before  the  end  of  the  third  book, 
Mr  Sandys  carefully  supplies  the  deficiency, 
following  Mr  Cope's  general  plan  and  the 
slightest  available  indications  of  his  intended 
treatment.^  In  Appendices  he  has  reprinted 
from  classical  journals  several  articles  of  Mr 
Cope's ;  and.  what  is  better,  he  has  given  the 
best  of  the  late  Mr  Shilleto's  *  Adversaria.' 
In  every  part  of  his  work — revising,  supple- 
menting, and  completing — ^he  has  done  ex- 


P.  VERGILI   MARONIS  OPERA 

cum  Prolegomenis  et  Commentario  Critico  pro  Syndicis  Preli 
Academici  edidit  Benjamin  Hall  Kennedy,  S.T.P.,  Graecae 
Linguae  Professor  Regius.    Extra  Fcap.  O^avo,  cloth,  5^. 

M.  T.  CICERONIS   DE   OFFICIIS   LIBRI  TRES, 
new  edition,  much  enlarged  and  improved, 

with  Marginal  Analysis,  an  English  Commentary,  and  copious  Indices, 
by  H.  A.  HOLDEN,  LL.D.  Head  Master  of  Ipswich  School,  late  Fellow 
of  Trinity  College,  Cambridge,  Classical  Examiner  to  the  University 
of  London,    Crown  Odlavo,  ^s.  6d, 

PLATO'S  PHiEDO, 

literally  translated,  by  the  late  E.  M.  COPE,  Fellow  of  Trinity  College, 
Cambridge.    Demy  0(flavo.     5^. 


London :   Cambridge  Warehouse^  1 7  Paternoster  Row, 
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PUBLICATIONS  OF 


ARABIC. 

POEMS  OF  BEHA  ED  DIN  ZOHEIR  OF  EGYPT. 

With  a  Metrical  Translation,  Notes  and  Introduction,  by  E.  H. 
Palmer,  M.A.,  Barrister-at-Law  of  the  Middle  Temple,  Lord 
Almoner's  Professor  of  Arabic  and  Fellow  of  St  John's  College 
in  the  University  of  Cambridge.    3  vols.  Crown  Quarto. 

Vol.  I.    The  Arabic  Text,    los,  6d,;  Cloth  extra,  ijj. 

Vol.  11.    English  Translation,    los,  6d.\  Cloth  extra,  15^. 


"  Professor  Palmer's  activity  in  advancing 
Arabic  scholarship  has  formerly  shown  itself 
in  the  production  of  his  excellent  Arabic 
Grammar,  and  his  Descriptive  Catalogue  of 
Arabic  MSS.  in  the  Library  of  Trinity  Col- 
lege, Cambridge.  He  has  now  produced  an 
admirable  text,  which  illustrates  m  a  remark- 
able manner  the  flexibility  and  graces  of  the 
language  he  loves  so  well,  and  of  which  he 
seems  to  be  perfect  master....  The  Syndicate 
of  Cambridge  University  must  not  pass  with- 
out the  recognition  of  their  liberality  in 
bringing  out,  in  a  worthy  form,  so  important 
an  Arabic  text  It  is  not  the  first  time  that 
Oriental  scholarship^  has  thus  been  wisely 
subsidised  by  Cambridge."— /»/^/V>»  Mail. 

*'  It  is  impossible  to  quote  this  edition  with- 
out an  expression  of  admiration  for  the  per^ 
fection  to  which  Arabic  typography  has  been 
brought  in  England  in  this  magnincent  Ori- 
ental work,  the  production  of  which  redounds 
to  the  imperishable  credit  of  the  University 
of  Cambridge.  It  may  be  pronounced  one  of 
the  most  beautiful  Oriental  books  that  have 
ever  been  printed  in  Europe :  and  the  learning 
f>f  the  Editor  worthily  rivals  the  technicsu 
get-up  of  the  creations  of  the  soul  of  one  of 
the  most  tasteful  poets  of  IslAm,  the  study 
i)f  which  will  contribute  not  a  little  to  save  the 
honour  of  the  poetry  of  the  Arabs.  Here 
first  we  make  the  acquaintance  of  a  poet  who 
gives  us  something  better  than  monotonous 
descriptions  of  camels  and  deserts,  and  may 
even  be  regarded  as  superior  in  charm  to  al 
Mutanabbi." — Mythology  among  the  He- 
KREWS  {EM£-i.  Trans/.),  p.  194. 

•'Professor  Palmer  has  produced  the  com- 
plete works  of  Beh£-ed-dfn  Zoheir  in  Arabic, 
and  has  added  a  second  volume,  containing 
nn  English  verse  translation  of  the  whole. 
He  thinks,  and  we  believe  rightly,  that  this 
is  the  first  time  a  translation  of  the  entire 
works  of  an  Arabic  poet  has  ever  been  pro- 
duced in  England ;  and  he  has  done  his  work 
well.  It  is  a  difficult  problem  how  to  trans- 
lace  an  Eastern  poet.  A^  prose  version  is 
generally  unreadable ;  and  if  verse  be  chosen, 
It  is  sttll  hard  to  give  any  notion  of  the 
movement  of  the  original.  Professor  Palmer 
has,  we  think,  grappled  successfully  with  the 

problem It  is  time  the   English  public 

altered  their  views  about  Orientalpoetry.  A 
fair  translation  has  enlightened  them  about 
Omar  KhayyAm  and  Persian  poetry;   and 


now  Professor  Palmer's  very  able  rendering 
of  Behil-ed-d(n  should  show  them  that  they 
have  been  under  an  illusion  about  Arab 
poetry.  It  is  very  different  from  Persian ;  in 
some  respects  not  so  fine ;  but  it  is  certainly 
worthy  of  careful  study.  And  Behii-ed-dfn 
is  a  good  .specimen  of  the  later  style  of  Arab 
poetry.  It  is  only  fair  to  add  that  the  book, 
by  the  taste  of  its  arabn^que  binding,  as  well 
as  by  the  beauty  of  the  typography,  which 
reflects  great  credit  on  the  Csunbridge  Uni- 
versity Press,  is  entitled  to  a  place  in  the 
drawing-room.** — Times. 

"  For  ease  ^  and  facility,  for  variety  of 
metre,  for  imitation,  either  designed  or  un- 
conscious of  the  style  of  severalof  our  own 

poets,  these  versions  deserve  high  praise 

We  have  no  hesitation  in  saying  that  in  both 
Prof.  Palmer  has  made  an  addition  to  Ori- 
ental literature  for  which  scholars  should  be 
S'ateful ;  and  that,  while  his  knowledge  of 
rabic  is  a  sufficient  guarantee  for  his  mas- 
tery of  the  original,  his  English  compositions 
are  distinguished  by  versatility,  command  of 
language,  rhythmical  cadence,  and,  as  we 
have  remarked,  by  not  unskilful  imitations  of 
the  styles  of  several  of  our  own  favourite 
poets,  living  and  dead.'* — Saturday  Revitw. 
'*Zoheir  is  exhibited  by  Mr  Palmer  as  a  bold, 
lively,  and  versatile  writer,  who  casts  an  un- 
expected light  on  the  varied  moods  of  thought 
and  feeling  that  could  gain  popularity  among 
intelligent  men  at  Cairo  in  the  thirteenth 
century  of  our  ajra.** — The  Guardian. 

"  This  sumptuous  edition  of  the  poems  of 
Beh&-ed-din  Zoheir  is  a  very  welcome  addi- 
tion to  the  small  series  of  Eastern  poets 
accessible  to  readers  who  are  not  Oriental- 
ists..... In  all  there  is  that  exquisite  finish  of 
which  Arabic  poetry  is  susceptible  in  so  rare 
a  degree.  The  form  is  almost  always  beau- 
tiful, be  the  thought  what  it  may.  But  this, 
of  course,  can  only  be  fully  appreciated  by 
Orientalists.  And  this  brings  us  to  the  tran- 
slation. It  is  excellently  well  done.  Mr 
Palmer  has  tried  to  imitate  the  fall  of  the 
original  in  his  selection  of  the  English  metre 
for  the  various  pieces,  and  thus  contrives  to 
convey  a  faint  idea  of  the  graceful  flow  of 

the  Arabic Altogether  the  inside  of  the 

book  is  worthy  of  the  beautiful  arabesqae 
binding  that  rejoices  the  eye  of  the  lover  of 
Arab  art." — Academy. 


London:    Cambridge  Warehouse^   17  Pattrtwsier  Row, 
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SANSKRIT* 

nalopAkhyanam,  or,  the  tale  of  NALA  ; 

containing  the  Sanskrit  Text  in  Roman  Characters,  followed  by  a 
Vocabulary  in  which  each  word  is  placed  under  its  root,  with  references 
to  derived  words  in  Cognate  Languages,  and  a  sketch  of  Sanskrit 
Grammar.  By  the  Rev.  Thomas  Jarjblett,  M.A.  Trinity  College, 
Regius  Professor  of  Hebrew,  late  Professor  of  Arabic,  and  formerly 
Fellow  of  St  Catharine's  College,  Cambridge.    Demy  Odlavo.     lor. 


MATHEMATICS,  FHTSICAL  SCIENCE,  ftc. 
A  TREATISE  ON  NATURAL  PHILOSOPHY. 

Volume  I.  By  Sir  W.  Thomson,  LL.D.,  D.CL.,  F.R,S.,  Professor  of 
Natural  Philosophy  in  the  University  of  Glasgow,  Fellow  of  St  Peter's 
College,  Cambridge,  and  P.  G.  Tait,  M.A.,  Professor  of  Natural  Phi- 
losophy in  the  University  of  Edinburgh;  formerly  Fellow  of  St  Peter's 
College,  Cambridge.    New  Edition  in  the  Press, 


ELEMENTS   OF  NATURAL  PHILOSOPHY. 
By  Professors  Sir  W.  Thomson  and  P.  G.  Tait.  Part  I.   8vo.  cloth,  9^. 


i<< 


'  This  work  is  desired  especially  for  the 
use  of  schoob  and  junior  classes  in  the  Uni*> 
versities,  the  mathematical  methods  being 
limited  almost  without  exception  to  those  of 
the  most  elementary  geometry,  algebra,  and 


trigonometry.  Tyros  in  Natural  Philosophy 
cannot  be  better  directed  than  by  being  tuld 
to  give  their  diligent  attention  to  an  intel- 
ligent digestion  of  the  contents  of  this  exceU 
lent  vad€  mecum. " — Iron,     v 


AN   ELEMENTARY  TREATISE   ON 
QUATERNIONS. 

By  P.  G.  Tait,  M.A.,  Professor  of  Natural  Philosophy  in  the  Univer- 
sity of  Edinburgh ;  formerly  Fellow  of  St  Peter's  College,  Cambridge. 
Second  Edition.    Demy  8vo.  14^. 


THE  ANALYTICAL  THEORY   OF    HEAT. 
By  Joseph  Fourier.   Translated,  with  Notes,  by  A.  Freeman,  M.A., 
Fellow  of  St  John's  College,  Cambridge.    Demy  Octavo,  i6j. 


"  Fourier's  treatise  is  one  of  the  very  few 
scientific  books  which  can  never  be  rendered 
antiquated  by  the  progress  of  science.  It  is 
not  only  the  first  and  the  greatest  book  on 
the  physical  subject  of  the  conduction  of 
Heat,  but  in  every  Chapter  new  views  are 
opened  up  into  vast  fields  of  mathematical 
speculation. 


"Whatever  text-books  may  be  written, 
giving,  perhaps,  more  succinct  proofs  of 
Founer's  different  equations,  Fourier  him- 
self  will  in  all  time  coming  retain  his  unique 
prerogative  of  being  the  guide  of  his  reader 
mto  regions  inaccessible  to  meaner  men,  how- 
ever tx^xxJ*— Extract  from  Utter  cjf  Pro* 
fessor  CUrk  Mojrweil. 


London:  Cambridge  Warehouse,  17  Paternoster  Row. 


12  PUBLICATIONS  OF 

THE  MATHEMATICAL  WORKS   OF 
ISAAC  BARROW,  D.D. 

Edited  by  W.  Whewell,  D.D.    Demy  Octavo.    Ts,  6d, 

ILLUSTRATIONS      OF     COMPARATIVE     ANA- 
TOMY, VERTEBRATE  AND   INVERTEBRATE, 

for  the  Use  of  Students  in  the  Museum  of  Zoology  and  Comparative 
Anatomy.    Second  Edition.    Demy  Octavo,  cloth,  2s,  6d. 

A  SYNOPSIS  OF  THE  CLASSIFICATION  OF 

THE  BRITISH   PALAEOZOIC  ROCKS, 

by  the  Rev.  Adam  Sedgwick,  M.A,  F.R.S.,  formerly  Woodwardian 
Professor,  and  Fellow  of  Trinity  College,  Cambridge ;  with  a  systematic 
description  of  the  British  Palaeozoic  Fossils  in  the  Geological  Museum 
of  the  University  of  Cambridge,  by  Frederick  M^Coy,  F.G.S., 
Professor  of  the  Natural  Sciences  in  the  University  of  Melbourne ; 
formerly  Professor  of  Geology  and  Mineralogy  in  the  Queen's  Uni- 
versity in  Ireland;  with  Figures  of  the  New  and  Imperfectly  known 
Species.    One  volume.  Royal  Quarto,  cloth,  with  Plates,  ;^i.  is, 

A  CATALOGUE  OF  THE  COLLECTION  OF 
CAMBRIAN  AND  SILURIAN   FOSSILS 

contained  in  the  Geological  Museum  of  the  University  of  Cambridge, 
by  J.  W.  Salter,  F.G.S.  With  a  Preface  by  the  Rev.  Adam  Sedg- 
wick, LL.D.,  F.R.S.,  and  a  Table  of  Genera  and  Index  added  by 
Professor  MoRRis,  F.G.S.  With  a  Portrait  of  Professor  Sedgwick. 
Royal  Quarto,  cloth,  ys,  6d. 

CATALOGUE   OF   OSTEOLOGICAL  SPECIMENS 

contained  in  the  Anatomical  Museum  of  the  University  of  Cam- 
bridge.   Demy  Oiflavo.    2s,  W. 

ASTRONOMICAL  OBSERVATIONS 

made  at  the  Observatory  of  Cambridge  by  the  Rev.  James  Challis, 
M.A.,  F.R.S.,  F.RA.S.,  Plumian  Professor  of  Astronomy  and  Experi- 
mental Philosophy  in  the  University  of  Cambridge,  and  Fellow  of 
Trinity  College.    For  various  Years,  from  1846  to  186a 


London :   Cambridge  Warehouse^  1 7  Paternoster  Rcu*, 
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LAW. 

THE  FRAGMENTS   OF  THE  PERPETUAL 

EDICT   OF  SALVIUS  JULIANUS, 

collected,  arranged,  and  annotated  by  Bryan  Walker,  M.A.  LL.D. 
Law  Lecturer  of  St  John's  College,  and  late  Fellow  of  Corpus  Christi 
College,  Cambridge.     Crown  8vo.,  Cloth,  Price  6j. 

THE  COMMENTARIES  OF  GAIUS  AND  RULES 
OF   ULPIAN.    (New  Edition,  revised  and  enlarged.) 

With  a  Translation  and  Notes,  by  J.  T.  Abdy,  LL.D.,  Judge  of  County 
Courts,  late  Regius  Professor  of  Laws  in  the  University  of  Cambridge, 
and  Bryan  Walker,  M.A.,  LL.D.,  Law  Lecturer  of  St  John's 
College,  Cambridge,  formerly  Law  Student  of  Trinity  Hall  and 
Chancellor's  Medallist  for  Legal  Studies.    Crown  06lavo,  i6y. 


'*  As  scholars  and  as  editors  Messrs  Abdy 
and   Walker  have    done  their   work  well. 

For  one  thing  the  editors  deserve 

special  commendation.  They  have  presented 
Gains  to  the  reader  with  few  notes  and  those 
merely  by  way  of  reference  or  necessaiy 
explanation.  Thus  the  Roman  jurist  is 
allowed  to  speak  for  himself^  and  the  reader 
feels  that  he  is  really  studying  Roman  law 
in  the  original,  and  not  a  fanciful  representa- 
tion of  it.  — Atk^naum. 

**  The  number  of  books  on  various  subjects 
of  the  dvil  law,  whidi  have  lately  issued  from 
the  Press,  shews  that  the  revival  of  the  study 
of  Roman  jurisprudence  in  this  country^  is 
genuine  and  increasing.    The  present  edition 


of  Gaius  and  Ulpian  from  the  Cambridge 
University  Press  indicates  that  the  Universi- 
ties  are  alive  to  the  importance  of  the  move- 
ment, and  the  fact  that  the  new  edition  has 
made  its  appearance  within  four  years  from 
the  original  production  of  the  book,  should 
encourage  the  Syndics  to  further  efforts  in  the 
same  direction.  The  auspices  under  which 
Messrs  Abdy  and  Walker  produce  their  book 
are  a  guarantee  that  it  is  a  scholarly  and 
accurate  performance ;  and  Mr  Abdy's  prac- 
tical experience  as  a  County  Court  Judge 
sui^lies  a  link  between  theory  and  practice 
which,  no  doubt,  has  had  a  beneficial  effect 
upon  their  work."-— Zow  Journal, 


THE  INSTITUTES   OF  JUSTINIAN, 

translated  with  Notes  by  J.  T.  Abdy,  LL.D.  Judge  of  County  Courts, 
late  Regius  Professor  of  Laws  in  the  University  of  Cambridge,  and 
formerly  Fellow  of  Trinity  Hall ;  and  Bryan  Walker,  M.A.,  LL.D. 
Law  Lecturer  of  St  John's  College,  Cambridge ;  late  Fellow  and 
Lecturer  of  Corpus  Christi  College;  and  formerly  Law  Student  of 
Trinity  Hall.     Crown  Odlavo,  i6s. 


"We  welcome  here  a  valuable  contribution 
to  the  study  of  jurisprudence.  The  text  of 
the  Institutes  is  occasionally  perplexing,  even 
to  practised  scholars,  whose  knowledge  of 
cla^ical  models  does  not  always  avail  them 
in  dealing  with  the  technicalities  of  legal 
phraseology.  Nor  can  the  ordinary  diction- 
aries be  expected  to  furnish  all  the  help  that 
is  wanted.  This  translation  will  then  be  of 
great  use.  To  the  ordinary  student,  whose 
attention  is  distracted  from  the  suhtect-matter 
by  the  difficulty  of  struggling  through  the 
language  in  which  it  is  contained,  it  will  be 
almost  mdispensable." — Spectator. 

"  The  notes  are  learned  and  carefully  com- 
piled, and  this  edition  will  be  found  useful 
to  students." — Law  Times. 

**  Dr  Abdy  and  Dr  Walker  have  produced 
a  book  which  is  both  elegant  and  useful.  .  . 


Instead  of  a  general  historical  summary  in 
the  form  of  an  Introduction,  we  find  a  num- 
ber of  disquisitions  on  various  points,  partly 
historical  and  partly  purely  legal,  in  the 
Appendix  at  the  end.  We  conceive  that 
these  short  essa>[s,  treating  oipatriaj^otestas, 
marriage,  adoption,  and  the  like,  will  be  of 
much  service  to  the  student,  as  presenting, 
in  a  compendious  form,  yet  not  too  scantily 
to  be  useful,  that  which  would  otherwise 
have  to  be  gleaned  with  labour  from  a  large 
surface.  The  new  book  is  also  distinguished 
by  another  special  feature;  an  'An^ysis  of 
the  Institutes'  is  given,  in  a  tabular  form,  at 
the  beginning.  . .  The  'Analysis'  is,  undeni- 
ably, a  useful  addition,  and  the  authors  de- 
serve credit  both  for  the  idea  and  for  the 
style  of  execution." — Atkenaum, 


GROTIUS   DE  JURE   BELLI   ET   PACIS, 

with  the  Notes  of  Barbeyrac  and  others ;  accompanied  by  an  abridged 
Translation  of  the  Text,  by  W.  Whewell,  D.D.  late  Master  of  Trinity 
College.    3  Vols.    Demy  06lavo,  30^.    The  translation  separate,  loj. 


London:    Cambridge  Warehouse^  17  Paternoster  Row. 
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PUBLICATIONS  OF 


HISTOBT. 

HISTORY  OF  NEPAL, 
translated  by  Munshi  Shew  Shunker  Singh  and  Pandit  Shri 
GUNANAND ;  edited  with  an  Introductory  Sketch  of  the  Country  and 
People  by  Dr  D.  Wright,  late  Residency  Surgeon  at  K&thm&ndu, 
and  with  facsimiles  of  native  drawings,  and  portraits  of  Sir  Jung 
Bahadur,  the  King  of  Nepal,  &c.    Super-royal  8vo.    Price  2ij. 

wichte,  Zeittheilung,  sodann  ein  kurzes 
Vocabular  in  Parbaciyi  und  New&rt,  einige 
NcwSri  songb  mit  Intertinear-UeberseUung, 
eine  KOnigsliste,  und,  last  not  least,  ein 
Verzeichniss  der  von  ihm  mitgebrachtcn 
Sanskrit-Mss.,  welche  jetzt  in  der  Universi- 
tats-Bibliothek  in  Cambridge  deponirt  sind." 
— A.  Weber,  Literaturzeitung^  Jahigang 
1877,  Nr.  26. 

'*  This  native  history  is  a  inost  interesting 
contribution  to  our  knowledge  of  Nepault 
and  the  accuracy  of  the  translation  is  certified 
by  the  fact  of  its  having  been  made  by  the 
Meer  Moonshee  attached  to  the  Bridsh  Re- 
sidency at  Khatmandoo,  who  has  lived  in 
Nepaul  for  nearly  30  years,  assisted  by  the 
Pundit  Shree  Gunanund,  who  is  a  native  of 
Nepaul,  and  whose  ancestors  have  for  many 
generations  been  the  compilers  of  this  his* 
tory.*' —  Times. 

**  On  trouvc  le  portrait  et  la  g^n^ogie 
de  Sir  Jang  Bahadur  dans  Texcellent  ouvrage 

que  vient  de  publicr  Mr  Daniel  Wright, 

sous  le  titre  de  '  History  of  Nepal,  trandated 
from  the  Parbatiya,  etc"* — M.  Garcin  dr 
Tassv  m  La  Langue  et  la  LitUraturt  Hin- 
doustanUi  in  1877.     Pans,  1878. 


"  The  Cambridge  University  Press  have 
done  well  in  publishing  this  work.  Such 
translations  are  valuable  not  only  to  the  his- 
torian but  also   to  the  ethnologist; Dr 

Wright's  Introduction  is  based  on  personal 
inquiry  and  observation,  is  written  intelli- 
gently and  candidly,  and  adds  much  to  the 
value  of  the  volume.  The  coloured  litho- 
graphic plates  are  interesting/' — Nature. 

"  The  history  has  appeared  at  a  very  op- 
portune moment... The  volume... is  beautifully 
!>rinted,  and  supplied  with  portraits  of  Su: 
[ung  Bahadoor  and  others,  and  with  excel- 
ent  coloured  sketches  illustrating  Nepaulese 
architecture  and  religion." — Examiner. 

**  In  pleasing  contrast  with  the  native  his- 
tory are  the  five  introductory  chapters  con- 
tributed by  Dr  Wright  himself,  who  saw  as 
much  of  Nepal  durine  his  ten  years'  sojourn 
as  the  strict  rules  enforced  agamst  foreigners 
even  by  Jung  Bahadur  would  let  him  see."— 
Indian  Mau. 

"Von  nicht  geringem  Werthe  dagegen  sind 
die  Beigaben,  welche  Wright  als  'Appendix' 
hinter  der  'history'  folgcn  iSsst,  Aufzah- 
lungen  n&mlich  der  in  Nepal  Qblichen  Musik- 
Instrumente,   Ackergerathe,   Munzen,    Ge- 


SCHOLAR    ACADEMICAE: 

Some  Account  of  the  Studies  at  the  English  Universities  in  the 
Eighteenth  Century.  By  Christopher  Wordsworth,  M.A., 
Fellow  of  Peterhouse ;  Author  of  "  Social  Life  at  the  English 
Universities  in  the  Eighteenth  Century."     Demy  octavo,  cloth,  15J. 


"The  general  object  of  Mr  Wordsworth's 
book  is  sufficiently  apparent  from  its  title. 
He  has  collected  a  great  quantity  of  minute 
and  curious  information  about  the  working 
of  Cambridge  institutions  in  the  last  century, 
with  an  occasional  comparison  of  the  corre- 
sponding state  of  things  at  Oxford.  It  is  of 
course  impossible  that  a  book  of  this  kind 
should  be  altogether  entertaining  as  litera- 
ture. To  a  great  extent  it  is  purely  a  book 
of  reference,  and  as  such  it  will  be  of  per- 
manent value  for  the  historical  knowledge  of 
English  education  and  learning."— %ya/»r(/<>y 
Review. 

"This  work  follows  the  modem  historical 
method;  it  is  not  an  argumentative  romance 
with  a  few  facts  let  in  where  they  support 
a  favourite  view,  but  a  careful  exhumation  of 
dead  records;  which  are^  made  to  bring 
before  us  a  live  past,  by  being  placed  in  due 
connection  by  a  man  who  understands  them 

and  loves  his  subject In  the  work  before 

us,  which  is  strictly  what  it  professes  to  be, 


an  account  of  university  studies,  we  obtain 
authentic  information  upon  the  course  and 
chimges  of  philosophical  thought  in  this 
country,  upon  the  general  estimation  of 
letters,  upon  the  relations  of  doctrine  and 
science,  upon  the  range  and  thoroughness  of 
education,  and  we  may  add,  upon  the  cat- 
like tenacity  of  life  of  ancient  forms....  The 
particulats  Atr  Wordsworth  gives  us  in  his 
excellent  arrangement  are  most  varied,  in- 
teresting, and  instructive.  Among  the  mat- 
ters touched  upon  are  Libraries,  Lectures, 
the  Tripos,  the  Trivium,  the  Senate  House, 
the  Schools,  text-books,  subjects  of  study, 
foreign  opinions,  interior  life.  We  learn 
even  of  the  various  University  periodicals 
that  have  had  their  day.  And  last,  but  not 
least,  we  are  given  in  an  appendix  a  highly 
interesting  series  of  private  letters  from  a 
Cambridge  student  to  John  Strype,  giving 
a  vivid  idea  of  life  as  an  undergraduate  and 
afterwards,  as  the  writer  became  a  graduate 
and  a  fellow." — University  Magizim, 


London:   Cambndge  IVarehouse^  17  Paternoster  Rotv, 


v^^ 


THE  CAMBRIDGE   UNIVERSITY  PRESS. 


15 


LIFE   AND   TIMES   OF   STEIN,    OR   GERMANY 

AND  PRUSSIA  IN  THE  NAPOLEONIC  AGE, 
by  J.  R.  Seeley,  M.A.,  Regius  Professor  of  Modem  History  in  the 

University  of  Cambridge,  [In  the  Press. 

THE  UNIVERSITY  OF  CAMBRIDGE  FROM 
THE  EARLIEST  TIMES  TO  THE  ROYAL 
INJUNCTIONS  OF   1535, 

by  James  Bass  Mullinger,  M.A.    Demy  8vo.  cloth  (734  pp.),  i2j. 

"Any  book  which  throws  light  on  the  ori- 
gin and  early  history  of  our  Universities 
will  always  be  gladly  welcomed  b^  those  who 
are_  interested  in  education,  especially  a  book 
which  is  so  full  of  varied  information  as  Mr 
MuUinger's  History  of  Cambridge.  He  has 
brought  together  a  mass  of  instructive  details 
respecting  the  rise  and  progress,  not  only  of 
his  own  University,  but  ofall  the  principal 

Universities  of  the  Middle  Ages We 

hope  some  day  that  he  may  continue  his 
labours,  and  give  us  a  history  of  the  Uni- 
versity during  the  troublous  times  of  the  Re- 
formation and  the  Civil  \i9x"—AthefutHm, 

*'Mr  MuUinger's  work  is  one  of  great 
learning  and  research,  which  can  hardly  fail 
to  become  a  standard  book  of  reference  on 
the  subject. . . .  We  can  most  strongly  recom- 
mend this  book  to  our  readers." — Spectator, 


"We  have  hitherto  had  no  satisfactory 
book  in  English  on  the  subject . . .  The  fourtn 
chapter  contains  a  most  interesting  account 
of  "  Student  Life  in  the  Middle  Ages,"  but  an 
abstract  of  it  would  take  up  so  much  space 
that  we  must  refer  our  readers  to  the  oook 
itself.  Our  difficulty  throughout  has  been  to 
give  anv  adequate  account  of  a  book  in  which 
so  mucn  interesting  information  is  condensed, 
and  we  must  for  the  present  give  up  any  hope 
of  describing  the  cnaptcrs  on  'Cambridge 
at  the  Revival  of  Classical  Learning'  and 
'Cambridge  at  the  Reformation,'  though  a 
better  account  nowhere  exists  of  one  of  the 
most  eventful  periods  of  our  history.  .  .  . 
We  trust  Mr  Mullinger  will  yet  continue 
Ills  history  and  bring  it  down  to  our  own 
day. " — A  cademy. 


HISTORY  OF  THE  COLLEGE  OF  ST  JOHN 

THE   EVANGELIST, 

by  Thomas  Baker,  B.D.,  Ejected  Fellow.    Edited  by  John  E.  B. 

Mayor,  M.A.,  Fellow  of  St  John's.    Two  Vols.   Demy  8vo.  24J. 

•and  it  will  be  of  great  use  to  members  of  the 


"It  may  be  doubted  whether  there  is  any 
MS.  in  existence  which  Cambridge  men  have 
been  more  anxious  to  see  committed  to  the 

?ress,  under  competent  editorship,  than  the 
listory  of  St  John's  by  that  Socius  Ejectus 
Thomas  Baker,  whose  life  Walpole  desired 

to  write It  is  perhaps  well  for  Baker's 

reputation  . .  that  it  was  reserved  for  so  pecu' 
liarly  competent  an  editor  as  Mr  Mavor  to 
give  this  history  to  the  world. . .  If  it  be  highly 
to  the  credit  of  the  Syndics  of  the  Pitt  Press 
to  have  printed  the  book,  the  manner  in 
which  he  has  edited  it  reflects  no  less  credit 
upon  Mr  Mayor." — Notes  and  Qiuries. 

"  To  antiquaries  the  book  will  be  a  source 
of  almost  inexhaustible  amusement,  by  his- 
torians it  will  be  found  a  work  of  considerable 
^ervice  on  questions  respecting  our  social 
progress  in  past  times ;  and  the  care  and 
thoroughness  with  which  Mr  Mayor  has  dis- 
charged his  editorial  functions  are  creditable 
to  his  learning  and  industry." — Aiheiurum. 
*'  The  work  displays  very  wide  reading. 


college  and  of  the  university,  and,  perhaps, 
of  still  greater  use  to  students  of  English 
history,  ecclesiastical,  political,  social,  literary 
and  academical,  who  have  hitherto  had  to  be 
content  with  'Dyer.'" — Academy. 

"  It  may  be  thought  that  the  history  of  a 
college  cannot  be  particularly  attractive.  The 
two  volumes  before  us,  however,  have  some- 
thing more  than  a  mere  special  interest  for 
those  who  have  been  in  any  way  connected 
with  St  John's  College,  Cambridge:  they 
contain  much  which  will  be  read  with  pleasure 
by  a  far  wider  circle.  Many  of  the  facts 
brought  under  our  notice  are  of  considerable 
value  to  the  general  historical  student.  .  .  . 
Every  member  of  this  ancient  foundation 
will  recognize  the  worth  of  Mr  Mayor's 
labours,  which,  as  it  Will  appear,  have  been 
by  no  means  confined  to  mere  ordinary  edi- 
torial work.  .  .  .  The  index  with  whicn  Mr 
Mayor  has  furnished  this  useful  work  leaves 
nothing  to  be  desired." — Spectator, 


THE  ARCHITECTURAL   HISTORY  OF  THE 

UNIVERSITY  AND  COLLEGES  OF  CAMBRIDGE, 

By  the  late  Professor  Willis,  M.A.    With  numerous  Illustrations. 

Edited  by  John  Willis  Clark,  M.A.,  formerly  Fellow  of  Trinity 

College,  Cambridge.  \In  tht  Press, 


London:   Cambridge   Warehouse^  17  Paternoster  Row, 
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CATALOGUES. 

CATALOGUE  OF  THE  HEBREW  MANUSCRIPTS 

preserved  in  the  University  Library,  Cambridge.  By  Dr  S.  M. 
ScHiLLER-SziNESSY.  Volume  I.  containing  Section  i.  The  Holy 
Scriptures;  Section  1 1.  Commentaries  on  the  Bible.  -Demy  0(5lavo.  9J. 

A  CATALOGUE   OF  THE  MANUSCRIPTS 

preserved  in  the  Library  of  the  University  of  Cambridge.  Demy 
06lavo.    5  Vols.  loj.  each, 

INDEX    TO    THE    CATALOGUE.    Demy  Oaavo.    i<w. 
A  CATALOGUE  OF  ADVERSARIA  and  printed 

books  containing  MS.  notes,  preserved  in  the  Library  of  the  University 
of  Cambridge,    ^j.  6^. 

THE    ILLUMINATED    MANUSCRIPTS    IN   THE 
LIBRARY  OF  THE  FITZWILLIAM   MUSEUM, 

Catalogued  with  Descriptions,  and  an  Introduction,  by  William 
George  Searle,  M.A.,  late  Fellow  of  Queens'  College,  and  Vicar  of 
Hockington,  Cambridgeshire.    Demy  Odlavo.    'js,  6^ 

A  CHRONOLOGICAL    LIST    OF   THE  GRACES, 

Documents,  and  other  Papers  in  the  University  Registry  which  con- 
cern the  University  Library.    Demy  Odlavo.    zs.  6d, 

CATALOGUS    BIBLIOTHECiE    BURCKHARD- 

TIANiE.    Demy  Quarto.     Sj. 


mSGELLANEOUS. 

STATUTA  ACADEMIiE  CANTABRIGIENSIS. 

Demy  Odlava    2s.  sewed. 

ORDINATIONES  ACADEMIiE 
CANTABRIGIENSIS. 

Demy  Odlavo,  cloth,    3J.  6d, 
TRUSTS,  STATUTES  AND  DIRECTIONS  affecting 

(i),  The  Professorships  of  the  University.    (2)  The  Scholarships  and 
Prizes.    (3)  Other  Gifts  and  Endowments.     Demy  8vo.    5^. 

COMPENDIUM  OF  UNIVERSITY  REGULATIONS, 

for  the  use  of  persons  in  Statu  PupillarL    Demy  0<5lavo.    6^. 


— ^1 
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PITT  PRESS   SERIES   {continued). 
LE   DIRECTOIRE.     (Considerations  sur  la  R^vo- 

lution  Fran9aise.  Troisi^me  et  quatri^me  parties.)  Par  Madame 
LA  Baron  NE  de  Stael-Holstein.  With  a  Critical  Notice  of 
the  Author,  a  Chronological  Table,  and  Notes  Historical  and 
Philological.     By  Gustave  Masson.    Price  is, 

"  Prussia  under  Frederick  the  Great,  and  France  under  the  Directory,  bring 
us  face  to  face  respectively  with  periods  of  history  which  it  is  right  should  be 
known  thoroughly,  and  which  are  well  treated  in  the  Pitt  Press  volumes. 
The  latter  in  particular,  an  extract  from  the  world-known  work  of  Madame 
de  StaSl  on  the  French  Revolution,  is  beyond  all  praise  for  the  excellence 
both  of  its  style  and  of  its  matter/'—  Timet. 

DIX  ANNEES  D'EXIL.    Livre  IL    Chapitres 

I — 8.  Par  Madame  la  Baronne  De  Stael-Holstein.  With 
a  Biographical  Sketch  of  the  Author,  a  Selection  of  Poetical 
Fragments  by  Madame  de  Stael's  Contemporaries,  and  Notes 
Historical  and  PhilologicaL  By  Gustave  Masson,  B.A.  Univ. 
Gallic,  Assistant  Master  and  Librarian,  Harrow  School.    Price  is, 

"  The  choice  made  by  M.  Masson  of  the  second  book  of  the  Memoirs  of 
Madame  de  Stael  appears  specially  felicitous.  .  .  .  This  is  likely  to  be  one  of  the 
most  favoured  of  M.  Masson's  editions,  and  deservedly  so." — AceuUmy. 

FRfiDfiGONDE  ET  BRUNEHAUT.    A  Tragedy 

in  Five  Acts,  by  N.  Lemercier.  Edited  with  Notes,  Genea- 
logical and  Chronological  Tables,  a  Critical  Introduction  and  a 
Biographical  Notice.    By  Gustave  Masson.    Price  is, 

"  Like  other  books  in  the  '  Pitt  Press  Series/  this  is  neatly  printed,  and  the 
notes  are  short  and  serviceable.  Of  the  tragedy  itself  the  best  trait  is  its  style, 
which  has  been  described  as  '  Cornelian.'" — Athenteunu 

LE    VIEUX    CELIBATAIRE.      A   Comedy,  by 

Collin  D'Harleville.      With  a   Biographical    Memoir,  and 

Grammatical,  Literary  and  Historical  Notes.    By  the  same  Editor. 

Price  IS, 

M.  Masson  is  doing  good  woilc  in  introducing  learners  to  some  of  the 
known  French  plav- writers.    The  a 
notes  are  not  too  abundant." — Academy. 


less-known  French  play-writers.    The  aiguments'  are  admirably  clear,  and  the 
"      dant,"— > 


LA  METROMANIE,  A  Comedy,  by  PiRON,  with 

a  Biographical  Memoir,  and  Grammatical,  Literary  and  Historical 
Notes.     By  the  same  Editor.     Price  is, 

LASCARIS,  ou  LES  GRECS  DU  XV^.  SIECLE, 

Nouvelle  Historique,  par  A.  F.  Villemain,  Secretaire  Perp^tuel 
de  TAcademie  Fran9aise,  with  a  Biographical  Sketch  of  the  Author, 
a  Selection  of  Poems  on  Greece,  and  Notes  Historical  and  Philo* 
logical.    By  the  same  Editor.    Price  is. 


London:  Cambridge  Warehouse,  17  Paternoster  Ro7v, 
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PITT  PRESS  SERIES  {continued). 

iV.    GERMAN. 

A  BOOK  OF  GERMAN  DACTYLIC  POETRY. 

Arranged  and  Annotated  by  Wilhelm  Wagner,  Ph.D.  Professor 
at  the  Johanneum,  Hamburg.    Price  y. 

%it  afie  ihreujjufl  (THE  FIRST   CRUSADE),  by 

Friedrich  von  Raumer.  Condensed  from  the  Author's  'History 
of  the  Hohenstaufen*,  with  a  life  of  Raumer,  two  Plans  and 
English  Notes,  By  Wilhelm  Wagner,  Ph.D.  Professor  at  the 
Johanneum,  Hamburg.    Price  u. 

A  ^OOK  OF  BALLADS  ON  GERMAN  HIS- 
TORY. Arranged  and  Annotated  by  Wilhelm  Wagner, 
Ph.  D.,  Professor  at  the  Johanneum,  Hamburg.    Prue  2J. 

"It  carries  the  reader  rapidly  through  some  of  the  most  important  incidents 
connected  with  the  German  race  and  name,  from  the  invasion  of  Italy  by  the 
Visigoths  under  their  King  Alaric,  dowp  to  the  Franco-German  War  and  the 
installation  of  the  present  Emperor.  The  notes  supply  very  well  the  connecting 
links  between  the  successive  periods,  and  exhibit  in  its  various  phases  of  growth 
and  progress,  or  the  reverse,  the  vast  unwieldy  mass  which  constitutes  modem 
Germany." —  Thnts. 

DER  STAAT  FRIEDRICHS  DES   GROSSEN. 

By  G.  Freytag.  With  Notes.  By  Wilhelm  Wagner,  Ph.  D., 
Professor  at  the  Johanneum,  Hamburg.    Price  is, 

"These  are  recent  additions  to  the  handy  reprints  given  in  the  'Pitt  Press 
Series.'  In  both  the  intention  is  to  combine  the  studies  of  literature  and  his- 
tory. .  .  In  the  second  of  these  little  books,  the  editor  gives,  with  some  altera- 
tions, a  fairly  written  essay  on  Mr  Carlyle's  hero.  The  notes  appended  to  the 
essay,  like  those  following  the  ballads,  are  mostly  concise>and  useful.** 

AikentgutH. 

"Prussia  under  Frederick  the  Great,  and  France  under  the  Directory,  bring 
us  face  to  face  respectively  with  periods  of  historv  which  it  is  right  should  be 
known  thoroughly,  and  which  are  well  treated  in  uie  Pitt  Press  voliunes." 

Timti, 

®oet^c'^  itnabenja^re.  (i749— 17590     GOETHE'S 

BOYHOOD:  being  the  First  Three  Books  of  his  Autobiography. 
Arranged  and  Annotated  by  Wilhelm  Wagner,  Ph.  D.,  Pro- 
fessor at  the  Johanneum,  Hamburg.    Price  u. 

GOETHE'S    HERMANN    AND    DOROTHEA. 

With  an  Introduction  and  Notes.     By  the  same  Editor.    Price  3J. 

"The  notes  are  among  the  best  that  we  know,  with  the  reservation  that 
they  are  often  too  9\»xaAaxx.**'— Academy, 

2)a«  3a^r  1813  (The  Year  18 13),  by  F.  Kohlrausch. 

With  English  Notes.   By  the  same  Editor.     Price  «x. 
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PITT  PRESS  SERIES  (continued). 

V.    ENGLISH. 

THE    TWO    NOBLE    KINSMEN,    edited    with 

Introduction  and   Notes   by  the   Rev.  W.    W.   Skeat,   M.A., 
formerly  Fellow  of  Christ's  College,   Cambridge.     Price  3J.  6d. 

"This  edition  of  a  play  that  is  well  worth  study,  fur  more  reasons  than  one, 
by  so  careful  a  scholar  as  Mr  Skeat,  deserves  a  hearty  welcome." — Athemtttm, 

"Mr  Skeat  is  a  conscientious  editor,  and  has  left  no  difficulty  unexplained, 
either  of  sense  or  language." — Times. 

BACON'S    HISTORY    OF    THE    REIGN    OF 

KING  HENRY  VII.     With  Notes  by  the  Rev.  J.  p      son 

LuMBY,  B.D.,  Fellow  of  St  Catharine's  College,  Cambridge*. 

Price  jj, 

SIR  THOMAS  MORE'S  UTOPIA.     With  Notes 

by  the  Rev.  J.  Rawson  Lumby,  B.D.,  Fellow  of  St  Catharine's 
College,  Cambridge.  [Nearly  ready, 

[Other  Volumes  are  in  preparatian!\ 


CAHBSIDGE    UNIVEBSITT    EEFOSTER. 

Published  by  Authority. 

Containing  all  the  Official  Notices  of  the  University,  Reports  of 
Discussions  in  the  Schools,  and  Proceedings  of  the  Cambridge  Philo- 
sophicaly  Antiquarian,  and  Philological  Societies,    yi,  weekly. 


CAMBRIDOE   UNIVEBSITT   EXAMINATIOK 

PAPEBS. 

Published  in  occasional  numbers  every  Term;  and  in  volumes  for  the 

Academical  year. 


London :  Cambridge  Warehouse,  1 7  Paternoster  Row. 
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UNIVERSITY    OF    CAMBRIDGE 
LOCAL    EXAMINATIONS. 


EXAMIKATION  PAPERS, 

for  various  years,  with  the  Regulations  for  the  Examination. 

Demy  0£lavo.    2j.  each,  or  by  Post,  2^.  2</. 
Tlu  Repdalions  for  the  Examination  in  1878  are  tuno  ready. 


CLASS   LISTS   FOB   VARIOUS   YEARS. 

6d,  each,  by  Post  yd. 
For  1878.    Boys  \s.    Girls  6d. 


ANNUAL   REPORTS   OF    THE    SYNDICATE, 

With  Tables  showing  the  success  and  failure  of  the  Candidates. 

2s,  each,  by  Post  2s,  2d, 


HIGHER    LOCAL    EXAMINATIONS. 
EXAHINATION    PAPERS 

for  various  years,  with  the  Regulations  for  the  Examittation. 

Demy  0<5lavo.    is.  each,  by  Post  is.  id. 


REPORTS  OF  THE  SYNDICATE. 

Demy  06lavo.    u.,  by  Post  is.  id, 

OXFORD  AND  CAMBRIDGE   SCHOOLS 

EXAMINATIONS. 

1.  PAPERS  SET  IN  THE   EXAMINATION   FOR  CER- 

tificates,  July,  1876.     Price  is. 

2.  LIST   OF   CANDIDATES   WHO   OBTAINED  CERTI- 

ficates  at  the  Examinations  held  in  December,  1876,  and  in  June  and  July, 
1877;  and  Supplementary  Tables.    I^ce  6d. 

3.  REGULATIONS  OF  THE  OXFORD  AND  CAMBRIDGE 

Schools  Examination  Board  for  the  year  1878.    Frice  6d. 

4.  REPORT  OF  THE  OXFORD  AND  CAMBRIDGE 

Schools  Examination  Board  for  the  year  ending  Oct.  31,  1877.   Frice  is. 


Uonbon: 
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